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 WJMLB VUHÚST UJMM TUPS EFM BW MBEEBEF OBOPQBSUJLMBS ÊWFO LBMMBEF MFSnBL %FTTB IBS
FO QMBUU GPSN NFE FO UKPDLMFL QÌ FO NJMKBSEEFMT NFUFS 	ð OBOPNFUFS
 PDI EJBNFUFSO
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 EÊS MÊOHEFO QÌ LPSUTJEBO ÊS UVTFO HÌOHFS TUÚSSF ÊO UKPDLMFLFO -FSB IÊS
TUBNNBS JGSÌO PMJLB UZQFS BW CFSHBSUFS WJMLFU HFS VQQIPW UJMM MFSBOT TUSVLUVS FHFOTLBQFS
TBNU LPNQPTJUJPO %FU ÊS EÊSGÚS EFU mOOT FO TUPS WBSJBUJPO BW MFSPS EÊS JOHFO ÊS EFO
BOESB MJL 6UÚWFS OBUVSMJHU GÚSFLPNNBOEF MFSPS mOOT EFU ÊWFO MFSMJLOBOEF NJOFSBMFS
TPN ÊS UJMMWFSLBEF QÌ TZOUFUJTL 	LPOTUHKPSE
 WÊH 'ÚSEFMFO NFE TZOUFUJTL UJMMWFSLOJOH
ÊS BUU MFSBOT FHFOTLBQFS LBO LPOUSPMMFSBT PDI NPEJmFSBT TBNU BUU BOEFMFO PSFOIFUFS ÊS
NZDLFU MÊHSF KÊNGÚSU NFE OBUVSMJHB MFSPS
-FSB TPN NBUFSJBM BOWÊOET JOPN FO NÊOHE PMJLB BOWÊOEOJOHTPNSÌEFO CMBOE BOOBU
WJE LÊSOBWGBMMTGÚSWBSJOH QBQQFSTUJMMWFSLOJOH PDI CPSSOJOH FGUFS HBT FMMFS PMKB 'ÚS TMVU
GÚSWBSJOHFO BW EFU GBSMJHB SBEJPBLUJWB BWGBMMFU GSÌO EF TWFOTLB LÊSOLSBGUWFSLFO QMBOFSBS
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VOEFS NBSLFO J VSCFSHFU #FOUPOJUMFSBO CFTUÌS UJMM IVWVETBL BW MFSNJOFSBMFO NPOUNP
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 PDI UBOLFO ÊS BUU EFO TLBMM TLZEEB LPQQBSLBQTFMO CÌEF GZTJTLU PDI LFNJTLU
VOEFS WÊMEJHU MÌOH UJE UJMMT EFTT BUU EFU BOTFT PGBSMJHU GÚS NÊOOJTLBO %Ì EFU ÚWFS UJE
mOOT WBSJBUJPOFS J HSVOEWBUUOFUT JOOFIÌMM PDI EFTT UFNQFSBUVS ÊS EFU WJLUJHU BUU VU
WÊSEFSB MFSBOT FHFOTLBQFS PDI IVS EFO QÌWFSLBT BW EF ZUUSF GBLUPSFSOB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BOWÊOEFS NBO MFSB TPN GZMMOBETÊNOF GÚS BUU ÚLB QBQQSFUT WJUIFU PDI NJOTLB QBQQSFUT
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CPSSWÊUTLBO ÊS EFU WJLUJHU BUU GÚSTUÌ IVS PDI WBSGÚS EFTTB NBUFSJBM JOUFSBHFSBS NFE MFSBO
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 WJMLB BOWÊOET
J BOUJCJPUJLB PDI MÊLFNFEFM NPU DBODFS %FUUB CJESBS UJMM BUU GSJTÊUUOJOHFO BW MÊLFNFEMFU
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7JE FO UFNQFSBUVSÚLOJOH GÚSÊOESBEFT TWÊMMOJOHFO IPT MFSBO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UFU IFMU OFVUSBMJTFSBEF EF OFHBUJWB MBEEOJOHBSOB QÌ MFSnBLFO 4FEBO NFE FUU ÚWFSTLPUU
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OJTL QFQUJE CMBOEBEFT NFE MFSNJOFSBMFO -BQPOJUF¥ /ÊS QFQUJELPODFOUSBUJPOFO ÚLBEF
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 WJMLB TFEBO WÊYUF J TUPSMFL PDI UJMM TJTU
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 TFEJNFOUT BOE CZ EJBHFOFUJD BMUFSBUJPO PG WPMDBOJD
BTI BOE EFQFOEJOH PO XIJDI UZQF PG SPDL JU JT PSJHJOBUFE GSPN UIFSF JT B XJEF WBSJ
BUJPO PG DMBZ NJOFSBMT XJUI EJĊFSFOU DPNQPTJUJPOT TUSVDUVSFT BOE QSPQFSUJFT ɨFTF
DMBZ NJOFSBMT CFMPOH UP UIF GBNJMZ PG QIZMMPTJMJDBUFT PS MBZFS TJMJDBUFT BOE UIF NBKPSJUZ
BSF BMVNJOPTJMJDBUFT ɨF TUSVDUVSBM MBZFST DPOTJTU PG UXPEJNFOTJPOBM DPOUJOVPVT UFU
SBIFESBM 	5
 TIFFUT XIJDI BSF MJOLFE JO UIF VOJU TUSVDUVSF UP PDUBIFESBM 	0
 TIFFUT PS
UP HSPVQT PG DPPSEJOBUFE DBUJPOT PS JOEJWJEVBM DBUJPOT ɨF 5 TIFFUT BSF DPNQPTFE PG
PYZHFO DPPSEJOBUFE TJMJDPO BOEPS BMVNJOJVN BUPNT 	<4J"M>0
 BOE UIF 0 TIFFU DPO
TJTUT PG PYZHFO DPPSEJOBUFE BMVNJOJVN NBHOFTJVN BOEPS JSPO BUPNT 	<"M.H'F>0

	#BJMFZ 	ðø÷ï
 %FFS FU BM 	ñïðò

 ɨF TUSVDUVSF PG UIF PDUBIFESBM DPNQPOFOU JT FJUIFS
EFmOFE BT EJ PS USJPDUBIFESBM EFQFOEJOH PO XIFUIFS FBDI PYZHFO PS IZESPYJEF JPO JT
TVSSPVOEFE CZ UXP PS UISFF DBUJPOT .PSFPWFS UIF 5 BOE 0 TIFFUT DBO CF DPOOFDUFE
ð
JO 50 QBJST PS JO 505 HSPVQT UIVT DMBZ NJOFSBMT BSF EJWJEFE JOUP UIF UXP NBJO
UZQFT PG ðð 	50
 BOE ñð 	505
 MBZFS DMBZ NJOFSBMT XIJDI BSF TDIFNBUJDBMMZ JMMVTUSBUFE
JO 'JH ðð
	B
 	C

'JHVSF ðð 4DIFNBUJDBMMZ JMMVTUSBUFE TUSVDUVSFT PG 	B
 B ðð 	50
 DMBZ NJOFSBM BOE 	C
 B ñð 	505
 DMBZ NJOFSBM ɨF
UFUSBIFESBM TJMJDB TIFFU JT SFQSFTFOUFE JO CFJHF UIF PDUBIFESBM BMVNJOB PS NBHOFTJB TIFFU JT SFQSFTFOUFE JO
HSFZ BOE UIF DPOOFDUJOH PYZHFO BUPNT BSF SFQSFTFOUFE CZ UIF SFE TQIFSFT
ɨF QSJNBSZ HSPVQT PG DMBZ NJOFSBMT BSF 	J
 LBPMJOJUF 	JJ
 JMMJUF 	JJJ
 TNFDUJUF BOE 	JW

WFSNJDVMJUF ,BPMJOJUFT BSF EJPDUBIFESBM BOE CFMPOHT UP UIF ðð DMBZ NJOFSBMT XIFSF UIF
UIJDLOFTT PG UIF TJMJDB 5 TIFFU BOE UIF BMVNJOB 0 TIFFU JT BCPVU ïö ON 	'JH ððB

ɨF JEFBM DIFNJDBM GPSNVMB PG LBPMJOJUF JT "Mñ<4Jñ0ô>	0)
ó XIJDI JT B OPOTXFMMJOH
DMBZ NJOFSBM EVF UP UIF TUSPOH BUUSBDUJPO CFUXFFO UIF BEKBDFOU MBZFST BSJTJOH GSPN UIF
IZESPHFO CPOEJOH CFUXFFO UIF IZESPYZM 	0)
 HSPVQT PG UIF 0 TIFFU BOE UIF PYZHFO
BUPNT 	0
 PG UIF 5 TIFFU 	(SJN 	ðøôò
 #FSHBZB FU BM 	ñïïõ
 %FFS FU BM 	ñïðò


ɨF HSPVQT PG JMMJUF TNFDUJUF BOE WFSNJDVMJUF BMM CFMPOH UP UIF ñð DMBZ NJOFSBMT ɨF
TUSVDUVSBM MBZFS DPOTJTUT PG POF DFOUSBM 0 TIFFU TBOEXJDIFE CFUXFFO UXP 5 TIFFUT XJUI
B UIJDLOFTT PG BCPVU ð ON BOE JT EFOPUFE BT B DMBZ QMBUFMFU 	'JH ððC
 ɨF PDUBIFESBM
DPNQPOFOU GPS UIF DMBZ NJOFSBMT XJUIJO UIF HSPVQT EJĊFST GPS JMMJUFT JU JT NPTUMZ EJPDUB
IFESBM GPS WFSNJDVMJUFT JU JT NPTUMZ USJPDUBIFESBM BOE GPS TNFDUJUFT JU DBO CF FJUIFS EJ
PS USJPDUBIFESBM EFQFOEJOH PO UIF QBSUJDVMBS TNFDUJUF ɨF NBJO TNFDUJUFT BSF NPOU
NPSJMMPOJUF CFJEFMMJUF OPOUSPOJUF TBQPOJUF IFDUPSJUF BOE TVDPOJUF XIFSF UIF UISFF
GPSNFS IBWF B EJPDUBIFESBM TUSVDUVSF BOE UIF UISFF MBUUFS BSF USJPDUBIFESBM
ɨF DIBSBDUFSJTUJD GFBUVSF PG B ñð DMBZ NJOFSBM JT UIF QFSNBOFOU OFHBUJWF TVSGBDF DIBSHF
EFOTJUZ XIJDI PSJHJOBUFT GSPN FJUIFS 	J
 JTPNPSQIJD TVCTUJUVUJPO PG TJMJDB 	4Jó
 JPOT CZ
BMVNJOVN 	"Mò
 JPOT JO UIF UFUSBIFESBM TIFFU 	JJ
 JTPNPSQIJD TVCTUJUVUJPO PG BMVNJOVN
	"Mò
 JPOT PS NBHOFTJVN 	.Hñ
 JPOT CZ DBUJPOT XJUI B MPXFS WBMFODZ JO UIF PDUBIFESBM
TIFFU PS 	JJJ
 TJUF WBDBODJFT JO UIF DSZTUBM MBUUJDF 5P DPOTFSWF FMFDUSPOFVUSBMJUZ UIF OFU
DIBSHF EFmDJFODZ JT CBMBODFE CZ DIBSHF DPNQFOTBUJOH FYDIBOHFBCMF DBUJPOT BETPSCFE
JO UIF JOUFSMBZFS CFUXFFO UIF QMBUFMFUT 	(SJN 	ðøôò
 %FFS FU BM 	ñïðò

 ɨF QSPQFSUZ
PG UIF JPOJD FYDIBOHF DBQBCJMJUZ JT EFTDSJCFE CZ UIF DBUJPO FYDIBOHF DBQBDJUZ 	$&$

ñ
BOE UIVT UIF $&$ WBMVF JT B NFBTVSF PG UIF OFHBUJWFMZ DIBSHFE TJUFT PO UIF DMBZ QMBUFMFU
.PSFPWFS UIF TJHO BOE EFOTJUZ PG UIF DMBZ QMBUFMFU FEHF DIBSHFT EFQFOE PO UIF Q) PG UIF
EJTQFSTJPO XIJDI BSJTFT GSPN ACSPLFO CPOET PG 4J04J "M0"M BOEPS .H0.H
DPOWFSUJOH JOUP IZESPYZM HSPVQT PG 4J0) "M0) BOEPS .H0) )FODF UIF FEHF
PG UIF QMBUFMFU NBZ FJUIFS QPTTFTT B QPTJUJWF B OFHBUJWF PS B OFVUSBM DIBSHF 	#FSHBZB
FU BM 	ñïïõ
 5BXBSJ FU BM 	ñïïð
 .BSUJO FU BM 	ñïïñ


*O BEEJUJPO UP UIF OBUVSBM DMBZ NJOFSBMT UIFSF BSF BMTP TZOUIFUJD IFDUPSJUFUZQF DMBZ
NJOFSBMT TVDI BT -BQPOJUF¥ ɨFTF XFSF JOWFOUFE JO UIF ðøõïT CZ # 4 /FVNBOO
GSPN -BQPSUF *OEVTUSJFT -UE 	/FVNBOO 	ðøöð

 XJUI UIF BJN UP NBOVGBDUVSF DMBZMJLF
NJOFSBMT XJUI B IJHIFS QVSJUZ BOE CFUUFS SIFPMPHJDBM QSPQFSUJFT UIBO UIBU PG OBUVSBM DMBZ
NJOFSBMT " GVSUIFS PCKFDUJWF PG UIF JOWFOUJPO XBT UIBU UIF TZOUIFTJT DPVME CF DBSSJFE
PVU XJUI SFBEJMZ BWBJMBCMF DIFNJDBMT PO B MBSHF DPNNFSDJBM TDBMF
ɨF BOJTPUSPQJD GFBUVSFT PG UIF DMBZ QMBUFMFU TUSVDUVSF BOE DIBSHF EJTUSJCVUJPO DPOUSJCVUF
TJHOJmDBOUMZ UP UIF QIZTJPDIFNJDBM QSPQFSUJFT PG UIF DMBZ TVTQFOTJPO 8IFO B ñð TXFMM
JOH DMBZ NJOFSBM JT EJTQFSTFE JO BO BRVFPVT TPMVUJPO UIF DMBZ QMBUFMFUT CFDPNF JPOJTFE
BOE B SFMFBTF PG DPVOUFSJPOT XJMM PDDVS DSFBUJOH BO FMFDUSJDBM EPVCMF MBZFS ɨF EPVCMF
MBZFS SFQVMTJPO DBVTFT UIF DMBZ UP TXFMM XIFSF UIF TXFMMJOH EFQFOET TUSPOHMZ PO UIF
TVSGBDF DIBSHF EFOTJUZ BOE UIF UZQF PG DPVOUFSJPO BT XFMM BT PO UIF BEEJUJPO PG DIBSHFE
DPNQPVOET TVDI BT TBMUT ɨF EJĊFSFOU DPOmHVSBUJPOT PG UIF DMBZ QMBUFMFUT JO TPMVUJPO
IBWF CFFO QSPQPTFE UP CF 	J
 )PVTFPG$BSET XIFSF UIF BEKBDFOU QMBUFMFUT BSF JOUFSBDU
JOH GBDFUPFEHF BMTP DBMMFE B5 DPOmHVSBUJPO 	'JH ðñB
 	JJ
 4UBDLFE 1MBUFMFUT JO XIJDI
UIF QMBUFMFUT BHHSFHBUF JO B GBDFUPGBDF DPOmHVSBUJPO XJUI BO FRVJEJTUBOU TFQBSBUJPO
EFOPUFE BT UBDUPJE 	'JH ðñC
 BOE 	JJJ
 0WFSMBQQJOH $PJOT XIFSF UIF DPOmHVSBUJPO
DPOTJTUT PG B CBOEMJLF TUSVDUVSF 	'JH ðñD
 	%FMIPSNF FU BM 	ñïðñ


	B
 	C
 	D

'JHVSF ðñ *MMVTUSBUJWF SFQSFTFOUBUJPOT GPS UIF DPOmHVSBUJPOT PG UIF DMBZ QMBUFMFUT 	B
 IPVTFPGDBSET 	C
 TUBDLFE QMBUF
MFUT JF UBDUPJE BOE 	D
 PWFSMBQQJOH DPJOT ɨF QMBUFMFUT BSF SFQSFTFOUFE BT DPOOFDUFE OFHBUJWFMZ 	MJHIU HSFZ

BOE QPTJUJWFMZ 	EBSL HSFZ
 DIBSHFE TQIFSFT
ò
ððð .POUNPSJMMPOJUF
ɨF TNFDUJUF NPOUNPSJMMPOJUF DPOTJTUT PG QPMZEJTQFSTF DMBZ QMBUFMFUT JO UIF MBUFSBM EJ
NFOTJPOT XIFSF UIF EJBNFUFS JT UZQJDBMMZ GPVOE JO UIF SBOHF ∼ ôðïïï ON 	.JDIPU
FU BM 	ñïïó

 ɨF JEFBM DIFNJDBM GPSNVMB 	,BSOMBOE FU BM 	ñïïõ
 %FFS FU BM 	ñïðò


JT EFmOFE BT
Mxy(Si÷xAlx)(AlóyMgy(Fe))Oñï(OH)ó · nHñO . 	ðð

)FSF . SFQSFTFOUT UIF NPOPWBMFOU QPTJUJWFMZ DIBSHFE DPVOUFSJPOT MPDBUFE JO UIF JOUFS
MBZFS CFUXFFO UIF QMBUFMFUT Y JT UIF BNPVOU PG TVCTUJUVUFE TJMJDB 	4Jó
 JPOT CZ BMVNJOVN
	"Mò
 JPOT JO UIF 5 TIFFU BOE Z JT UIF BNPVOU PG TVCTUJUVUFE BMVNJOVN 	"Mò
 JPOT CZ
NBHOFTJVN 	.Hñ
 JPOT JO UIF 0 TIFFU %FQFOEJOH PO UIF TVCTUJUVUJPO QBSBNFUFST Y
BOE Z UIF TVSGBDF DIBSHF EFOTJUZ GPS NPOUNPSJMMPOJUF WBSJFT JO UIF SBOHF PG ïó UP ðñ
VOJU DIBSHFT QFS 0ñï	0)
óVOJU JF ïó  	 Y  Z 
  ðñ #Z EFmOJUJPO UIF DIBSHF
PG UIF 5 TIFFU JT MPXFS UIBO UIF 0 TIFFU JF Y  Z 	,BSOMBOE FU BM 	ñïïõ
 )FETUSÚN
FU BM 	ñïðð

 ɨF OFHBUJWF TVSGBDF DIBSHF JT OFVUSBMJTFE CZ 	 Y  Z 
 NPOPWBMFOU DPVO
UFSJPOT TVDI BT TPEJVN 	/B
 QPUBTTJVN 	,
 BOEPS MJUIJVN 	-J
 JPOT )PXFWFS
UIF IJHI $&$ WBMVF PG NPOUNPSJMMPOJUF NBLFT JU QPTTJCMF UP FYDIBOHF UIF WBMFODZ PG
UIF DPVOUFSJPOT CZ SFQMBDJOH UIF NPOPWBMFOU JPOT XJUI NVMUJWBMFOU JPOT GPS FYBNQMF
UP DBMDJVN 	$Bñ
 NBHOFTJVN 	.Hñ
 BOEPS MBOUIBOVN 	-Bò
 JPOT ɨF TUSVDUVSBM
BOE TXFMMJOH QSPQFSUJFT PG NPOUNPSJMMPOJUF BSF TUSPOHMZ BĊFDUFE CZ UIF WBMFODZ BOE UIF
UZQF PG DPVOUFSJPO 'PS UIF NPOPWBMFOU JPOT PG TPEJVN BOE MJUIJVN UIF DMBZ QMBUFMFUT
DBO EJTTPDJBUF BOE TXFMM FYUFOTJWFMZ XIFSFBT GPS NVMUJWBMFOU DPVOUFSJPOT UBDUPJET BSF
GPSNFE XJUI BO FRVJEJTUBOU TFQBSBUJPO PG BCPVU ñ ON 	#FSHBZB FU BM 	ñïïõ
 4FHBE FU BM
	ñïðô


*O QBQFS Ě BOE ĚĚ UIF 8ZPNJOH CFOUPOJUF DMBZ .9÷ï XBT VTFE XIJDI JT QSPEVDFE
CZ UIF "NFSJDBO $PMMPJE $PNQBOZ BOE IBT B IJHI DPOUFOU PG UIF NPOUNPSJMMPOJUF
DMBZ NJOFSBM .9÷ï DPOUBJOT BCPVU ÷ïǷ PG NPOUNPSJMMPOJUF BOE UIF DPVOUFSJPOT BSF
VTVBMMZ B NJYUVSF PG CPUI NPOP BOE EJWBMFOU DBUJPOT XIFSF TPEJVN JT UIF EPNJOBUJOH
DPVOUFSJPO ɨF CFOUPOJUF DMBZ JT PGUFO EFTDSJCFE UISPVHI JUT EPNJOBUJOH DPVOUFSJPO
TJODF JU UP B MBSHF FYUFOU EFUFSNJOFT UIF TXFMMJOH QSPQFSUZ JO XBUFS ɨVT .9÷ï JT
SFGFSSFE BT TPEJVN CFOUPOJUF PS TPEJVN TBUVSBUFE NPOUNPSJMMPOJUF GSPN .9÷ï XJUI
UIF DIFNJDBM GPSNVMB 	,BSOMBOE FU BM 	ñïïõ


Naïõô(Siö÷øAlïðð)(AlòðïMgïóøFeïò÷Tiïïð)Oñï(OH)ó . 	ðñ

#FOUPOJUF DMBZ JT QMBOOFE UP CF VTFE BT B CBSSJFS NBUFSJBM JO SFQPTJUPSJFT GPS mOBM TUPSBHF
PG IJHIMZ SBEJPBDUJWF TQFOU OVDMFBS GVFM XIFSF.9÷ï JT B TVHHFTUFE DBOEJEBUF ɨF DMBZ
ó
XJMM BDU BT BO TFBMJOH CVĊFS BOE TIPVME GVMmM UIF GPMMPXJOH QSPQFSUJFT 	J
 IJHI TXFMMJOH
DBQBDJUZ JO PSEFS UP TFBM JUTFMG BSPVOE UIF DBOJTUFS BOE mMM BOZ DSBDLT JO UIF CFESPDL 	JJ

MPX IZESBVMJD DPOEVDUJWJUZ UP NJOJNJTF BOZ NBTT USBOTQPSU UP BOE GSPN UIF DBOJTUFS JO
PSEFS UP QSPUFDU JU GSPN DPSSPTJPO BOE JO DBTF B DBOJTUFS CSFBLT QSFWFOU BOZ SBEJPBDUJWF
TVCTUBODFT UP MFBL JOUP UIF CFESPDL 	JJJ
 BQQSPQSJBUF QMBTUJDJUZ BOE TUJĊOFTT UP SFUBJO
UIF DBOJTUFS JO JUT QPTJUJPO BOE SFEVDF UIF GPSDF GSPN BOZ NPWFNFOUT PG UIF CFESPDL
	JW
 MPOHUFSN TUBCJMJUZ TJODF UIF UJNF QFSJPE GPS UIF SBEJPBDUJWF NBUFSJBM UP CFDPNF
IBSNMFTT UP IVNBOT DBO CF VQ UP POF NJMMJPO ZFBST BOE 	W
 IJHI UIFSNBM DPOEVDUJWJUZ
UP FOTVSF SBQJE USBOTGFS PG UIF IFBU HFOFSBUFE CZ UIF EFDBZ PG UIF SBEJPBDUJWF NBUFSJBM
	,BSOMBOE FU BM 	ñïïõ
 4,# 	ñïðð


ððñ -BQPOJUF¥
ɨF QSPEVDUT PG UIF TZOUIFUJD USJPDUBIFESBM TNFDUJUF -BQPOJUF¥ GSPN #:, "EEJUJWFT
	#:, 	ñïðõ

 BSF EJWJEFE JOUP HSPVQT PG HFM GPSNJOH BOE TPM GPSNJOH HSBEFT XIFSF
UIF GPSNFS JT B IJHI WJTDPTJUZ BOE UIF MBUUFS JT B MPX WJTDPTJUZ DPMMPJEBM EJTQFSTJPO ɨF
TZOUIFTJT QSPDFTT JT CBTFE PO BCVOEBOU JOPSHBOJD NJOFSBM TPVSDFT CZ DPNCJOJOH TBMUT PG
TPEJVN NBHOFTJVN BOE MJUIJVN BMPOH XJUI TPEJVN TJMJDBUF ɨF DIFNJDBM DPNQPT
JUJPO JT BOBMPHVF UP OBUVSBMMZ PDDVSSJOH TNFDUJUF DMBZ NJOFSBMT TVDI BT IFDUPSJUF BOE
UIF FNQJSJDBM GPSNVMB PG UIF -BQPOJUF¥ DMBZ NJOFSBM JT
Naïö(Si÷)(MgôôLiïò)Oñï(OH)ó . 	ðò

ɨF CFOFmU PG -BQPOJUF¥ JT UIBU JU JT GSFF PG DSZTUBMMJOF TJMJDB BOE JU IBT B IJHI QVSJUZ
XJUI B MPX DPOUFOU PG USBOTJUJPO NFUBMT PS PUIFS JNQVSJUJFT ɨVT JU JT XJEFMZ VTFE
BT B SIFPMPHZNPEJmFS JO NBOZ UFDIOPMPHJDBM BQQMJDBUJPOT GPS FYBNQMF JO IPVTFIPME
BOE QFSTPOBM DBSF QSPEVDUT QBQFS BOE QPMZNFS mMNT QBJOUT BOE TVSGBDF DPBUJOHT
.PSFPWFS UIF TJ[F EJTUSJCVUJPO PG UIF -BQPOJUF¥ QMBUFMFUT JT NPOPEJTQFSTF BOE UIF BW
FSBHF TJ[F JT NVDI TNBMMFS UIBO GPS OBUVSBM DMBZ NJOFSBMT XIFSF UIF UIJDLOFTT JT∼ ð ON
BOE UIF EJBNFUFS JT ∼ ñô ON 	#:, 	ñïðõ


ɨF -BQPOJUF¥ DMBZ NJOFSBM VTFE JO 1BQFS ĚĚĚ BOE Ěħ XBT UIF HFM GPSNJOH HSBEF QSPEVDU
PG -BQPOJUF¥9-( 93ɨF QMBUFMFUT TVSGBDF DIBSHF EFOTJUZ JT FWBMVBUFE GSPN UIF $&$
XIJDI JT ∼ ïô N&RH GPS -BQPOJUF¥9-( 93 BDDPSEJOH UP UIF UFDIOJDBM JOGPSNB
UJPO 	#:, 	ñïðõ

 ɨF FEHF DIBSHFT PG UIF QMBUFMFU 	EFTDSJCFE JO TFDUJPO ðð
 JT Q)
EFQFOEFOU EVF UP UIF FYQPTFE NBHOFTJVN IZESPYZM HSPVQT 	.H0)
 XIFSF UIF QPJOU
PG [FSP DIBSHF 	1;$
 JT BU Q)≈ ðð "QQSPYJNBUFMZ ðï% PG UIF UPUBM DIBSHF PG UIF QMBUF
MFU JT SFQSFTFOUFE CZ UIF FEHF DIBSHFT 	5BXBSJ FU BM 	ñïïð
 .BSUJO FU BM 	ñïïñ
 #:,
	ñïðõ

 ɨF OFU OFHBUJWF DIBSHF PG UIF QMBUFMFU JT DPOmSNFE GSPN NFBTVSFE WBMVFT PG
UIF [FUBQPUFOUJBM 	ζQPUFOUJBM
 SFQPSUFE JO UIF MJUFSBUVSF JF ∼ ñð UP ñø N7 	+BOTTPO
ô
FU BM 	ñïðø

 ∼ ôñ N7 	-BCBOEB  -MPSFOT 	ñïïô
 -BCBOEB FU BM 	ñïïö

 ∼ óï UP
óô N7 	)VBOH  #FSH 	ñïïõ

 ∼ ô÷ N7 	;IBOH FU BM 	ñïï÷

 BOE∼ óô N7 	.B
OJMP FU BM 	ñïðó

 ɨF EJĊFSFODF CFUXFFO UIF WBMVFT EFSJWFT GSPN UIF UZQF PG -BQPOJUF¥
VTFE JO UIF TUVEJFT
*O BRVFPVT TVTQFOTJPOT CFMPX UIF Q) DPSSFMBUFE XJUI UIF 1;$ 	Q)  ðð
 -BQPOJUF¥
BDUT BT B XFBL CBTF EVF UP EJTTPDJBUJPO PG IZESPYJEF JPOT 	0)
 GSPN UIF FEHFT XIJDI
DBVTFT BO JODSFBTF JO UIF Q) PG UIF TPMVUJPO 	5BXBSJ FU BM 	ñïïð
 +BUBW  +PTIJ 	ñïðó


.PSFPWFS UIF DIFNJDBM TUBCJMJUZ PG -BQPOJUF¥ JO BRVFPVT TVTQFOTJPOT EFQFOET PO UIF
Q) PG UIF TPMVUJPO UIF -BQPOJUF¥ DPODFOUSBUJPO BOE UIF DPODFOUSBUJPO PG BEEFE TBMU
*U IBT CFFO GPVOE UIBU EJTTPMVUJPO PG -BQPOJUF¥ PDDVST BU Q) CFMPX ø EVF UP MFBDIJOH
PG NBHOFTJVN JPOT 	.Hñ
 BOE IZESPHFO JPO 	)
 BUUBDLT 	ɨPNQTPO  #VUUFSXPSUI
	ðøøñ
 .PIBOUZ  +PTIJ 	ñïðõ

 ɨF SBUF PG DIFNJDBM EFHSBEBUJPO JT MPXFS BU IJHI Q)
	Q) > ø
 BOE IJHI -BQPOJUF¥ BOEPS TBMU DPODFOUSBUJPOT 	ɨPNQTPO  #VUUFSXPSUI
	ðøøñ
 +BUBW  +PTIJ 	ñïðó

 IFODF UIF EJTTPMVUJPO DBO CF TUBCJMJTFE 'VSUIFS UIF
EFHSBEBUJPO DBO CF EFMBZFE CZ XPSLJOH VOEFS OJUSPHFO BUNPTQIFSF JO PSEFS UP SFEVDF
UIF EJTTPMVUJPO PG DBSCPO EJPYJEF 	$0ñ
 GSPN UIF BNCJFOU BJS BOE UIF GPSNBUJPO PG
DBSCPOJD BDJE 	.PVSDIJE  -FWJU[ 	ðøø÷


'VSUIFSNPSF -BQPOJUF¥ IBT B SJDI QIBTF BOE SIFPMPHJDBM CFIBWJPVS BOE JUT QIBTF 	TUBUF

EJBHSBN IBT CFFO FYUFOTJWFMZ TUVEJFE JO UIF MJUFSBUVSF FH TFF UIF DPNQSFIFOTJWF SFWJFX
BSUJDMFT CZ 3V[JDLB  ;BDDBSFMMJ 	ñïðð
 BOE 4VNBO  +PTIJ 	ñïð÷
 BOE UIF SFGFSFODFT
UIFSFJO ɨF EFQFOEFOU GBDUPST DPOUSJCVUJOH UP UIF EJĊFSFOU QIBTFT BSF UIF -BQPOJUF¥
DPODFOUSBUJPO BOE UIF DPODFOUSBUJPO PG JPOJD DPNQPVOET TVDI BT BEEFE TBMUT BT XFMM BT
PO UIF UJNF PG HFMMJOH JF BHJOH ɨF EJWFSTF QIBTF EJBHSBN DPOUBJOT nPDDVMBOUT JTP
USPQJD MJRVJET JTPUSPQJD HFMT BOE OFNBUJD HFMT XIFSF UIF UBDUPJEBM TJ[F EJTUSJCVUJPO BOE
UIF FYGPMJBUJPO QSPDFTT EFQFOET PO UIF -BQPOJUF¥ DPODFOUSBUJPO 	3PTUB  WPO (VOUFO
	ðøøï

 'PS BO BRVFPVT TBMUGSFF EJTQFSTJPO XJUI JODSFBTJOH -BQPOJUF¥ DPODFOUSBUJPO
	C-
 UIF QIBTF EJBHSBN DBO CF EFTDSJCFE BT GPMMPXT 	J
 GPS C- ≤ ð XUǷ UIF EJTQFS
TJPO VOEFSHPFT B TPMHFM USBOTJUJPO JF B QIBTF TFQBSBUJPO CFUXFFO B TPM 	DMBZQPPS

BOE HFM 	DMBZSJDI
 QIBTF 	.PVSDIJE FU BM 	ðøøô
 5BOBLB FU BM 	ñïïó
 .POHPOESZ
FU BM 	ñïïô
 3V[JDLB FU BM 	ñïðð

 	JJ
 'PS ð < C- ! ò XUǷ UIF EJTQFSTJPO JT JO BO
BSSFTUFE BUUSBDUJWF PS SFQVMTJWF HFM TUBUF IFODF UIJT SFHJPO JT VTVBMMZ EJWJEFE JOUP UXP
EJĊFSFOU UZQFT GPS C- < ñ XUǷ BO BUUSBDUJWF HFM DPOTJTUJOH PG NPSF JOEJWJEVBM QMBUF
MFUT JT QSFTFOU XIJMF GPS C- ≥ ñ XUǷ B HMBTTZ TUBUF JT GPVOE XIFSF TNBMM UBDUPJET BSF
QSFTFOU JO UIF HFM BOE UIF QSPDFTT PG TUSVDUVSBM BHJOH IBT CFFO PCTFSWFE 	.POHPOESZ
FU BM 	ñïïô
 3V[JDLB FU BM 	ñïï÷
 :V FU BM 	ñïðô
 +BUBW  +PTIJ 	ñïð÷

 UIF MBUUFS UZQF
IBT CFFO JOUFSQSFUFE JO UFSNT PG B 8JHOFS HMBTT 	3V[JDLB FU BM 	ñïðï

 PS B SFQVMTJWF
HMBTT 	+BCCBSJ'BSPVKJ FU BM 	ñïï÷

 	JJJ
 'PS C- " ò XUǷ UIF GPSNBUJPO PG B OFNBUJD
PSEFSFE QIBTF IBT CFFO PCTFSWFE 	.PVSDIJE FU BM 	ðøø÷
 4IBIJO FU BM 	ñïðð

 *O BEEJ
UJPO GPS B EJTQFSTJPO XJUI B TBMU DPODFOUSBUJPO PG TPEJVN DIMPSJEF 	/B$M
 IJHIFS UIBO
õ
ñï N. QIBTF TFQBSBUJPO PDDVST JO UIF GPSN PG nPDDVMBUJPO PS TFEJNFOUBUJPO PG MBSHFS
BHHSFHBUFT 	.PVSDIJE FU BM 	ðøø÷
 .POHPOESZ FU BM 	ñïïô

 " TDIFNBUJD JMMVTUSBUJPO
PG UIF -BQPOJUF¥ QIBTF 	TUBUF
 EJBHSBN JT TIPXO JO 'JH ðò XIFSF UIF XBJUJOH UJNF GPS
UIF EJTQFSTJPOT JT DPOTJEFSFE UP CF MPOH FOPVHI GPS OP GVSUIFS NBDSPTDPQJD DIBOHFT UP
PDDVS JO UIF TBNQMFT 	3V[JDLB  ;BDDBSFMMJ 	ñïðð


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'JHVSF ðò " TDIFNBUJD JMMVTUSBUJPO PG UIF -BQPOJUF¥ QIBTF 	TUBUF
 EJBHSBN GPS BO BRVFPVT EJTQFSTJPO XJUI JODSFBTJOH
-BQPOJUF¥ DPODFOUSBUJPO 	YBYJT
 BOE JODSFBTJOH /B$M TBMU DPODFOUSBUJPO 	ZBYJT

ðñ 1PMZNFSDMBZ OBOPDPNQPTJUFT
" QPMZNFS JT B MBSHF NPMFDVMF DPNQPTFE PG MJOLFE SFQFBUJOH TVCVOJUT DBMMFENPOPNFST
BOE EFQFOEJOH PO UIF TFRVFODF PG UIF NPOPNFST UIF QPMZNFST BSF SFGFSSFE UP BT IP
NPQPMZNFST IFUFSPQPMZNFST PS CMPDL DPQPMZNFST .PSFPWFS QPMZNFST DBO FJUIFS CF
GPVOE JO OBUVSF PS CF QSFQBSFE CZ B DIFNJDBM SFBDUJPO IFODF QPMZNFST NBZ CF EJ
WJEFE JOUP UXP DBUFHPSJFT CJPQPMZNFST PS TZOUIFUJD QPMZNFST 	&WBOT  8FOOFSTUSÚN
	ðøøø

 &YBNQMFT PG CJPQPMZNFST BSF DFMMVMPTF %/" BOE TUBSDI XIFSFBT TZOUIFUJD
QPMZNFST JODMVEF GPS JOTUBODF QPMZWJOZM DIMPSJEF 	17$
 QPMZTUZSFOF BOE TJMJDPOF
*O BEEJUJPO JG UIF GVODUJPOBM HSPVQ JO UIF NPOPNFSJD VOJU DBSSJFT B DIBSHF JU JT SF
GFSSFE BT BO JPOJD QPMZNFS PS B QPMZFMFDUSPMZUF %FQFOEJOH PO IPX UIF DIBSHFT BSF
MPDBMJTFE XJUIJO UIF QPMZNFS UIFTF BSF DMBTTJmFE BT VOJWBMFOU PS NVMUJWBMFOU QPMZNFST
ɨF GPSNFS IBT B IPNPHFOPVT EJTUSJCVUJPO JO UFSNT PG UIF TJHO PG UIF GVODUJPOBM HSPVQ
DIBSHF TVDI BT DBUJPOJD QPMZFMFDUSPMZUFT PS BOJPOJD QPMZFMFDUSPMZUFT XIFSFBT UIF MBUUFS
QPTTFTT CPUI DBUJPOJD BOE BOJPOJD GVODUJPOBM HSPVQT XJUIJO UIF QPMZNFS DIBJO BOE BSF
UIVT BNQIPUFSJD 	4IBJLI FU BM 	ñïðö


" DPNQPTJUF NBUFSJBM DBO CF EFmOFE BT B DPNCJOBUJPO PG BU MFBTU UXP NBUFSJBMT PS DPO
TUJUVFOUT UIBU BSF QIZTJDBMMZ XFMMEFmOFE BOE EJTQFSTFE JO B DPOUSPMMFE NBOOFS JO PSEFS
ö
UP BDIJFWF PQUJNVN QSPQFSUJFT JO XIJDI UIF QSPQFSUJFT BSF QSFFNJOFOU GSPN UIPTF PG
UIF JOEJWJEVBM DPOTUJUVFOUT 	$IFO FU BM 	ñïï÷

 'PS B OBOPDPNQPTJUF BU MFBTU POF PG
UIF DPOTUJUVFOU QIBTFT OFFE UP IBWF POF EJNFOTJPO JO UIF OBOPTDBMF SBOHF 	< ðïï ON

	3BRVF[ FU BM 	ñïðò

 .BUFSJBMT UIBU DBO CF GPVOE JO UIF DBUFHPSZ PG OBOPDPNQPTJUFT
BSF OBOPQBSUJDMFT EJTQFSTFE JO B DPOUJOVPVT NBUSJY EJTQFSTJPO PG DBSCPO OBOPUVCFT
JO B NBUSJY BOE TNFDUJUF NJOFSBMT UIBU BSF JOUFSDBMBUFE BOEPS FYGPMJBUFE XJUIJO B DPO
UJOVPVT QIBTF ɨF MBUUFS SFGFST UP B QPMZNFSDMBZ OBOPDPNQPTJUF JO XIJDI UIF SFTFBSDI
JOUFSFTU TLZSPDLFUFE JO UIF FBSMZ ðøøïT UIBOLT UP UIF QJPOFFSJOH XPSL PG 5PZPUB BVUP
NPUJWF DPSQPSBUJPO 	0LBEB FU BM 	ðø÷÷

 *O BEEJUJPO UIF FOIBODFE QSPQFSUJFT PG UIF
QPMZNFS JO QPMZNFSDMBZ OBOPDPNQPTJUFT NBLFT JU TVJUBCMF UP VTF JO QBDLJOH BOE DPO
TUSVDUJPO NBUFSJBMT nBNF SFUBSEBOUT QSPUFDUJWF mMNT FMFDUSJDBM BQQMJBODFT BOE GPS CJP
EFHSBEBCMF BQQMJDBUJPOT )PXFWFS TPNFUJNFT UIF QPMZNFS BOE UIF DMBZ EPFT OPU GPSN
B OBOPDPNQPTJUF BOE UIVT NPEJmDBUJPO PG FJUIFS UIF QPMZNFS PS UIF DMBZ JT OFDFTTBSZ
'PS DMBZ JU JT VTVBMMZ EPOF CZ FYDIBOHJOH UIF JOUFSMBZFS DBUJPOT XJUI PSHBOJD DBUJPOT
IFODF DSFBUJOH BO PSHBOPQIJMJD DMBZ XIJDI DBO IPTU OPOQPMBS PSHBOJD QPMZNFST 	$IFO
FU BM 	ñïï÷
 3BRVF[ FU BM 	ñïðò


ɨF TUSVDUVSFT PG B QPMZNFSDMBZ OBOPDPNQPTJUF BSF VTVBMMZ EJWJEFE JOUP UISFF EJĊFSFOU
UZQFT XJUI SFTQFDU UP UIF JOUFSMBZFS EJTUBODF CFUXFFO UIF QMBUFMFUT 	J
 DPOWFOUJPOBM BMTP
DBMMFE QIBTF TFQBSBUFE JO XIJDI UIFSF BSF XFBL QPMZNFSDMBZ JOUFSBDUJPOT BOE UIVT
UIF JOUFSMBZFS TQBDJOH CFUXFFO UIF QMBUFMFUT SFNBJOT VODIBOHFE BOE JT SFGFSSFE UP BT
B NJDSPDPNQPTJUF 	'JH ðóB
 	JJ
 JOUFSDBMBUFE XIFSF UIF QPMZNFS DIBJOT BSF QBSUJBMMZ
PS DPNQMFUFMZ MPDBUFE CFUXFFO UIF DMBZ QMBUFMFUT SFTVMUJOH JO BO JODSFBTFE JOUFSMBZFS
TQBDJOH 	'JH ðóC
 BOE 	JJJ
 FYGPMJBUFE BMTP DBMMFE EFMBNJOBUFE TUSVDUVSF XIFSF UIF DMBZ
QMBUFMFUT BSF IPNPHFOFPVTMZ EJTQFSTFE BT JOEJWJEVBM TIFFUT JO UIF QPMZNFS QIBTF 	'JH
ðóD
 	$IFO FU BM 	ñïï÷
 3BRVF[ FU BM 	ñïðò


	B
 	C
 	D

'JHVSF ðó *MMVTUSBUJWF SFQSFTFOUBUJPOT GPS UIF EJĊFSFOU UZQFT PG TUSVDUVSFT PG B DMBZQPMZNFS OBOPDPNQPTJUF 	B
 DPO
WFOUJPOBM 	C
 JOUFSDBMBUFE BOE 	D
 FYGPMJBUFE ɨF QMBUFMFUT BSF SFQSFTFOUFE BT DPOOFDUFE OFHBUJWFMZ 	MJHIU
HSFZ
 BOE QPTJUJWFMZ 	EBSL HSFZ
 DIBSHFE TQIFSFT BOE UIF QPMZNFS DIBJO JT SFQSFTFOUFE BT DPOOFDUFE QPTJU
JWFMZ DIBSHFE CFBET 	SFE

÷
'VSUIFSNPSF UIFSF IBT CFFO BO FOIBODFE JOUFSFTU JO FYQMPJUJOH UIF QPTTJCJMJUZ PG VTJOH
-BQPOJUF¥ DMBZ BT B ESVH EFMJWFSZ WFIJDMF TJODF JU IBT CFFO TIPXO UIBU JU QPTTFTTFT UIF
BCJMJUZ UP TFRVFTUFS DBUJPOJD QFQUJEFT 	)ÊĊOFS FU BM 	ñïðø

 ɨF BEEJUJPO PG DBUJPOJD
QFQUJEFT UP B EJTQFSTJPO PG -BQPOJUF¥ SFTVMUT JO UIF GPSNBUJPO PG UBDUPJET DSFBUJOH BO
JOUFSDBMBUFE QFQUJEFDMBZ OBOPDPNQPTJUF ɨF TUSVDUVSF JT TUBCJMJTFE CZ DIBSHFDIBSHF
JOUFSBDUJPOT CFUXFFO UIF QFQUJEF BOE UIF DMBZ XIFSF UIF QSPDFTT JT FOUSPQJDBMMZ ESJWFO
EVF UP UIF SFMFBTF PG DPVOUFSJPOT BTTPDJBUFE XJUI UIF DMBZ XIFO UIF QFQUJEF BETPSCT POUP
UIF DMBZ TVSGBDF ɨF JOUFSDBMBUJPO QSPDFTT JT QSPQPTFE UP SFTVMU JO IJHIFS FċDJFODZ
DPOUSPMMFE SFMFBTF BOE JODSFBTFE UBSHFU FċDBDZ GPS DBUJPOJD UIFSBQFVUJD DPNQPVOET
	8BOH FU BM 	ñïðò
 ;B[P FU BM 	ñïðõ
 5PNÈT FU BM 	ñïð÷


ðò 1FQUJEFT
'PS B QFQUJEF UIF QPMZNFS DIBJO JT CVJMU VQ GSPN BNJOP BDJET MJOLFE UPHFUIFS CZ QFQ
UJEF CPOET XIFSF FBDI BNJOP BDJE JT B NPOPNFS XJUI UIF HFOFSBM TUSVDUVSF PG <3
$)	/)ñ
$00)> XJUI 3 EFOPUJOH UIF TJEF DIBJO PG UIF BNJOP BDJE ɨF QFQUJEF
CPOE JT GPSNFE XIFO UIF DBSCPYZM HSPVQ 	<$00)>
 PG POF BNJOP BDJE SFBDUT XJUI UIF
BNJOP HSPVQ 	</)ñ>
 PG BOPUIFS BNJOP BDJE UIVT GPSNJOH B DPWBMFOU CPOE CFUXFFO
UIF BNJOP BDJE SFTJEVFT XJUI UIF SFMFBTF PG B XBUFS NPMFDVMF 	'JH ðô
 	.D/BVHIU 
8JMLJOTPO 	ðøøö


'JHVSF ðô ɨF GPSNBUJPO PG B QFQUJEF CPOE CFUXFFO UXP BNJOP BDJET XJUI UIF TJEF DIBJOT PG UIF BNJOP BDJET SFQSFT
FOUFE BT 3 BOE UIF SFNBJOJOH BUPNT DPNQSJTFT UIF CBDLCPOF PG UIF QFQUJEF
ɨF GVODUJPO PG QFQUJEFT JT JNQPSUBOU JO CJPMPHJDBM BOE NFEJDBM TZTUFNT XIFSF UIFZ
NBZ IBWF BOUJNJDSPCJBM CBDUFSJBM GVOHBM BOEPS HBTUSPJOUFTUJOBM QSPQFSUJFT BT XFMM BT
NBOZ PUIFST ɨF DMBTTJmDBUJPO PG QFQUJEFT EFQFOET FJUIFS PO UIFJS GVODUJPO PS UIF
OVNCFS PG BNJOP BDJE SFTJEVFT XJUIJO UIF DIBJO ɨF MBUUFS NBZ CF DBUFHPSJTFE JO UISFF
NBJO HSPVQT 	J
 B QFQUJEF XJUI POF UP UFO BNJOP BDJET JT SFGFSSFE UP UIF DPSSFTQPOEJOH
OBNF PG NPOP UP EFDBQFQUJEF 	JJ
 B QFQUJEF XJUI UXP UP UXFOUZ BNJOP BDJET JT DBMMFE
BO PMJHPQFQUJEF BOE 	JJJ
 B QFQUJEF DPNQPTFE PG B DIBJO PG NBOZ BNJOP BDJET JT EF
OPUFE QPMZQFQUJEF *O BEEJUJPO QSPUFJOT BSF B UZQF PG QPMZQFQUJEFT IPXFWFS B QFQUJEF
BOE B QSPUFJO EJĊFS GPS JOTUBODF BMM QSPUFJOT DPOTJTU PG QFQUJEFT CVU OPU BMM QFQUJEFT
GPSN QSPUFJOT "MTP QSPUFJOT VTVBMMZ DPOTJTU PG NPSF UIBO ôï BNJOP BDJET PS NVMUJQMF
ø
QPMZQFQUJEFT BOE PGUFO EJTQMBZ NPSF DPNQMFY TUSVDUVSF UIBO B QFQUJEF 3FHBSEMFTT JU
JT DPNNPO GPS UIF UFSNT QFQUJEF BOE QSPUFJO UP CF JOUFSDIBOHFE 	#FSH FU BM 	ñïðñ


"EEJUJPOBMMZ DBUJPOJD BOUJNJDSPCJBM QFQUJEFT 	$".1T
 JT UIF NPTU XFMMLOPXO DMBTT PG
BOUJCJPUJDT BOE BOUJDBODFS ESVHT UIBU BSF DBUJPOJD JO OBUVSF BOE EVF UP UIF JODSFBTF JO
CBDUFSJBM SFTJTUBODF BHBJOTU DPOWFOUJPOBM BOUJCJPUJDT B HSFBU JOUFSFTU JO EFWFMPQJOH OPWFM
UIFSBQFVUJD DPNQPVOET IBT BSJTFO JO SFDFOU ZFBST 	-BUFOEPSG FU BM 	ñïðø
 $JVNBD FU BM
	ñïðø


ðòð EFDB"SHJOJOF
EFDB"SHJOJOF 	"SHðï
 JT B QFQUJEF XJUI B SFMBUJWF TIPSU TFRVFODF PG UFO BNJOP BDJET
BMM PG XIJDI BSF BSHJOJOF 	"SH 3
 *U IBT B IJHIMZ DBUJPOJD OBUVSF PSJHJOBUJOH GSPN UIF
HVBOJEJOJVN DBUJPO 	(EN
 HSPVQ JO UIF BSHJOJOF TJEF DIBJO ɨF (EN HSPVQ JT B
QMBOBS TZNNFUSJD JPO DPNQPTFE PG UISFF BNJOP HSPVQT FBDI CPOEFE UP UIF DFOUSBM
DBSCPO XJUI UIF DIFNJDBM GPSNVMB PG <$	/)ñ
ò> *U JT IJHIMZ TUBCMF JO XBUFS EVF UP
TUSPOH IZESPHFO CPOE BOE DIBSHFEJQPMF JOUFSBDUJPOT XJUI UIF XBUFS NPMFDVMFT BOE
UIVT TPMWBUFT FċDJFOUMZ XIFSF UIF BRVFPVT (EN NPJFUJFT GPSN MJLFDIBSHF JPOQBJST
ɨF DIBSBDUFSJTUJDT PG UIF (EN HSPVQ BMMPX BSHJOJOFSJDI QPMZQFQUJEFT UP JOUFSBDU XJUI
NFNCSBOFT TFMGBTTPDJBUF PS QFOFUSBUF BDSPTT DFMMVMBS NFNCSBOFT IFODF NBLJOH UIFN
QSPNJTJOH DBOEJEBUFT GPS JOUSBDFMMVMBS ESVH EFMJWFSZ 	3PCJTPO FU BM 	ñïðõ
 5FTFJ FU BM
	ñïðö
 7B[EBS FU BM 	ñïð÷


.PSFPWFS UIF FRVJMJCSJVN BDJE EJTTPDJBUJPO DPOTUBOU JF Q, B WBMVF PG (EN JO XBUFS
IBT CFFO SFQPSUFE JO MJUFSBUVSF UP CF ðòõ 	7B[EBS FU BM 	ñïð÷

 BOE ðò÷ ± ïð 	'JUDI
FU BM 	ñïðô

 ɨJT IJHI JOUSJOTJD WBMVF SFTVMUT JO UIF GBDU UIBU UIF BSHJOJOF TJEF DIBJO JT
QSFEPNJOBOUMZ QPTJUJWFMZ DIBSHFE FWFO BU IJHI Q) WBMVFT )FODF BU QIZTJPMPHJDBM Q)
"SHðï IBT B OFU QPTJUJWF DIBSHF PG UFO XIJDI BSF EFMPDBMJTFE PWFS UIF UISFF OJUSPHFOT
JO UIF TJEF DIBJOT *O BEEJUJPO UIF QFQUJEF FYJTUT JO JUT [XJUUFSJPOJD GPSN XJUI UIF
BNJOP HSPVQ PG UIF /UFSNJOBM QSPUPOBUFE BOE UIF DBSCPYZM HSPVQ PG UIF $UFSNJOBM
EFQSPUPOBUFE "O BUPNJTUJD SFQSFTFOUBUJPO PG UIF QFQUJEF "SHðï JT TIPXO JO 'JH ðõ
ðï
'JHVSF ðõ "UPNJTUJD JMMVTUSBUJPO PG UIF QFQUJEF EFDB"SHJOJOF 	"SHðï
 SFQSFTFOUFE JO JUT [XJUUFSJPO GPSN XIFSF UIF
TUFSFPDIFNJTUSZ PG FBDI BSHJOJOF BT UIBU PG UIF -JTPNFS ɨF DPMPVS DPEFT BSF DBSCPO 	CMBDL
 OJUSPHFO
	CMVF
 PYZHFO 	SFE
 BOE IZESPHFO 	XIJUF

*O 1BQFS Ěħ "SHðï XBT VTFE BT B NPEFM QFQUJEF JO PSEFS UP JOWFTUJHBUF UIF JOUFSDBMBUJPO
QSPDFTT PG B IJHIMZ DBUJPOJD QFQUJEF XJUIJO -BQPOJUF¥ MBZFSFE DMBZ NJOFSBMT XIFSF UIF
UBDUPJEBM CFIBWJPVS XBT TUVEJFE BT BO FĊFDU PG UIF "SHðï DPODFOUSBUJPO
ðð

ñ 'VOEBNFOUBM UIFPSZ
ñð 4UBUJTUJDBM NFDIBOJDT BOE UIFSNPEZOBNJDT
4UBUJTUJDBM NFDIBOJDT BJNT UP QSPWJEF B NPMFDVMBS JOUFSQSFUBUJPO PG FRVJMJCSJVN QSPQ
FSUJFT PG NBDSPTDPQJD TZTUFNT ɨF BQQSPBDI JT UP EFSJWF UIF TZTUFNT UIFSNPEZOBNJD
QSPQFSUJFT GSPN TUBUJTUJDBM BWFSBHFT PG UIF TZTUFNT NJDSPTDPQJD QSPQFSUJFT 'PS JOTUBODF
UIFSNPEZOBNJD QSPQFSUJFT JODMVEF FOFSHZ WPMVNF QBSUJDMF OVNCFS QSFTTVSF UFN
QFSBUVSF BOE EFOTJUZ ɨF UISFF GPSNFS BSF FYUFOTJWF QSPQFSUJFT BOE UIF UISFF MBUUFS BSF
JOUFOTJWF QSPQFSUJFT *O UIJT TFDUJPO TPNF PG UIF LFZ DPODFQUT PG TUBUJTUJDBM NFDIBOJDT
BOE UIFSNPEZOBNJDT XJMM CF FYQMBJOFE 'PS B NPSF EFUBJMFE BOE JOEFQUI EFTDSJQUJPO
UIF GPMMPXJOH SFGFSFODFT BSF SFDPNNFOEFE $BMMFO 	ðø÷ô
 )JMM 	ðø÷õ

ññ 4UBUJTUJDBM UIFSNPEZOBNJDT
ɨFQBSU PG TUBUJTUJDBM NFDIBOJDT XIFSF UIF UIFSNPEZOBNJD CFIBWJPVS PG MBSHF TZTUFNT JT
FYQMBJOFE CZ FYUFOEJOH UIF DMBTTJDBM UIFSNPEZOBNJDT JT LOPXO BT FRVJMJCSJVN TUBUJTUJDBM
NFDIBOJDT PS TUBUJTUJDBM UIFSNPEZOBNJDT
*O B DMBTTJDBM TZTUFN BMM UIF QPTTJCMF TUBUFT BSF SFQSFTFOUFE JO UIF QIBTF TQBDF 'PS B
TZTUFN XJUI / QBSUJDMFT UIF QIBTF TQBDF JT B õ/ EJNFOTJPOBM TQBDF XIFSF FBDI TUBUF JT
SFQSFTFOUFE CZ B WFDUPS EFTDSJCJOH UIF QPTJUJPO 	Y Z [
 BOE UIFNPNFOUB 	px, py, pz
 PG
BMM/ QBSUJDMFT "GUFS B MPOH UJNF XIFO BMM PG UIF QIBTF TQBDF IBT CFFO FYQMPSFE BOE OP
NBDSPTDPQJD nPX PG FOFSHZ PS NBUUFS JT QSFTFOU UIF TZTUFN IBT SFBDIFE UIFSNPEZOBNJD
FRVJMJCSJVN ɨJT SFGFST UP UIF mSTU QPTUVMBUF PG TUBUJTUJDBM NFDIBOJDT UIF 	MPOH
 UJNF
BWFSBHF PG B NFDIBOJDBM WBSJBCMF . JO UIF UIFSNPEZOBNJD TZTUFN PG JOUFSFTU JT FRVBM UP UIF
FOTFNCMF BWFSBHF PG . 	UIF DPODFQU PG BO FOTFNCMF JT FYQMBJOFE JO 4FDUJPO ñò
 )FODF
. JT FYQFDUFE UP IBWF B DPOTUBOU WBMVF BU FRVJMJCSJVN JG NFBTVSFE PWFS B MPOH UJNF
XIFSF . SFGFST UP WBSJBCMFT TVDI BT FOFSHZ PS QSFTTVSF
ðò
ñò ɧFSNPEZOBNJD FOTFNCMFT
" DFOUSBM DPODFQU JO TUBUJTUJDBM NFDIBOJDT JT UIF UIFSNPEZOBNJD FOTFNCMF ɨJT JT BO
JNBHJOBSZ DPMMFDUJPO PG B WFSZ MBSHF OVNCFS PG TZTUFNT SFQSFTFOUJOH UIF TFU PG BMM QPT
TJCMF TUBUFT PG B TZTUFN JO FRVJMJCSJVN "DDPSEJOH UP UIF FSHPEJD IZQPUIFTJT UIF BWFSBHF
WBMVF NFBTVSFE PWFS B MPOH UJNF JT FRVBM UP UIF FOTFNCMF BWFSBHF 8JUIJO BO FOTFNCMF
UIF TZTUFNT EJĊFS PO B NJDSPTDPQJD MFWFM XIJMF CFJOH FRVBM PO B UIFSNPEZOBNJD MFWFM
BOE UIVT UIF FOTFNCMF JT DMBTTJmFE BDDPSEJOH UP UIF SFQSFTFOUBUJWF NBDSPTDPQJD TZTUFN
ɨF NJDSPDBOPOJDBM FOTFNCMF SFQSFTFOUT UIF TFU PG BMM QPTTJCMF TUBUFT PG BO JTPMBUFE TZT
UFN XIJDI JT B DPNQMFUFMZ EJTDPOOFDUFE TZTUFN XIFSF UIFSF JT OP USBOTQPSU PG FOFSHZ
PS NBUUFS JO PS PVU PG UIF TZTUFN ɨJT NFBOT UIBU UIF OVNCFS PG QBSUJDMFT UIF WPMVNF
	7 
 BOE UIF UPUBM FOFSHZ 	6 
 BSF DPOTUBOU XJUIJO UIF TZTUFN 'PS UIF NJDSPDBOPO
JDBM FOTFNCMF UIF TFDPOE QPTUVMBUF PG TUBUJTUJDBM NFDIBOJDT JT WBMJE XIJDI TUBUFT UIBU
GPS BO FOTFNCMF SFQSFTFOUBUJWF PG BO JTPMBUFE UIFSNPEZOBNJD TZTUFN UIF TZTUFNT PG UIF FO
TFNCMF BSF EJTUSJCVUFE VOJGPSNMZ XJUI FRVBM QSPCBCJMJUZ PWFS UIF QPTTJCMF RVBOUVN TUBUFT
DPOTJTUFOU XJUI UIF TQFDJmFE WBMVFT / 7 6 ɨJT JT BMTP LOPXO BT UIF QSJODJQMF PG FRVBM
B QSJPSJ QSPCBCJMJUJFT UIBU JT BMM NJDSPTDPQJD TUBUFT DPOTJTUFOU XJUI UIF NJDSPDBOPOJDBM
DPOTUSBJOUT BSF FRVBMMZ QSPCBCMF ɨF FOUSPQZ 	4
 PG UIF NJDSPDBOPOJDBM FOTFNCMF JT
HJWFO CZ
S = k# lnΩN,V,U , 	ñð

XIFSF k# ≈ ðò÷ð·ðïñò +, JT UIF #PMU[NBOO DPOTUBOU BOEΩN,V,U JT UIFNJDSPDBOPOJDBM
QBSUJUJPO GVODUJPO DPSSFTQPOEJOH UP UIF QPTTJCMF TUBUFT GPS DPOTUBOU OVNCFS PG QBSUJDMFT
WPMVNF BOE UPUBM FOFSHZ ɨF NBYJNVN FOUSPQZ JT GPVOE BU FRVJMJCSJVN XIFSF UIF
TZTUFNT UIFSNPEZOBNJD QSPQFSUJFT TVDI BT UIF UFNQFSBUVSF BOE UIF QSFTTVSF DBO CF
PCUBJOFE JG UIF FOUSPQZ GVODUJPO JT LOPXO "O JTPMBUFE TZTUFN JT VTVBMMZ OPU WFSZ VTF
GVM CZ JUTFMG GSPN BO FYQFSJNFOUBM QPJOU PG WJFX TJODF JU JT SBSFMZ TUVEJFE )PXFWFS
UIFSF BSF PUIFS NPSF VTFGVM FOTFNCMFT MJLF UIF DBOPOJDBM FOTFNCMF UIF HSBOE DBOPOJDBM
FOTFNCMF BOE UIF JTPCBSJD FOTFNCMF ɨF DBOPOJDBM FOTFNCMF SFQSFTFOUT B DMPTFE BOE
JTPUIFSNBM TZTUFN XIFSF UIF OVNCFS PG QBSUJDMFT UIF WPMVNF BOE UIF UFNQFSBUVSF
	5 
 BSF DPOTUBOU ɨF DBOPOJDBM QBSUJUJPO GVODUJPO JT EFmOFE BT
QN,V,T =
∑
i
ΩN,V,UiF−βUi , 	ññ

XIFSF UIF TVN JT PWFS BMM FOFSHZ MFWFMT BOE β  ð	k#T 
 'PS UIF HSBOE DBOPOJDBM
FOTFNCMF UIF TZTUFN JT PQFO BOE JTPUIFSNBM XIFSF UIF DIFNJDBM QPUFOUJBM 	µ
 UIF
ðó
WPMVNF BOE UIF UFNQFSBUVSF BSF DPOTUBOU ɨF HSBOE DBOPOJDBM QBSUJUJPO GVODUJPO JT
EFmOFE BDDPSEJOH UP
Ξµ,V,T =
∑
i
QNi,V,T F−βµNi , 	ñò

XIFSF UIF TVN JT PWFS BMM OVNCFS PG QBSUJDMFT *O UIF JTPCBSJD FOTFNCMF UIF OVNCFS
PG QBSUJDMFT UIF QSFTTVSF 	1
 BOE UIF UFNQFSBUVSF BSF DPOTUBOU ɨF JTPCBSJD QBSUJUJPO
GVODUJPO JT HJWFO CZ
∆N,P,T =
∑
i
QN,Vi,T F−βPVi , 	ñó

XIFSF UIF TVN JT PWFS BMM WPMVNFT ɨF BQQMJDBCJMJUZ PG UIF BCPWFNFOUJPOFE FOTFNCMFT
NBLFT JU QPTTJCMF UP DPNQBSF UIF SFTVMUT PCUBJOFE GSPN DPNQVUFS TJNVMBUJPOT XJUI
FYQFSJNFOUBM PCTFSWBUJPOT 'PS JOTUBODF GSPN UIF DBOPOJDBM QBSUJUJPO GVODUJPO 	&R
	ññ

 UIF BWFSBHF QSFTTVSF XJUIJO UIF DBOPOJDBM FOTFNCMF DBO CF DBMDVMBUFE BOE DPN
QBSFE XJUI UIF FYQFSJNFOUBMMZ NFBTVSFE TXFMMJOH QSFTTVSF GSPN B DMPTFE UFTU DFMM #Z
DPOTJEFSJOH UIF QSPCBCJMJUZ ρi PG B TUBUF XJUI FOFSHZ Ui
ρi =
F−βUi
QN,V,T
, 	ñô

UIF BWFSBHF QSFTTVSF XJUIJO UIF DBOPOJDBM FOTFNCMF 	⟨P ⟩
 DBO UIFO CF GPVOE CZ
⟨P ⟩ =
∑
i
Piρi . 	ñõ

ɨF TVN JT PWFS BMM TUBUFT BOE Pi  − δUiδV JT UIF QSFTTVSF PG UIF JUI DPOmHVSBUJPO 'VS
UIFSNPSF UIF )FMNIPMU[ GSFF FOFSHZ IBT B TJNJMBS DPOOFDUJPO XJUIJO UIF DBOPOJDBM FO
TFNCMF BT UIF FOUSPQZ 	&R 	ñð

 XJUIJO UIF NJDSPDBOPOJDBM FOTFNCMF BOE JT FYQSFTTFE
BT
A = −k#T lnQN,V,T . 	ñö

"U FRVJMJCSJVN UIF )FMNIPMU[ GSFF FOFSHZ JT NJOJNJTFE BOE JG LOPXO GPS UIF TZTUFN
UIF BWFSBHF QSFTTVSF DBO CF DBMDVMBUFE BT
ðô
⟨P ⟩ = −
(
δA
δV
)
T,N
. 	ñ÷

/PUF UIBU UIF FRVBUJPOT PG &R 	ñ÷
 BOE &R 	ñõ
 BSF FRVJWBMFOU GPMMPXJOH UIF UIFS
NPEZOBNJD EFmOJUJPO PG )FMNIPMU[ GSFF FOFSHZ
A = ⟨U⟩ − TS , 	ñø

XIFSF ⟨U⟩ JT UIF BWFSBHF FOFSHZ PG UIF TZTUFN
ñó $MBTTJDBM TUBUJTUJDBM NFDIBOJDT
'PS UIF DBMDVMBUJPO PG UIF QBSUJUJPO GVODUJPO JO UIF DMBTTJDBM BQQSPBDI UIF TFU PG TUBUFT
BU UIF RVBOUVN MFWFM BSF SFQMBDFE CZ UIF DMBTTJDBM DPOUJOVVN BQQSPBDI 'PS JOTUBODF
UIF DMBTTJDBM WFSTJPO PG UIF DBOPOJDBM QBSUJUJPO GVODUJPO 	&R 	ññ

 JT HJWFO CZ
Qclass =
ð
N !ΛòN
∫
V
F−βU(Γ)EΓ , 	ñðï

XIFSF Γ JT B ò/ EJNFOTJPOBM WFDUPS EFTDSJCJOH UIF Y Z BOE [ DPPSEJOBUFT PG QBSUJDMF /
JO UIF TZTUFN U(Γ) JT UIF TZTUFNT QPUFOUJBM FOFSHZ BT B GVODUJPO PG UIF QBSUJDMFT QPTJ
UJPOT BOE UIF JOUFHSBM JT PWFS UIF FOUJSF WPMVNF BWBJMBCMF UP FBDI QBSUJDMF ɨF LJOFUJD
QBSU PG UIF TZTUFN JT JOUFHSBUFE CFGPSFIBOE BOE JODMVEFE JO UIF EF #SPHMJF XBWFMFOHUI
Λ =
h
(ñπmk#T )ðñ
, 	ñðð

XIFSF h ≈ õõñõ · ðïòó +T JT 1MBODLT DPOTUBOU BOE N JT UIF NBTT PG UIF QBSUJDMF ɨF
QSFTTVSF JO &R 	ñõ
 DBO OPX CF XSJUUFO BT
⟨P ⟩ =
∫
V P (Γ)F
−βU(Γ)EΓ
ZN
, 	ñðñ

XIFSF ZN =
∫
V F
−βU(Γ)EΓ JT UIF DPOmHVSBUJPOBM JOUFHSBM BOE P (Γ) JT UIF QSFTTVSF BT
B GVODUJPO PG UIF QBSUJDMF QPTJUJPOT
ðõ
ò .PMFDVMBS JOUFSBDUJPOT
òð *OUFSNPMFDVMBS JOUFSBDUJPOT
ɨFNPMFDVMBS JOUFSBDUJPOT XJUIJO B TZTUFN DBO CF EJWJEFE JOUP JOUSB BOE JOUFSNPMFDV
MBS JOUFSBDUJPOT ɨF GPSNFS EFTDSJCFT UIF JOUFSBDUJPOT XJUIJO B NPMFDVMF TVDI BT
UIF DIFNJDBM CPOET XIFSFBT UIF MBUUFS EFTDSJCFT UIF JOUFSBDUJPOT CFUXFFO NPMFDVMFT
PS DPMMPJEBM QBSUJDMFT ɨF JOUSJDBUF CBMBODF CFUXFFO BUUSBDUJWF BOE SFQVMTJWF GPSDFT JT
VTFE JO PSEFS UP VOEFSTUBOE XIZ DPMMPJEBM EJTQFSTJPOT BSF GPSNFE VOEFS TPNF DJSDVN
TUBODFT BOE XIZ nPDDVMBUJPO PDDVST JO PUIFS DBTFT ɨVT UIF JOUFSNPMFDVMBS JOUFS
BDUJPOT QSPWJEF JOGPSNBUJPO BCPVU UIF TUSVDUVSBM BOE UIFSNPEZOBNJDBM QSPQFSUJFT PG
B DPMMPJEBM TZTUFN 'PS MBSHF TZTUFNT JU JT OPU QPTTJCMF UP JODMVEF BMM QBSUJDMFT XIFO
USZJOH UP DBQUVSF UIF EJĊFSFOU CFIBWJPVST BOE UIFSFGPSF BQQSPYJNBUJPOT BOE TJNQMJ
mDBUJPOT BSF NBEF 'PS JOTUBODF JO B ASFBMJTUJD DPMMPJEBM TZTUFN UIF DPMMPJEBM QBSUJDMFT
BSF EJTQFSTFE JO B TPMWFOU DPNQPTFE PG B MBSHF OVNCFS PG XBUFS NPMFDVMFT XIFSF UIF
OVNCFS PG QBSUJDMFT JT VTVBMMZ SFEVDFE CZ USFBUJOH UIF TPMWFOU JNQMJDJUMZ BT B DPOUJOVVN
UISPVHIPVU TQBDF
òñ $PVMPNC JOUFSBDUJPOT
ɨF FMFDUSPTUBUJD JOUFSBDUJPO JO WBDVVN CFUXFFO UXP JTPMBUFE DIBSHFE QBSUJDMFT J BOE K
BU B mYFE EJTUBODF rij JT EFTDSJCFE CZ $PVMPNCT MBX
u(rij) =
qiqj
óπϵïrij
 	òð

XIFSF qi JT UIF DIBSHF PG QBSUJDMF J BOE ϵï ≈ ÷÷ôó· ðïðñ $ñ	+N
 JT UIF QFSNJUUJWJUZ PG
WBDVVN *G UIF UXP QBSUJDMFT BSF JNNFSTFE JO B QPMBS TPMWFOU GPS FYBNQMF XBUFS UIF
QBJS JOUFSBDUJPO JT UIFO HJWFO CZ
ðö
βw(rij) = β
qiqj
óπϵïϵr(T )rij
=
l#zizj
rij
 	òñ

XIFSF l# = βeñ/(óπϵïϵr(T )) JT UIF #KFSSVN MFOHUI e JT UIF FMFNFOUBSZ DIBSHF zi 
qi/e JT UIF WBMFODZ PG QBSUJDMF J BOE ϵr(T ) JT UIF SFMBUJWF QFSNJUUJWJUZ PG UIF TPMWFOU
/PUF UIBU UIF MBUUFS JT UFNQFSBUVSFEFQFOEFOU 	*TSBFMBDIWJMJ 	ñïðð

 *O &R 	òñ
 UIF
JOUFSBDUJPOT XJUI UIF TPMWFOUNPMFDVMFT BSF BWFSBHFE JF UIF TPMWFOU JT USFBUFE JNQMJDJUMZ
BOE UIVT UIF QBJS JOUFSBDUJPO JT B GSFF FOFSHZ ɨF #KFSSVN MFOHUI JT UIF TFQBSBUJPO
CFUXFFO UXP DIBSHFE QBSUJDMFT BU XIJDI UIF FMFDUSPTUBUJD JOUFSBDUJPO JT FRVJWBMFOU UP UIF
UIFSNBM FOFSHZ k#T BOE GPS BO BRVFPVT TPMVUJPO UIF #KFSSVN MFOHUI JODSFBTFT XJUI
UFNQFSBUVSF EVF UP UIF UFNQFSBUVSFEFQFOEFOU SFMBUJWF QFSNJUUJWJUZ
òò 1PJTTPO#PMU[NBOO FRVBUJPO
ɨF 1PJTTPO#PMU[NBOO 	1#
 FRVBUJPO EFTDSJCFT BNPOH PUIFS UIJOHT IPX DPMMPJEBM
EJTQFSTJPOT BSF GPSNFE GSPN DIBSHFE DPMMPJET BOE IPX UIF JOUFSNPMFDVMBS FMFDUSPTUBUJD
JOUFSBDUJPOT DIBOHFT CZ BEEJUJPOBM TBMU *U JT HJWFO CZ B DPNCJOBUJPO PG UIF 1PJTTPOT
FRVBUJPO BOE UIF #PMU[NBOO EJTUSJCVUJPO BDDPSEJOH UP
ϵrϵï∇Φ(S) = −
∑
i
qiciF−βqiΦ(S) , 	òò

XIFSF ∇ JT UIF -BQMBDF PQFSBUPS Φ(S) JT UIF NFBO FMFDUSPTUBUJD QPUFOUJBM BU QPTJUJPO S
BOE ci JT UIF DPODFOUSBUJPO PG UIF JPOJD TQFDJFT J XJUI DIBSHF qi *O UIF 1# FRVBUJPO B
NFBOmFME BQQSPYJNBUJPO JT JNQMFNFOUFE XIFSF UIF USVF JPO EJTUSJCVUJPO JT SFQMBDFE
CZ JUT NFBO EJTUSJCVUJPO BOE UIF NFBO FMFDUSPTUBUJD QPUFOUJBM JT EFmOFE BT UIF BWFSBHF
WBMVF PG UIF QPUFOUJBM EJTUSJCVUJPO BU FBDI QPTJUJPO JO TQBDF PWFS B MPOH UJNF "U MPX
FMFDUSPTUBUJD QPUFOUJBM UIF MJOFBSJTFE 1# FRVBUJPO JT WBMJE BOE GPS B TQIFSJDBM HFPNFUSZ
UIF TPMVUJPO PG UIF JOUFSBDUJPO QPUFOUJBM CFUXFFO UXP DIBSHFE QBSUJDMFT JT
βw(rij) = l#zizj
F−κrij
rij
. 	òó

)FSF ðκ JT UIF %FCZF TDSFFOJOH MFOHUI XIFSF κñ = óπl#
∑
i z
ñ
i ci 	&WBOT  8FO
OFSTUSÚN 	ðøøø

 'PS BO JODSFBTF JO TBMU DPODFOUSBUJPO PS UIF WBMFODZ PG UIF TBMU
UIF %FCZF TDSFFOJOH MFOHUI EFDSFBTFT BOE UIF MPOHSBOHFE FMFDUSPTUBUJD JOUFSBDUJPOT
CFUXFFO DIBSHFE QBSUJDMFT JT FĊFDUJWFMZ TDSFFOFE IFODF UIF FMFDUSPTUBUJD JOUFSBDUJPOT
CFDPNF NPSF TIPSUSBOHFE ɨJT QIFOPNFOPO JT JMMVTUSBUFE JO 'JH òð
ð÷
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'JHVSF òð ɨF %FCZF TDSFFOJOH MFOHUI 	ðκ
 BT B GVODUJPO PG TBMU DPODFOUSBUJPO GPS B NPOPWBMFOU 	SFE EBTIFE MJOF
 B
EJWBMFOU 	CMVF EBTIFE MJOF
 BOE B USJWBMFOU 	HSFFO EBTIFE MJOF
 TBMU
'VSUIFSNPSF GPS B TZTUFN XJUI UXP MJLFDIBSHFE TVSGBDFT JO UIF TBMUGSFF DBTF XIFSF
POMZ DPVOUFSJPOT BSF QSFTFOU BO FYBDU TPMVUJPO PG UIF 1# FRVBUJPO DBO CF PCUBJOFE *O
UIJT DBTF UIF PTNPUJD QSFTTVSF 	Π
 JT FRVBM UP UIF QSFTTVSF BOE HJWFO CZ UIF TPDBMMFE
NJEQMBOF BQQSPBDI 	&WBOT  8FOOFSTUSÚN 	ðøøø


ΠPB = PPB = k#Tc(ï) , 	òô

XIFSF c(ï)  ñk#Tsñϵrϵï/(zeh)ñ JT UIF DPVOUFSJPO DPODFOUSBUJPO BU UIF NJEQMBOF T
SFQSFTFOUT B EJNFOTJPOMFTT QBSBNFUFS XIFSF s tan(s) = |σ|zeh/(ñk#T ϵrϵï) I JT UIF
TFQBSBUJPO CFUXFFO UIF DIBSHFE TVSGBDFT BOE σ JT UIF TVSGBDF DIBSHF EFOTJUZ XIJDI JT
TNFBSFE PVU PO FBDI TVSGBDF "DDPSEJOH UP UIF 1# FRVBUJPO UIF QSFTTVSF CFUXFFO UXP
MJLFDIBSHFE TVSGBDFT XJMM BMXBZT CF QPTJUJWF SFTVMUJOH JO B SFQVMTJWF GPSDF 0O UIF PUIFS
IBOE JU JT QPTTJCMF UP PCUBJO B OFHBUJWF PTNPUJD QSFTTVSF BOE UIVT BO BUUSBDUJWF GPSDF
BU TIPSU TFQBSBUJPOT CFUXFFO UXP IJHIMZ MJLFDIBSHFE QBSUJDMFT NFEJBUFE CZ NVMUJWBMFOU
JPOT JG UIF JPOJPO DPSSFMBUJPO GPSDFT BSF UBLFO JOUP BDDPVOU 	+ÚOTTPO  8FOOFSTUSÚN
	ñïïð

 )PXFWFS UIFTF BSF OPU JODMVEFE JO UIF 1# FRVBUJPO
òó $PVQMJOH UIFPSZ
ɨF DPVQMJOH UIFPSZ JT VTFGVM GPS VOEFSTUBOEJOH UIF JOUFSBDUJPOT XJUIJO B TZTUFN PG
UXP MJLFDIBSHFE TVSGBDFT XJUI SFTQFDU UP FJUIFS XFBL PS TUSPOH DPVQMJOH 	4$
 *O UIF
MJNJU PG XFBL DPVQMJOH UIF 1# FRVBUJPO JT BTZNQUPUJDBMMZ FYBDU *O UIJT DBTF UIFSF
JT B MBSHF EJTUBODF CFUXFFO UIF TVSGBDFT XIJDI IBWF B MPX TVSGBDF DIBSHF EFOTJUZ BOE
ðø
UIF DPVOUFSJPOT IBWF B MPX WBMFODZ 'PS UIF PQQPTJUF MJNJU UIF 4$ UIFPSZ JT BTZNQ
UPUJDBMMZ FYBDU )FSF UIF TVSGBDFT BSF TFQBSBUFE BU TIPSU EJTUBODFT XJUI B IJHI TVSGBDF
DIBSHF EFOTJUZ BOE UIF DPVOUFSJPOT IBWF B IJHI WBMFODZ ɨF MJNJUT DBO CF GPVOE CZ
DPOTJEFSJOH UIF DPVQMJOH QBSBNFUFS
Ξ = ñπzòlñ#σs , 	òõ

XIFSF σs JT UIF TVSGBDF DIBSHF OVNCFS EFOTJUZ ɨF 1# FRVBUJPO JT WBMJE GPS TNBMM
WBMVFT PG Ξ BOE UIF 4$ UIFPSZ JT WBMJE GPS Ξ → ∞ DBMMFE UIF 4$ MJNJU .PSFPWFS
UIF 4$ UIFPSZ JT WBMJE JG UIF MBUFSBM EJTUBODF α CFUXFFO UIF JPOT JT HSFBUFS UIBO UIF
TFQBSBUJPO h CFUXFFO UIF TVSGBDFT JF h < α *O UIJT DBTF UIF JPOT BMNPTU NPWF
JOEFQFOEFOUMZ BMPOH UIF WFSUJDBM EJSFDUJPO EVF UP UIF TUSPOH JPOJPO DPSSFMBUJPO GPSDFT
	'JH òñB
 	/FU[ 	ñïïð

 ɨF 1# FRVBUJPO JT WBMJE JO TZTUFNT XIFSF FBDI JPO JOUFSBDUT
XJUI B EJĊVTF DMPVE PG PUIFS JPOT 	'JH òñC

h
A
	B

h
	C

'JHVSF òñ 4DIFNBUJD JMMVTUSBUJPO PG UXP MJLFDIBSHFE TVSGBDFT 	SFQSFTFOUFE BT IPSJ[POUBM CMBDL MJOFT
 NFEJBUFE CZ DPVO
UFSJPOT 	SFQSFTFOUFE BT DZBO TQIFSFT
 	B
 ɨF MBUFSBM EJTUBODF α CFUXFFO UIF JPOT JT HSFBUFS UIBO UIF TFQBS
BUJPO h CFUXFFO UIF DIBSHFE TVSGBDFT 	C
 ɨF DIBSHFE TVSGBDFT BUUSBDU UXP TFQBSBUF MBZFST PG DPVOUFSJPOT
XIFSF UIF MBUFSBM EJTUBODF CFUXFFO UIF JPOT JT TNBMM 	+BOTTPO FU BM 	ñïð÷


òô 4IPSUSBOHFE JOUFSBDUJPOT
*O BEEJUJPO UP UIF MPOHSBOHFE FMFDUSPTUBUJD JOUFSBDUJPOT QBSUJDMFT BMTP FYIJCJU TIPSU
SBOHFE JOUFSBDUJPOT XIJDI JNQMJFT UIBU UXP JOUFSBDUJOH QBSUJDMFT SFQFM FBDI PUIFS BU
DMPTF TFQBSBUJPOT ɨJT PSJHJOBUFT GSPN UIF 1BVMJ FYDMVTJPO QSJODJQMF XIJDI TUBUFT UIBU
UXP PS NPSF JEFOUJDBM FMFDUSPOT DBOOPU PDDVQZ UIF TBNF RVBOUVN TUBUF ɨF IBSE
TQIFSF 	)4
 QPUFOUJBM BOE UIF USVODBUFE BOE TIJGUFE -FOOBSE+POFT 	5-+
 QPUFOUJBM BSF
UXP TJNQMF QPUFOUJBMT UIBU EFTDSJCF UIJT JOUFSBDUJPO 	'JH òò
 ɨF IBSETQIFSF QPUFOUJBM
CFUXFFO UXP QBSUJDMFT J BOE K JT EFmOFE BT
ñï
u(rij) =
{
∞ JG rij < σij
ï PUIFSXJTF
, 	òö

XIFSF σij = (σi  σj)ñ BOE σi JT UIF EJBNFUFS PG QBSUJDMF J ɨF USVODBUFE BOE TIJGUFE
-FOOBSE+POFT QPUFOUJBM JT TUSJDUMZ SFQVMTJWF BOE EFmOFE BT
u(rij) =
{
ϵ
(
(σijrij )
ðñ − ñ(σijrij )õ + ð
)
JG rij < σij
ï PUIFSXJTF
, 	ò÷

XIFSF ϵ EFUFSNJOFT UIF TUSFOHUI PG UIF JOUFSBDUJPO ɨFSF JT BMTP BO BUUSBDUJPO CFUXFFO
UIF QBSUJDMFT XIJDI JT EFTDSJCFE CZ UIF WBO EFS 8BBMT GPSDFT ɨFTF BSF B DPMMFDUJPO
PG JOUFSBDUJPOT QSPQPSUJPOBM UP rõ BOE PSJHJOBUFT GSPN 	J
 UIF ,FFTPN GPSDF GPS UIF
SPUBUJPOBM BWFSBHF CFUXFFO UXP EJQPMFT 	JJ
 UIF %FCZF GPSDF GPS UIF SPUBUJPOBM BWFSBHF
CFUXFFO B EJQPMF BOE B DPSSFTQPOEJOH JOEVDFE EJQPMF BOE 	JJJ
 UIF -POEPO EJTQFSTJPO
GPSDF DPOTJEFSJOH UIF JOTUBOUBOFPVT JOEVDFE EJQPMF #Z DPNCJOJOH UIF 1BVMJ FYDMVTJPO
QSJODJQMF XJUI UIF WBO EFS 8BBMT GPSDFT UIF -FOOBSE+POFT 	-+
 QPUFOUJBM JT PCUBJOFE
BOE EFmOFE BT
u(rij) = óϵ
(
(
σij
rij
)ðñ − (σij
rij
)õ
)
. 	òø

ɨF NJOJNVN WBMVF PG UIF QPUFOUJBM JT GPVOE BU rij  ñðõσij 	'JH òò
 ɨF UIFPSZ
UIBU EFTDSJCFT UIF FMFDUSPTUBUJD JOUFSBDUJPOT XJUI UIF MJOFBSJTFE 1# FRVBUJPO BOE UIF
TIPSUSBOHFE JOUFSBDUJPOT XJUI UIF WBO EFS 8BBMT GPSDFT JT LOPXO BT UIF %-70UIFPSZ
	%FSKBHVJO  -BOEBV 	ðøóð
 7FSXFZ  0WFSCFFL 	ðøó÷


ñð
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 LJ potential
'JHVSF òò "O DPNQBSJTPO CFUXFFO UIF TIPSUSBOHFE JOUFSBDUJPO QPUFOUJBMT XJUI ϵ  ð k#T BOE σ  ð ON GPS UIF
IBSETQIFSF 	)4
 QPUFOUJBM 	SFE TPMJE MJOF
 UIF USVODBUFE BOE TIJGUFE -FOOBSE+POFT 	5-+
 QPUFOUJBM 	CMVF
EBTIFE MJOF
 BOE UIF -FOOBSE+POFT 	-+
 QPUFOUJBM 	HSFFO EBTIFE MJOF

ññ
ó 4JNVMBUJPO UFDIOJRVFT
óð 4JNVMBUJPO NFUIPET
*O DMBTTJDBM TUBUJTUJDBM NFDIBOJDT UIF NPTU DPNNPOMZ VTFE TJNVMBUJPO NFUIPET BSF
.POUF $BSMP 	.$
 BOE .PMFDVMBS %ZOBNJDT 	.%
 TJNVMBUJPOT ɨF BEWBOUBHF CZ
VTJOH TJNVMBUJPOT PWFS BOBMZUJDBM TPMVUJPOT PCUBJOFE GSPN UIFPSZ JT UIBU UIF MBUUFS DPO
UBJOT B MBSHF OVNCFS PG BQQSPYJNBUJPOT BOE BSF MJNJUFE UP TNBMM BOE TJNQMF TZTUFNT
ɨF EJTBEWBOUBHF IPXFWFS JT UIBU JG UIF NPEFM JT UPP DPNQMFY BOE JODMVEFT NBOZ
QBSBNFUFST JU NBZ CF EJċDVMU UP HBJO QIZTJDBM JOTJHIU JOUP UIF TZTUFN ɨF EJĊFSFODF
CFUXFFO .$ BOE .% TJNVMBUJPOT DBO CF FYQMBJOFE CZ UIF FSHPEJD IZQPUIFTJT 	J
 UIF
BWFSBHF WBMVF PG B DFSUBJO QSPQFSUZ BGUFS B MPOH UJNF JT FRVBM UP 	JJ
 UIF FOTFNCMF BWFSBHF
ɨF MBUUFS 	JJ
 JT EFTDSJCFE CZ.$ TJNVMBUJPOT XIFSF UIF DPODFQU PG UJNF JT BCTFOU BOE
JOTUFBE B MBSHF OVNCFS PG DPOmHVSBUJPOT BSF DPOTJEFSFE XJUIJO UIF FOTFNCMF XIFSF UIF
BWFSBHF WBMVF PG B QSPQFSUZ JT PCUBJOFE CZ UIF FOTFNCMF BWFSBHF ɨF GPSNFS 	J
 JT DPO
TJEFSFE JO .% TJNVMBUJPOT XIFSF UIF EZOBNJDT PG UIF TZTUFN JT DBQUVSFE EVF UP UIF
QBSUJDMFT NPWFNFOU BDDPSEJOH UP /FXUPOT MBX PG NPUJPO )FODF UIF BWFSBHF WBMVF PG
B QSPQFSUZ JT PCUBJOFE BGUFS B MPOH UJNF 5P WFSJGZ XIFUIFS B TZTUFN JT JO FRVJMJCSJVN
PS OPU LOPXMFEHF PG UIF TZTUFN JT SFRVJSFE ɨF DSJUFSJB UIBU TIPVME CF GVMmMMFE GPS
FRVJMJCSJVN JT HFOFSBMMZ UIBU UIF BWFSBHF FOFSHZ PG UIF TZTUFN JT DPOWFSHFE BOE JOEF
QFOEFOU TJNVMBUJPOT XJUI EJĊFSFOU JOJUJBM DPOmHVSBUJPOT HFOFSBUF UIF TBNF BWFSBHFT GPS
UIF PCTFSWBCMFT
óñ .POUF $BSMP TJNVMBUJPOT
*O.$ TJNVMBUJPOT UIF TZTUFN JT EFTDSJCFE GSPN UIF FOTFNCMF BWFSBHF ɨF TUSBJHIUGPS
XBSE.$ UFDIOJRVF JT UIF SBOEPN TBNQMJOH PS CSVUF GPSDF .$ XIFSF UIF DPPSEJOBUFT
PG UIF QBSUJDMFT BSF TFMFDUFE BU SBOEPN GPS B MBSHF TFU PG DPOmHVSBUJPOT ɨF EJTBEWBOU
BHF XJUI UIJT BQQSPBDI JT UIBU JU JT WFSZ JOFċDJFOU GPS EFOTF TZTUFNT TJODF UIF NBKPSJUZ
ñò
PG UIF HFOFSBUFE DPOmHVSBUJPOT XJMM OPU DPOUSJCVUF TJHOJmDBOUMZ UP UIF BWFSBHF 'PS B
SBOEPNMZ HFOFSBUFE DPOmHVSBUJPO JO EFOTF TZTUFNT UIFSF JT B IJHI QSPCBCJMJUZ UIBU UIF
DPPSEJOBUFT PG UIF QBSUJDMFT XJMM PWFSMBQ ɨJT XJMM JODSFBTF UIF FOFSHZ PG UIF DPOmHVS
BUJPO EVF UP TIPSUSBOHFE SFQVMTJWF JOUFSBDUJPOT BOE UIVT UIF UPUBM FOFSHZ PG B EFOTF
TZTUFN XJMM CF BCPWF k#T  JF F−βU(Γ) ≫ ð " NPSF FċDJFOU BOE SPCVTU BQQSPBDI
JT UP JNQMFNFOU JNQPSUBODF TBNQMJOH JO XIJDI UIF NBKPSJUZ PG UIF DPOmHVSBUJPOT BSF
TBNQMFE JO UIF SFHJPO PG TQBDF XIFSF JU XJMM DPOUSJCVUF TJHOJmDBOUMZ UP UIF BWFSBHF
0OF PG UIF NPTU SFDPHOJ[FE JNQPSUBODF TBNQMJOH UFDIOJRVFT JT UIF .FUSPQPMJT NFUIPE
	.FUSPQPMJT FU BM 	ðøôò
 "MMFO  5JMEFTMFZ 	ðø÷ø


óñð .FUSPQPMJT NFUIPE
ɨF .FUSPQPMJT NFUIPE JT B TBNQMJOH NFUIPE JO .$ TJNVMBUJPOT GPS EFOTF BOE NPSF
DPNQMFY TZTUFNT &BDI HFOFSBUFE DPOmHVSBUJPO JT QSPQPSUJPOBM UP UIF #PMU[NBOO
XFJHIU BOE EFTDSJCFE CZ UIF QSPCBCJMJUZ EFOTJUZ ρ  F−βU(Γ)/ZN  XIFSF Γ JT UIF
DPPSEJOBUFT PG UIF DPOmHVSBUJPO 'PS B TZTUFN UP SFBDI FRVJMJCSJVN UIF DSJUFSJPO PG
EFUBJMFE CBMBODF JT JOUSPEVDFE
ρPπP→O = ρOπO→P , 	óð

XIFSF πP→O BOE πO→P BSF UIF USBOTJUJPO QSPCBCJMJUZ EFOTJUJFT GSPN UIF PME UP UIF OFX
DPOmHVSBUJPO BOE WJDF WFSTB *O UIF .FUSPQPMJT TDIFNF UIF EFUBJMFE CBMBODFE JT GVM
mMMFE CZ UIF GPMMPXJOH DPOEJUJPO
πP→O =
{
γP→O JG ρO ≥ ρP
γP→O · α JG ρO < ρP
, 	óñ

XIFSF γP→O = γO→P EFTDSJCFT B TZNNFUSJD SBOEPN USJBM NPWF BOE α JT UIF BDDFQUBODF
SBUJP GSPN BO PME UP B OFX DPOmHVSBUJPO ɨF USJBM NPWFT JO .$ TJNVMBUJPOT IBWF
OP QIZTJDBM NFBOJOH BOE UIFSF JT B WBTU OVNCFS PG USJBM NPWFT PQUJNJTFE GPS EJĊFSFOU
UZQFT PG TZTUFNT 'PS JOTUBODF UIF TJOHMF QBSUJDMF EJTQMBDFNFOU JT B USJBM NPWF XIFSF B
TJOHMF QBSUJDMF JT TFMFDUFE BU SBOEPN BOE UIFO USBOTMBUFE PS SPUBUFE SBOEPNMZ 'PS UIF
USBOTMBUJPO PG B TJOHMF QBSUJDMF UIF SBOEPN USJBM NPWF EFTDSJCFT UIF VOJGPSN QSPCBCJMJUZ
GPS UIF NPWFNFOU PG UIF QBSUJDMF JO BOZ EJSFDUJPO XJUIJO B NBYJNVN BMMPXFE EJTUBODF
ɨF TZNNFUSZ BSJTFT GSPN UIF GBDU UIBU UIF QSPCBCJMJUZ PG mOEJOH B DFSUBJO OFX QPTJUJPO
JT FRVBM UP mOEJOH UIF PME QPTJUJPO XIFO UIF QBSUJDMF JT BU UIF OFX QPTJUJPO #Z SFXSJUJOH
&R 	óð
 UIF BDDFQUBODF SBUJP JT EFTDSJCFE BT
ñó
α =
πP→O
πO→P
=
ρO
ρP
=
F−βU(ΓO)
ZN
ZN
F−βU(ΓP)
= F−β(U(ΓO)−U(ΓP)) . 	óò

ɨF BEWBOUBHF XJUI UIF.FUSPQPMJT NFUIPE JT UIBU VOQIZTJDBM NPWFT BSF QPTTJCMF )PX
FWFS UIF EJTBEWBOUBHF JT UIBU B OFX DPOmHVSBUJPO DBO POMZ CF HFOFSBUFE JG UIF QSFWJPVT
DPOmHVSBUJPO JT LOPXO ɨFSFGPSF BO JOJUJBM DPOmHVSBUJPO JT SFRVJSFE UIBU JODMVEFT
UIF QBSUJDMF QPTJUJPOT XIFSF UIF HFPNFUSZ BOE CPVOEBSZ DPOEJUJPOT PG UIF TZTUFN BSF
EFmOFE ɨF GPMMPXJOH TUFQT DBO CF VTFE UP TVNNBSJTF UIF NFUIPE
ð " SBOEPN USJBM NPWF JT TFMFDUFE
ñ " SBOEPN QBSUJDMF PS B TFU PG QBSUJDMFT BT SFRVJSFE CZ UIF USJBM NPWF JT TFMFDUFE
BOE UIF NPWF JT QFSGPSNFE JO PSEFS UP HFOFSBUF B OFX DPOmHVSBUJPO
ò ɨF BDDFQUBODF SBUJP JT DBMDVMBUFE BOE UIF OFX DPOmHVSBUJPO JT BDDFQUFE JG α ≤
ð 	XIFO ρO ≥ ρP
 PS α > R 	XIFO ρO < ρP
 XIFSF 3 JT B SBOEPN OVNCFS
CFUXFFO [FSP BOE POF PUIFSXJTF UIF OFX DPOmHVSBUJPO JT SFKFDUFE
ó ɨF PCTFSWBCMFT PG JOUFSFTU BSF TBNQMFE XIFO UIF TZTUFN IBT SFBDIFE FRVJMJCSJVN
ô ɨF TDIFNF JT SFQFBUFE GSPN TUFQ ð
óò .PMFDVMBS EZOBNJDT TJNVMBUJPOT
*O .% TJNVMBUJPOT UIF QBSUJDMFT JO UIF TZTUFN NPWF BDDPSEJOH UP /FXUPOT MBXT PG
NPUJPO ɨF BEWBOUBHFT XJUI .% BSF UIBU JU DBQUVSFT UIF EZOBNJDT PG UIF TZTUFN
XIFSF QBSBMMFMJTBUJPO JT TUSBJHIUGPSXBSE BOE UIF BMHPSJUINT BSF VOJWFSTBM GPS NPTU UZQFT
PG TZTUFNT ɨF EJTBEWBOUBHF IPXFWFS JT UIBU JU NBZ UBLF B MPOH UJNF GPS UIF TZTUFN
UP DSPTT FOFSHZ CBSSJFST NVDI MBSHFS UIBO k#T  'VSUIFSNPSF UIF JOUFSBDUJPO QPUFOUJBMT
BOE UIF GPSDFT BSF SFRVJSFE UP CF DPOUJOVPVT GVODUJPOT JO NPTU .% QBDLBHFT 	FH
(30."$4 	1SPOL FU BM 	ñïðò
 "CSBIBN FU BM 	ñïðó



ɨF NPWFNFOU PG UIF QBSUJDMFT JT EFSJWFE GSPN UIF GPSDFT BDUJOH PO FBDI QBSUJDMF XIFSF
UIF GPSDF JT PCUBJOFE GSPN UIF QPUFOUJBM FOFSHZ HSBEJFOU BU FBDI QBSUJDMF QPTJUJPO "D
DPSEJOH UP /FXUPOT TFDPOE MBX PG NPUJPO JO DMBTTJDBM NFDIBOJDT UIF GPSDF ' BDUJOH
PO B QBSUJDMF JT FRVBM UP UIF QSPEVDU PG UIF QBSUJDMFT NBTT N BOE BDDFMFSBUJPO B JF ' 
N · B BTTVNFE UIBU UIF NBTT JT DPOTUBOU 'PS B TZTUFN XJUI NBOZ QBSUJDMFT UIF GPSDF
BDUJOH PO QBSUJDMF J BU UJNF U JT
'i(t) =
∑
j ̸=i
∇uij(|Si(t)− Sj(t)|) = −
∑
j ̸=i
∇uij(rij(t)) , 	óó

ñô
XIFSF UIF TVN JT PWFS BMM QBSUJDMFT FYDFQU QBSUJDMF J JUTFMG Si(t) JT UIF QPTJUJPO PG QBSUJDMF
J BU UJNF U BOE uij(rij) JT UIF QBJS QPUFOUJBM CFUXFFO QBSUJDMFT J BOE K 'PS OVNFSJDBM
JOUFHSBUJPO PG UIF FRVBUJPO PG NPUJPO UIF 7FMPDJUZ 7FSMFU BMHPSJUIN DBO CF VTFE XIFSF
UIF QBSUJDMFT JOJUJBM QPTJUJPO BOE WFMPDJUZ BU UJNF U BSF EFmOFE ɨF 7FMPDJUZ 7FSMFU
BMHPSJUIN DBO CF EFTDSJCFE JO UIF GPMMPXJOH TUFQT
ð ɨF QBSUJDMFT QPTJUJPO BU UJNF t  δt JT DBMDVMBUFE BDDPSEJOH UP
S(t+ δt) = S(t) + W(t)δt+ B(t)ñ δt
ñ , 	óô

XIFSF δt JT UIF UJNFTUFQ B(t)  '(t)m JT UIF BDDFMFSBUJPO PCUBJOFE GSPN &R
	óó
 W(t) JT UIF WFMPDJUZ BOE S(t) JT UIF QPTJUJPO PG UIF QBSUJDMF
ñ ɨF BDDFMFSBUJPO B	t  δt
 JT DBMDVMBUFE GPS UIF QBSUJDMF QPTJUJPO S	t  δt

ò ɨF WFMPDJUZ PG UIF QBSUJDMF BU UJNF t  δt JT DBMDVMBUFE BT
W(t+ δt) = W(t) + B(t) + B(t+ δt)ñ δt . 	óõ

ó ɨF BMHPSJUIN JT SFQFBUFE GSPN TUFQ ð JO PSEFS UP mOE UIF QPTJUJPOT PG UIF QBSUJDMFT
BU UJNF t  ñδt
*O .% JOUFHSBUPST UIF OVNCFS PG QBSUJDMFT UIF WPMVNF BOE UIF FOFSHZ PG B TZTUFN
BSF DPOTFSWFE JG UIF UJNFTUFQ δt JT TNBMM FOPVHI UIVT SFQSFTFOUJOH UIF NJDSPDBOPOJDBM
FOTFNCMF 'PS TJNVMBUJPOT PG B TZTUFN XJUIJO UIF DBOPOJDBM PS JTPCBSJD FOTFNCMF UIFS
NPTUBUT 	#FSFOETFO FU BM 	ðø÷ó
 /PTÏ 	ðø÷ó
 )PPWFS 	ðø÷ô
 #VTTJ FU BM 	ñïïö

 BOE
CBSPTUBUT 	1BSSJOFMMP  3BINBO 	ðø÷ð
 /PTÏ  ,MFJO 	ðø÷ò
 #FSFOETFO FU BM 	ðø÷ó


BSF JNQMFNFOUFE 'PS B NPSF EFUBJMFE EFTDSJQUJPO PG UIF NFUIPET UIF SFBEFS JT SFGFSSFE
UP UIF BCPWFNFOUJPOFE SFGFSFODFT
óòð &OIBODFE VNCSFMMB TBNQMJOH
ɨF .% TJNVMBUJPO UFDIOJRVF JT B QPXFSGVM DPNQVUBUJPOBM UPPM GPS UIF JOWFTUJHBUJPO
PG UIFSNPEZOBNJD BOE LJOFUJD QSPQFSUJFT JO B XJEF SBOHF PG TZTUFNT )PXFWFS GPS
DPNQMFY TZTUFNT UIF FOFSHZ MBOETDBQF JT VTVBMMZ OPU TNPPUI BOE NBZ DPOTJTU PG TFWFSBM
NFUBTUBCMF TUBUFT TFQBSBUFE CZ IJHIFOFSHZ CBSSJFST XIJDI DBO DBVTF UIF TZTUFN UP HFU
USBQQFE JO BO FOFSHZ XFMM .PSFPWFS UIF UJNF TDBMF SFBDIFE JO .% TJNVMBUJPOT JT
OPU BMXBZT TVċDJFOU XIFO DPNQBSFE UP UIBU PCTFSWFE JO FYQFSJNFOUBM NFBTVSFNFOUT
ɨFSFGPSF FOIBODFE TBNQMJOH NFUIPET IBWF CFFO EFWFMPQFE UP GBDJMJUBUF UIF DSPTTJOH
ñõ
PG FOFSHZ CBSSJFST BOE FYUFOE UIF TBNQMJOH UJNFTDBMFT *O UIFTF NFUIPET UIF FċDJFODZ
JT JNQSPWFE JO UIF TBNQMJOH PWFS UIF QIBTF PS DPOmHVSBUJPO TQBDF CZ BEEJOH B CJBT
QPUFOUJBM UP UIF )BNJMUPOJBO XIJDI SFEVDFT UIF FOFSHZ CBSSJFST BOE DBO CF BEEFE
JO B WBSJFUZ PG XBZT UP BDIJFWF FċDJFOU DPOGPSNBUJPO TBNQMJOH 	:BOH FU BM 	ñïðø


8JEFMZ VTFE FOIBODFE TBNQMJOH NFUIPET JODMVEF VNCSFMMB TBNQMJOH NFUBEZOBNJDT
TJNVMBUFE BOOFBMJOH SFQMJDBFYDIBOHF NPMFDVMBS EZOBNJDT BOE NBOZ NPSF 	,ÊTUOFS
	ñïðð
 #FSOBSEJ FU BM 	ñïðô


ɨF VNCSFMMB TBNQMJOH JOUSPEVDFE CZ 5PSSJF  7BMMFBV 	ðøöö
 JT POF PG UIF mSTU FTUBC
MJTIFE BOE IJTUPSJDBMMZ NPTU JNQPSUBOU FOIBODFE TBNQMJOH NFUIPET *O UIJT NFUIPE
UIF TBNQMJOH JT BDDFMFSBUFE CZ SFEVDJOH UIF FOFSHZ MBOETDBQF UISPVHI BO BSUJmDJBM VN
CSFMMB QPUFOUJBM UIBU NJSSPST BOE UIVT BOOJIJMBUF UIF SFBM FOFSHZ CBSSJFST ɨF VNCSFMMB
QPUFOUJBM IPXFWFS DBOOPU BDDPVOU GPS BMM UIF EFHSFFT PG GSFFEPN JO UIF TZTUFN IFODF
POMZ B GFX BSF JODMVEFE 1SFEFmOFE EFHSFFT PG GSFFEPN PGUFO DBMMFE DPMMFDUJWF WBSJBCMFT
PS SFBDUJPO DPPSEJOBUFT BSF VTFE UP FĊFDUJWFMZ TUFFS UIF TJNVMBUJPO 5P BDIJFWF BO BD
DVSBUF BOE VOCJBTFE DBMDVMBUJPO PG UIF TUBUF QSPCBCJMJUJFT UIF TBNQMJOH PG UIF TZTUFN
JT DPOTJEFSFE DPNQMFUF XIFO BMM WBMVFT PG UIF DPMMFDUJWF WBSJBCMFT IBWF CFFO FYQMPSFE
NPSF UIBO PODF
6NCSFMMB TBNQMJOH QSPWJEFT BO BDDVSBUF FTUJNBUJPO PG UIF QPUFOUJBM PG NFBO GPSDF
	1.'
 XIFSF UIF DPOWFSHFODF PG UIF TZTUFN JT VTVBMMZ WFSZ GBTU ɨF TJNVMBUJPOT DPO
TJTU PG B QVMMJOH TJNVMBUJPO XIFSF UIF QBSUJDMFT PG JOUFSFTU BSF IBSNPOJDBMMZ SFTUSBJOFE
BU JODSFBTJOH DFOUSFPGNBTT EJTUBODF GSPN FBDI PUIFS CZ UIF VNCSFMMB QPUFOUJBM ɨF
SFTUSBJOU BMMPXT UIF DPOmHVSBUJPOBM TQBDF UP CF TBNQMFE JO B EFmOFE SFHJPO BMPOH B SF
BDUJPO DPPSEJOBUF DSFBUJOH FRVBMMZ TQBDFE XJOEPXT DPOOFDUJOH UXP FOEQPJOUT PG UIF
DPMMFDUJWF WBSJBCMF 'PS FBDI XJOEPX BO JOEFQFOEFOU TJNVMBUJPO JT QFSGPSNFE DSFBU
JOH B IJTUPHSBN PG DPOmHVSBUJPOT *U JT JNQPSUBOU UIBU UIFSF JT B TMJHIU PWFSMBQ CFUXFFO
OFJHICPVSJOH XJOEPXT TVDI UIBU B DPOUJOVPVT BOE QSPQFS DPOTUSVDUJPO PG UIF 1.'
DVSWF DBO CF EFSJWFE
ɨF QSPDFEVSF PG UIF VNCSFMMB TBNQMJOH VTFE XJUI UIF .% QBDLBHF (30."$4 	"C
SBIBN FU BM 	ñïð÷

 JO 1BQFS ĚĚĚ JT EFTDSJCFE BT GPMMPXFE
ð ɨF TUBSUJOH DPOmHVSBUJPOT BSF HFOFSBUFE XJUI UIF QVMM DPEF XIFSF UIF QBSUJDMFT
BSF QVMMFE BQBSU BMPOH B SFBDUJPO DPPSEJOBUF XJUI B DFSUBJO TQSJOH DPOTUBOU BOE
QVMM SBUF
ñ ɨF GSBNFT DPSSFTQPOEJOH UP UIF TFMFDUFE DFOUSFPGNBTT TFQBSBUJPO CFUXFFO UIF
QBSUJDMFT BSF FYUSBDUFE GSPN UIF USBKFDUPSZ PCUBJOFE GSPN TUFQ ð
ò *OEFQFOEFOU VNCSFMMB TBNQMJOH TJNVMBUJPOT BSF QFSGPSNFE GPS FBDI GSBNF JO
PSEFS UP SFTUSBJO JU XJUIJO BO VNCSFMMB TBNQMJOH XJOEPX DPSSFTQPOEJOH UP UIF
TFMFDUFE DFOUSFPGNBTT EJTUBODF
ñö
ó ɨF 1.' JT JOUFHSBUFE GSPN BMM XJOEPXT VUJMJTJOH UIF XFJHIUFE IJTUPHSBN BOB
MZTJT NFUIPE 	8)".
 	,VNBS FU BM 	ðøøñ
 )VC FU BM 	ñïðï


'PS B NPSF JOEFQUI BOE EFUBJMFE EFTDSJQUJPO PWFS UIF JOQVU QBSBNFUFST JO UIF QVMM
DPEF BOE UIF 8)". BOBMZTJT NFUIPE UIF SFBEFS JT SFGFSSFE UP UIF BCPWFNFOUJPOFE
SFGFSFODFT
óó #PVOEBSZ DPOEJUJPOT
*O PSEFS GPS B TJNVMBUJPO UP SFQSFTFOU B ASFBMJTUJD TZTUFN UIF TJNVMBUJPO CPY OFFE UP
DPOUBJO B WBTU OVNCFS PG QBSUJDMFT ɨJT LJOE PG TZTUFNT XPVME CF GBS UPP DPNQMFY UP
TJNVMBUF BOE BMTP UPP FYQFOTJWF XJUI SFTQFDU UP UIF DPNQVUBUJPOBM SFTPVSDFT BWBJMBCMF
5P DJSDVNWFOU UIJT JTTVF JNQMFNFOUBUJPOT PG CPVOEBSZ DPOEJUJPOT BSF OFDFTTBSZ JO
PSEFS UP MJNJU UIF TJ[F PG UIF TZTUFN 'PS JOTUBODF QFSJPEJD CPVOEBSZ DPOEJUJPOT BSF B TFU
PG CPVOEBSZ DPOEJUJPOT XIFSF B MBSHF TZTUFN JT BQQSPYJNBUFE CZ B TNBMM NPEFM TZTUFN
DPSSFTQPOEJOH UP B VOJU DFMM ɨF QFSJPEJDJUZ FOTVSFT UIBU UIF TJ[F FĊFDUT JO UIF TZTUFN
BSF SFEVDFE BU UIF CPVOEBSJFT BOE UIF DPOEJUJPOT NJNJDT UIF QSFTFODF PG BO JOmOJUF
CVML TVSSPVOEJOH UIF VOJU DFMM 'PS B DVCJD TJNVMBUJPO CPY UIF QFSJPEJD CPVOEBSZ
DPOEJUJPOT JNQMZ SFQMJDBUFT PG UIF DVCJD VOJU DFMM JO BMM EJSFDUJPOT ZJFMEJOH B QFSJPEJD
JOmOJUF MBUUJDF UISPVHIPVU TQBDF 	'JH óð
 ɨF SFQMJDBUFT BSF JEFOUJDBM JNBHFT PG UIF
VOJU DFMM IFODF JG B QBSUJDMF NPWFT PVUTJEF UIF VOJU DFMM POF PG JUT JNBHFT XJMM FOUFS UIF
VOJU DFMM GSPN UIF PQQPTJUF GBDF
'JHVSF óð " TDIFNBUJD JMMVTUSBUJPO PG B TZTUFN XJUI QFSJPEJD CPVOEBSZ DPOEJUJPOT XIFSF BMM QBSUJDMFT BSF MPDBUFE JO
UIF DFOUSBM DVCJD VOJU DFMM XIJDI JT SFQMJDBUFE JO BMM EJSFDUJPOT "QQMZJOH UIF NJOJNVN JNBHF DPOWFOUJPO
DPSSFTQPOET UP B DVCJD DVUPĊ SFQSFTFOUFE BT UIF SFE CPY
ñ÷
óô .JOJNVN JNBHF DPOWFOUJPO
'PS B TZTUFN XJUI QFSJPEJD CPVOEBSZ DPOEJUJPOT UIF DVCJD VOJU DFMM JT QMBDFE JO BO
JNBHJOBSZ JOmOJUF MBUUJDF PG JNBHFT ɨJT HJWFT SJTF UP B TZTUFN DPNQPTFE PG BO JOmOJUF
OVNCFS PG QBSUJDMFT BOE CZ DPOTJEFSJOH BMM UIF JOUFSBDUJPOT XJUIJO UIF TZTUFN JU XPVME
SFTVMU JO BO JOmOJUF TVN 5P SFTUSJDU UIJT PVUDPNF BO BQQSPYJNBUJPO JT QFSGPSNFE CZ
BQQMZJOH UIF NJOJNVN JNBHF DPOWFOUJPO ɨJT BQQSPBDI TUBUFT UIBU FBDI QBSUJDMF POMZ
JOUFSBDUT XJUI UIF DMPTFTU JNBHF PG UIF PUIFS QBSUJDMFT BOE UIVT DPSSFTQPOET UP B DVCJD
DVUPĊ 	'JH óð

ñø

ô 4JNVMBUJPO NPEFMT
ôð $PBSTFHSBJOFE NPEFMJOH
*O B DPBSTFHSBJOFE NPEFM UIF EFTDSJQUJPO PG B TZTUFN JT TJNQMJmFE CZ SFEVDJOH UIF
OVNCFS PG EFHSFFT PG GSFFEPN UIFSFCZ SFEVDJOH UIF DPNQMFYJUZ PG UIF TZTUFN ɨF
BEWBOUBHF PG UIJT BQQSPBDI JT UIBU JU JT QPTTJCMF UP TUVEZ MBSHFTDBMF TZTUFNT BU B SFEVDFE
DPNQVUBUJPOBM DPTU JO DPOUSBTU UP BUPNJTUJD NPEFMT 0O UIF PUIFS IBOE JU JT VTVBMMZ
OPU QPTTJCMF UP PCUBJO B RVBOUJUBUJWF BHSFFNFOU XJUI FYQFSJNFOUT *OTUFBE B RVBMJUBU
JWF DPSSFTQPOEFODF DBO CF DBQUVSFE XIFSF UIF PWFSBMM USFOET DBO CF VOEFSTUPPE 5P
SFQSFTFOU B DPMMPJEBM QBSUJDMF BT B DPBSTFHSBJOFE NPEFM B TFU PG BUPNT JT SFQMBDFE CZ
B DPBSTFHSBJOFE TJUF XIFSF UIF SFTPMVUJPO PG UIF NPEFM EFQFOET PO UIF OVNCFS PG
BUPNT XJUIJO UIF TFU #POEFE JOUFSBDUJPOT MJLF IBSNPOJD TUSFUDIJOH QPUFOUJBMT BOEPS
IBSNPOJD BOHMF QPUFOUJBMT BSF VTFE UP DPOOFDU UIF TJUFT XJUI FBDI PUIFS BOE NBJO
UBJO UIFJS TIBQF 'VSUIFSNPSF UIF JOUFSBDUJPOT CFUXFFO UIF DPBSTFHSBJOFE TJUFT DPOTJTU
PG OPOCPOEFE FĊFDUJWF QBJSQPUFOUJBMT XIFSF UIF QBSBNFUFST IBWF CFFO DIPTFO GSPN
FJUIFS B NPSF EFUBJMFE NPEFM BOEPS FYQFSJNFOUBM EBUB
ɨF DPBSTFHSBJOFE NPEFMT VTFE JO UIJT UIFTJT BSF BU UIF MFWFM PG UIF QSJNJUJWF NPEFM
	.D2VBSSJF 	ðøöõ

 JO XIJDI BMM PG UIF DIBSHFE TQFDJFT BSF USFBUFE BT DIBSHFE IBSE PS
TPGUTQIFSFT *O BEEJUJPO UIF TPMWFOU JT USFBUFE JNQMJDJUMZ UISPVHI UIF SFMBUJWF QFSNJU
UJWJUZ BOE SFHBSEFE BT UFNQFSBUVSFEFQFOEFOU
ôñ $MBZ QMBUFMFUT
ɨF DMBZ QMBUFMFUT IBWF CFFO EFTDSJCFE XJUI UXP EJĊFSFOU DPBSTFHSBJOFE NPEFMT XIFSF
UIF QMBUFMFUT BSF FJUIFS SFQSFTFOUFE BT UXP QBSBMMFM JOmOJUF TVSGBDFT PS BT B mOJUF IFYBHPOBM
NPOPMBZFS PG DPOOFDUFE DIBSHFE TJUFT JO CVML DPOEJUJPOT ɨF GPSNFS NPEFM XBT VTFE
JO 1BQFS Ě BOE ĚĚ JO PSEFS UP TUVEZ IPX UIF QSFTTVSF CFUXFFO UIF TVSGBDFT EFQFOET
PO UIF DPVOUFSJPO WBMFODZ UIF GSBDUJPO PG NPOPWBMFOUEJWBMFOU DPVOUFSJPOT BT XFMM BT
òð
UIF TPMWFOU 'PS UIF MBUUFS NPEFM VTFE JO 1BQFS Ěoħ TUSVDUVSBM BOE UIFSNPEZOBNJDBM
CVML QSPQFSUJFT PG UIF DMBZ QMBUFMFUT XFSF JOWFTUJHBUFE BT BO FĊFDU PG UIF DPVOUFSJPO
WBMFODZ UIF GSBDUJPO PG NPOPWBMFOUEJWBMFOU DPVOUFSJPOT UIF TPMWFOU BT XFMM BT XJUI
UIF BEEJUJPO PG NVMUJWBMFOU TBMU QFQUJEFT BOE QPMZFMFDUSPMZUFT
ôñð 1BSBMMFM JOmOJUF TVSGBDF NPEFM
*O UIF QBSBMMFM JOmOJUF TVSGBDF NPEFM UXP DMBZ QMBUFMFUT BSF SFQSFTFOUFE BT UXP OFHBUJWFMZ
DIBSHFE QMBOBS TVSGBDFT XJUI B VOJGPSN TVSGBDF DIBSHF EFOTJUZ σ OFVUSBMJTFE XJUINPCJMF
DPVOUFSJPOT FBDI XJUI B EJBNFUFS PG ïó ON ɨF TVSGBDFT BSF TFQBSBUFE XJUI B DFSUBJO
EJTUBODF h BOE UIF NJEQMBOF JT EFmOFE BT IBMG UIF EJTUBODF CFUXFFO UIF TVSGBDFT 	hñ

	'JH ôð
 ɨF TJNVMBUJPO CPY JT mOJUF XJUI UIF MFOHUI L JO UIF EJSFDUJPOT QBSBMMFM UP UIF
TVSGBDFT IFODF UIF WPMVNF JT FRVBM UP V  hLñ ɨF TZTUFN UBLFT JOUP BDDPVOU CPUI
JPOTVSGBDF JOUFSBDUJPOT BOE JPOJPO QBJSXJTF JOUFSBDUJPOT XIFSF UIF MBUUFS JT EFTDSJCFE
CZ B DPNCJOBUJPO PG &R 	òñ
 BOE &R 	òö
 'PS UIF MPOHSBOHFE JOUFSBDUJPOT PVUTJEF
UIF CPY BO FYUFSOBM QPUFOUJBM JT BQQMJFE .PSFPWFS QFSJPEJD CPVOEBSZ DPOEJUJPOT BSF
JNQMFNFOUFE GPS UIF JPOT TVDI UIBU JG BO JPO NPWFT PVUTJEF UIF CPY 	x > Lñ
 JO
UIF EJSFDUJPO QBSBMMFM UP UIF TVSGBDFT UIF JPO XJMM SFBQQFBS BU x  x − L ɨF JPO
JPO TFQBSBUJPO JT DBMDVMBUFE CZ UIF NJOJNVN JNBHF DPOWFOUJPO XIJDI HJWFT UIBU JG
rx > Lñ UIFO rx  |rx − L|
'JHVSF ôð " TDIFNBUJD JMMVTUSBUJPO PG UIF QBSBMMFM JOmOJUF TVSGBDF NPEFM 5XP QBSBMMFM DMBZ QMBUFMFUT BSF NPEFMFE BT
UXP OFHBUJWFMZ DIBSHFE QMBOBS TVSGBDFT XJUI TVSGBDF DIBSHF EFOTJUZ σ 	SFQSFTFOUFE BT UIF UXP WFSUJDBM CMBDL
MJOFT
 TFQBSBUFE XJUI B EJTUBODF h BOE OFVUSBMJTFE CZ NPCJMF DPVOUFSJPOT 	SFQSFTFOUFE BT DZBO TQIFSFT
 ɨF
NJEQMBOF JT SFQSFTFOUFE BT UIF EBTIFE CMBDL MJOF
òñ
ôññ 'JOJUF NPOPMBZFS NPEFM
'PS UIF mOJUF NPOPMBZFS NPEFM UIF DMBZ QMBUFMFU JT SFQSFTFOUFE BT B mOJUF NPOPMBZFS PG
DPOOFDUFE DPBSTFHSBJOFE TQIFSFT JO B IFYBHPOBM QBUUFSO ɨF TQIFSFT BSF EFOPUFE BT
TJUFT XJUI B EJBNFUFS PG ð ON BOE DPSSFTQPOE UP B TFU PG BUPNT JO UIF DMBZ QMBUFMFU VOJU
DFMM ɨF OFHBUJWF TVSGBDF DIBSHF EFOTJUZ PG UIF QMBUFMFU JT FRVBMMZ EJTUSJCVUFE BNPOH
UIF TJUFT EFmOFE BT UIF UPUBM FMFDUSJDBM DIBSHF PGQQ VOJU DIBSHFT XIFSF FBDI TJUF IPMET
QT  QQ/NT VOJU DIBSHFT MPDBUFE JO UIF DFOUSF PG UIF TJUF 'SPN UIF BTTVNQUJPO UIBU
UIF TJUFT BSF BSSBOHFE JO BO JOmOJUF IFYBHPOBM QMBOF UIF TVSGBDF DIBSHF EFOTJUZ DBO CF
EFUFSNJOFE GSPN σ  QT · ñ√ò 
#FTJEFT UIF OFHBUJWF TVSGBDF DIBSHF EFOTJUZ B QPTJUJWF MJOFBS FEHF DIBSHF EFOTJUZ XBT
JNQMFNFOUFE JO UIF NPEFM JO 1BQFS Ěħ BOE ħ JO PSEFS UP NJNJD UIF BOJTPUSPQJD DIBSHF
EJTUSJCVUJPO PG UIF DMBZ QMBUFMFU ɨF MJOFBS FEHF DIBSHF EFOTJUZ XBT EFUFSNJOFE GSPN
UIF DJSDVNGFSFODF PG UIF QMBUFMFU CZ UBLJOH JOUP BDDPVOU UIF OVNCFS PG TJUFT BMPOH UIF
FEHF BOE JUT DPSSFTQPOEJOH DIBSHF ɨF UPUBM BNPVOU PG QPTJUJWF FEHF DIBSHFT XBT JO UIF
PSEFS PG∼ ðïǷ PG UIF UPUBM QMBUFMFU DIBSHF )FODF UIF MPX OVNCFS PG QPTJUJWF DIBSHFE
TJUFT BMPOH UIF FEHF SFTVMUT JO B OFU OFHBUJWF DIBSHF PG UIF QMBUFMFU .PSFPWFS UIF QMBUFMFU
JT OFVUSBMJTFE XJUI NPCJMF DPVOUFSJPOT DPSSFTQPOEJOH UP FJUIFS NPOP BOEPS EJWBMFOU
DBUJPOT FBDI XJUI B EJBNFUFS PG ïó ON *MMVTUSBUJWF SFQSFTFOUBUJPOT PG UIF mOJUF NPOP
MBZFS NPEFM BSF TIPXO JO 'JH ôñ XIFSF JO 'JH ôñB UIF QMBUFMFU IBT B VOJGPSN OFHBUJWF
TVSGBDF DIBSHF EFOTJUZ XIFSFBT JO 'JH ôñC CPUI B OFHBUJWF TVSGBDF DIBSHF EFOTJUZ BOE
B QPTJUJWF MJOFBS FEHF DIBSHF EFOTJUZ IBWF CFFO JNQMFNFOUFE
	B
 	C

'JHVSF ôñ *MMVTUSBUJWF SFQSFTFOUBUJPOT PG UIF mOJUF NPOPMBZFS NPEFM XIFSF UIF DMBZ QMBUFMFU JT SFQSFTFOUFE BT B mOJUF
IFYBHPOBM NPOPMBZFS PG DPOOFDUFE DIBSHFE TQIFSFT *O 	B
 UIF QMBUFMFU IBT B VOJGPSN OFHBUJWF TVSGBDF DIBSHF
EFOTJUZ BOE JO 	C
 CPUI B OFHBUJWF TVSGBDF DIBSHF EFOTJUZ BOE B QPTJUJWF MJOFBS FEHF DIBSHF EFOTJUZ IBWF CFFO
JNQMFNFOUFE ɨF OFHBUJWFMZ BOE QPTJUJWFMZ DIBSHFE TJUFT BSF SFQSFTFOUFE BT MJHIU BOE EBSL HSFZ TQIFSFT
SFTQFDUJWFMZ
òò
*O UIF NPEFM BMM UIF JOUFSBDUJPOT CFUXFFO UIF QBSUJDMFT BSF BTTVNFE UP CF QBJSXJTF
BEEJUJWF XIFSF UIF FMFDUSPTUBUJD QBJS QPUFOUJBM JT EFmOFE JO &R 	òñ
 ɨF QBSUJDMFT BMTP
JOUFSBDU WJB UIF TUSJDUMZ SFQVMTJWF USVODBUFE BOE TIJGUFE -FOOBSE+POFT QPUFOUJBM JO &R
	ò÷
 .PSFPWFS JO PSEFS UP SFOEFS SJHJE CPOET CFUXFFO UIF BEKBDFOU TJUFT XJUIJO UIF
QMBUFMFU UIFZ BSF DPOOFDUFE CZ B IBSNPOJD CPOE TUSFUDIJOH QPUFOUJBM
ub(rij) =
ð
ñk
b(rij − b)ñ  	ôð

XIFSF kC  óïïï k#T ONñ JT UIF GPSDF DPOTUBOU Sij JT UIF TFQBSBUJPO CFUXFFO TJUF J
BOE K BOE b  ð ON JT UIF FRVJMJCSJVN CPOE MFOHUI ɨF nFYJCJMJUZ PG UIF QMBUFMFU JT
DPOTUSBJOFE CZ B IBSNPOJD CFOEJOH QPUFOUJBM CFUXFFO USJQMFUT PG CPOEFE TJUFT
ua(θijk) =
ð
ñk
θ(θijk − θï)ñ  	ôñ

XIFSF kθ  óïïï k#T SBEñ JT UIF BOHVMBS GPSDF DPOTUBOU θijk JT UIF CPOE BOHMF CFUXFFO
UIF TJUFT J K BOE L BOE θï  π SBE JT UIF FRVJMJCSJVN CPOE BOHMF
ɨF DPODFOUSBUJPO PG UIF QMBUFMFUT JO UIF TZTUFN XBT EFUFSNJOFE GSPN UIF WPMVNF GSBD
UJPO φ XIJDI UBLFT JOUP BDDPVOU UIF OVNCFS PG QMBUFMFUT 	NQ
 UIF OVNCFS PG TJUFT 	NT

UIF SBEJVT PG UIF TJUFT 	S
 BOE UIF WPMVNF PG UIF TJNVMBUJPO CPY 	7 
 BDDPSEJOH UP
φ =
óπròNQNT
òV  	ôò

'VSUIFSNPSF UIF GSBDUJPO PG EJWBMFOU DPVOUFSJPO DIBSHF η%J XBT BMUFSFE JO 1BQFS Ě CZ
HSBEVBMMZ SFQMBDJOH UIF OVNCFS PG NPOPWBMFOU DBUJPOT 	N.PO
 XJUI BO FRVJWBMFOU OVN
CFS DIBSHF PG EJWBMFOU DBUJPOT 	N%J
 EFmOFE BT
η%J =
ñN%J
ñN%J +N.PO
 	ôó

ôò 1FQUJEFT BOE QPMZFMFDUSPMZUFT
ɨF QFQUJEFT BOE UIF QPMZFMFDUSPMZUFT BSF NPEFMMFE BT QPTJUJWFMZ DIBSHFE DIBJOT DPOTJTU
JOH PG DPOOFDUFE DPBSTFHSBJOFE TQIFSFT 	CFBET
 FBDI XJUI B EJBNFUFS PG ïó ON BOE BO
FMFNFOUBSZ DIBSHF PG POF MPDBUFE JO UIF DFOUSF PG UIF TQIFSF *O UIF DIBJO POF TQIFSF
SFQSFTFOUT POF BNJOP BDJE JO UIF QFQUJEF PS POF NPOPNFS JO UIF QPMZFMFDUSPMZUF ɨF
òó
JOUFSBDUJPOT CFUXFFO UIF DIBJOT BSF BTTVNFE QBJSXJTF BEEJUJWF BOE UIF FMFDUSPTUBUJD QBJS
QPUFOUJBM JT EFmOFE JO &R 	òñ
 ɨF CFBET XJUIJO UIF DIBJO BMTP JOUFSBDU WJB UIF TUSJDUMZ
SFQVMTJWF USVODBUFE BOE TIJGUFE -FOOBSE+POFT QPUFOUJBM JO &R 	ò÷
 'VSUIFSNPSF BMM
UIF BEKBDFOU CFBET XJUIJO UIF DIBJO BSF DPOOFDUFE CZ UIF IBSNPOJD CPOE TUSFUDIJOH
QPUFOUJBM JO &R 	ôð
 XJUI kC  óïïï k#T ONñ BOE b  ïô ON ɨF nFYJCJMJUZ PG UIF
DIBJO JT DPOTUSBJOFE CFUXFFO USJQMFUT PG CFBET CZ UIF IBSNPOJD CFOEJOH QPUFOUJBM JO
&R 	ôñ
 ɨF BOHVMBS GPSDF DPOTUBOU kθ JT TFU UP ï óï PS óïï k#T SBEñ JO PSEFS UP
FJUIFS NJNJD B nFYJCMF B TFNJnFYJCMF PS B TUJĊ DIBJO *MMVTUSBUJWF SFQSFTFOUBUJPOT PWFS
UIF DIBJO NPEFM BSF TIPXO JO 'JH ôò XIFSF 'JH ôòB SFQSFTFOUT UIF QFQUJEF BOE 'JH
ôòC SFQSFTFOUT UIF QPMZFMFDUSPMZUF
	B
 	C

'JHVSF ôò *MMVTUSBUJWF SFQSFTFOUBUJPOT PG UIF DIBJO NPEFM GPS 	B
 B TNBMM QFQUJEF DIBJO BOE 	C
 B MPOH QPMZFMFDUSP
MZUF DIBJO ɨF DIBJO JT SFQSFTFOUFE CZ DPOOFDUFE DPBSTFHSBJOFE CFBET 	SFE TQIFSFT
 FBDI XJUI B QPTJUJWF
FMFNFOUBSZ DIBSHF PG POF BOE B EJBNFUFS PG ïó ON
*O 1BQFS Ěħ BOE ħ UIF EJNFOTJPOMFTT TUPJDIJPNFUSJD DIBSHFSBUJP β CFUXFFO UIF OVN
CFS PG QPTJUJWF DIBSHFT PG UIF DIBJOT BOE UIF OFU OFHBUJWF DIBSHFT PG UIF QMBUFMFUT XBT
EFmOFE JO PSEFS UP EFTDSJCF UIF DIBJOQMBUFMFU TZTUFNT XJUI SFTQFDU UP VOEFS BOE PWFS
DIBSHJOH ɨF DIBSHFSBUJP XBT EFmOFE TPNFXIBU EJĊFSFOU JO UIF UXP QBQFST IPXFWFS
UIF TQFDJFT UIBU XBT OPU BMUFSFE XJUI SFTQFDU UP UIF OVNCFS BOE UIF DIBSHF XBT QMBDFE
JO UIF EFOPNJOBUPS BOE UIVT UIF EFOPNJOBUPS XBT LFQU DPOTUBOU UISPVHIPVU FBDI
TUVEZ
'PS 1BQFS Ěħ UIF BEEJUJPO PG QFQUJEF DIBJOT UP TZTUFNT XJUI B DPOTUBOU OVNCFS PG DMBZ
QMBUFMFUT XBT TUVEJFE IFODF UIF DIBSHFSBUJP XBT EFmOFE BT
β =
∣∣∣∣ND · ZDNQ · ZQ
∣∣∣∣ 	ôô

òô
*O 1BQFS ħ UIF QPMZFMFDUSPMZUFOBOPQMBUFMFU DPNQMFYBUJPO XBT TUVEJFE CZ BEEJUJPO PG
DMBZ QMBUFMFUT UP B TZTUFN XJUI POF QPMZFMFDUSPMZUF DIBJO BOE UIVT UIF OVNCFS PG
QPMZFMFDUSPMZUFT XBT DPOTUBOU BOE UIF DIBSHFSBUJP XBT EFmOFE BT
β =
∣∣∣∣NQ · ZQNC · ZC
∣∣∣∣ 	ôõ

*O &R 	ôô
 BOE &R 	ôõ
 / BOE ; BSF UIF OVNCFS BOE UIF DIBSHF PG UIF TQFDJFT
SFTQFDUJWFMZ XIFSF UIF TVCTDSJQU JT FJUIFS SFGFSSJOH UP UIF DIBJO 	D
 UIF CFBE 	C
 PS UIF
QMBUFMFU 	Q

ôó $PVOUFSJPOT BOE TBMU
ɨF DPVOUFSJPOT BOE TBMU JPOT JO UIF TJNVMBUJPO NPEFMT BSF BEEFE FYQMJDJUMZ BOE NPE
FMMFE BT GSFFMZ NPWJOH DIBSHFT DFOUSFE JO USVODBUFE BOE TIJGUFE -FOOBSE+POFT TQIFSFT
"MM PG UIF QBSUJDMFT XJUIJO UIF TZTUFNT JOUFSBDU QBJSXJTF CZ DPNCJOJOH &R 	òñ
 XJUI
&R 	òö
 PS &R 	ò÷
 'PS UIF TZTUFNT XIFSF UIF QMBUFMFUT BMTP QPTTFTT BO FEHF DIBSHF
CPUI DBUJPOJD BOE BOJPOJD DPVOUFSJPOT BSF BEEFE JO PSEFS UP OFVUSBMJTF UIF OFHBUJWF
TVSGBDF DIBSHF EFOTJUZ BOE UIF QPTJUJWF MJOFBS FEHF DIBSHF EFOTJUZ XJUI UIFJS SFTQFDUJWF
JPOT *O BEEJUJPO GPS UIF TZTUFNT XJUI CPUI QMBUFMFUT BOE QFQUJEFT PS QPMZFMFDUSPMZUFT
UIF DPSSFTQPOEJOH DPVOUFSJPOT GPS FBDI TQFDJFT BSF JNQMFNFOUFE JO UIF NPEFM
*O 1BQFS ĚĚĚ UIF JOUFSBDUJPOT PG -BQPOJUF¥ DMBZ JO UIF QSFTFODF PG NVMUJWBMFOU JPOT XFSF
TUVEJFE )FSF UIF TUPJDIJPNFUSJD DIBSHFSBUJP JT EFmOFE BT UIF BCTPMVUF WBMVF PG UIF
UPUBM DIBSHF PG BMM NPOP PS NVMUJWBMFOU QPTJUJWF TBMU JPOT EJWJEFE CZ UIF UPUBM OFU
OFHBUJWF DIBSHF PG UIF QMBUFMFUT
β =
∣∣∣∣NJPO · ZJPONQ · ZQ
∣∣∣∣ 	ôö

XIFSFNJPO BOEZJPO BSF UIF OVNCFS BOE UIF DIBSHF PG UIF QPTJUJWF TBMU JPOT SFTQFDUJWFMZ
òõ
õ 4JNVMBUJPO BOBMZTFT
õð 0TNPUJD QSFTTVSF
'PS UIF QBSBMMFM JOmOJUF TVSGBDF NPEFM VTFE GPS UIF.$ TJNVMBUJPOT UIF TZTUFNT XFSF JO
FRVJMJCSJVN XJUI TBMUGSFF XBUFS BOE UIVT UIF QSFTTVSF CFUXFFO UIF TVSGBDFT XBT FRVBM
UP UIF PTNPUJD QSFTTVSF ɨJT XBT DBMDVMBUFE BDDPSEJOH UP UIF NJEQMBOF BQQSPBDI CZ
FYUFOEJOH &R 	òô
 UP
Π = ΠJE +ΠDPSS +ΠDPMM . 	õð

)FSFΠJE = k#T
∑ñ
Jð ci(NQ) JT UIF JEFBM DPOUSJCVUJPO XIFSF ci(NQ) JT UIF DPVOUFSJPO
DPODFOUSBUJPO BU UIF NJEQMBOF XJUI WBMFODZ J *O BEEJUJPO BO BUUSBDUJWF UFSN BSJTJOH
GSPN JPOJPO DPSSFMBUJPOT PO FJUIFS TJEF PG UIF NJEQMBOF 	ΠDPSS
 BOE B DPMMJTJPO UFSN
PSJHJOBUJOH GSPN UIF mOJUF TJ[F PG UIF JPOT EVF UP UIF IBSEDPSF SBEJVT 	ΠDPMM
 XBT BEEFE
	(VMECSBOE FU BM 	ðø÷ó


õñ 3BEJBM EJTUSJCVUJPO GVODUJPO
ɨF SBEJBM EJTUSJCVUJPO GVODUJPO 	3%'
 BMTP DBMMFE UIF QBJS DPSSFMBUJPO GVODUJPO 	H	S


EFTDSJCFT UIF BWFSBHF EFOTJUZ EJTUSJCVUJPO TVSSPVOEJOH B SFGFSFODF QBSUJDMF #Z EJWJEJOH
UIF TQBDF JO UIF SBEJBM EJSFDUJPO GSPN UIF SFGFSFODF QBSUJDMF JOUP TQIFSJDBM TIFMMT PG FRVBM
XJEUI UIF 3%' DBMDVMBUFT UIF QSPCBCJMJUZ PG mOEJOH BOPUIFS QBSUJDMF JO B TIFMM PG XJEUI
ES BU UIF EJTUBODF S GSPN UIF SFGFSFODF QBSUJDMF 	'JH õðB
 ɨF EJTUBODF SBOHFT GSPN
[FSP VQ UP IBMG UIF TJNVMBUJPO CPY MFOHUI BOE UIF XJEUI PG UIF TQIFSJDBM TIFMMT BSF TFU
CZ UIF CJO XJEUI #Z DBMDVMBUJOH UIF EJTUBODF CFUXFFO BMM QBSUJDMF QBJST UIF BMHPSJUIN
QSPEVDFT B IJTUPHSBN PG UIF UPUBM OVNCFS EJTUSJCVUJPO XIJDI JT OPSNBMJTFE XJUI SFTQFDU
UP UIF WPMVNF PG FBDI TQIFSJDBM TIFMM BT XFMM BT UIF BWFSBHF EFOTJUZ PG UIF QBSUJDMFT JO
UIF TFMFDUFE TFU 	)JMM 	ðø÷õ
 "CSBIBN FU BM 	ñïðó


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'JHVSF õð 	B
 4DIFNBUJD JMMVTUSBUJPO PG UIF BMHPSJUIN VTFE GPS UIF DBMDVMBUJPO PG UIF SBEJBM EJTUSJCVUJPO GVODUJPO XJUI
UIF SFGFSFODF QBSUJDMF 	CMVF TQIFSF
 B TQIFSJDBM TIFMM PG CJO XJEUI ES BU B EJTUBODF S GSPN UIF QBSUJDMF BOE
UIF TFMFDUFE QBSUJDMFT XJUIJO UIF TQIFSJDBM TIFMM 	HSFFO TQIFSFT
 "MTP UIF QBSUJDMFT UIBU BSF OPU XJUIJO UIF
TIFMM BSF TIPXO 	CFJHF TQIFSFT
 	C
 *MMVTUSBUJWF SFQSFTFOUBUJPO PG UIF SBEJBM EJTUSJCVUJPO GVODUJPO 	H	S

 BT B
GVODUJPO PG UIF EJTUBODF S
'PS UIF mOJUF NPOPMBZFS NPEFM VTFE GPS UIF .% TJNVMBUJPOT UIF 3%' 	'JH õðC

GPS UIF QMBUFMFUT HJWFT JOGPSNBUJPO PG UIF UBDUPJET TUSVDUVSBM QSPQFSUJFT ɨF JOUFSMBZFS
EJTUBODF JT EFUFSNJOFE GSPN UIF QPTJUJPO PG UIF QFBL NBYJNVN UIF OVNCFS PG WJTJCMF
QFBLT HJWFT BO JOEJDBUJPO PG UIF BWFSBHF OVNCFS PG QMBUFMFUT QFS UBDUPJET BOE UIF IFJHIU
PG UIF QFBL JT SFMBUFE UP UIF QSPCBCJMJUZ PG mOEJOH UIF DPSSFTQPOEJOH DPOmHVSBUJPO
õò 4USVDUVSF GBDUPS
4USVDUVSBM BOBMZTJT GPS UIF QMBUFMFUT XBT QFSGPSNFE JO UIF .% TJNVMBUJPOT XJUI UIF
mOJUF NPOPMBZFS NPEFM #Z UBLJOH JOUP BDDPVOU UIF UPUBM OVNCFS PG QMBUFMFUT JO UIF
TZTUFN BOE UIF UPUBM WPMVNF PG UIF TJNVMBUJPO CPY UIF UPUBM TUSVDUVSF GBDUPS CFUXFFO
UIF QMBUFMFUT DBO CF DBMDVMBUFE BDDPSEJOH UP
S(q) =
〈
1
N
N∑
i=1
N∑
j=1
sin(qrij)
qrij
〉
. 	õñ

ɨF TJNVMBUJPO CPY MFOHUI L EFUFSNJOFT UIF TDBMF PG UIF TDBUUFSJOH WFDUPS q BDDPSEJOH
UP q  ñπL )FODF B MBSHF CPY TJ[F SFTVMUT JO MPXFS qWBMVFT XIJMF IJHI qWBMVFT DBO CF
TBNQMFE XJUI B TNBMMFS CPY TJ[F 'PS UIF BTTVNQUJPO PG BO JTPUSPQJD TDBUUFSJOH QBUUFSO
BOE CZ DPOTJEFSJOH UIF 3%' CFUXFFO BMM UIF QMBUFMFU TJUFT JO UIF TZTUFN &R 	õñ
 DBO
CF SFXSJUUFO BT
ò÷
S(q) = 1 + 4π
N
V
∫ ∞
0
(H(r)− 1)r2 sin(qr)
qr
dr . 	õò

*O UIF TJNVMBUJPOT B mOJUF TJ[F PG UIF DVCJD TJNVMBUJPO CPY JT VTFE BOE JG H	S
 EPFT
OPU BQQSPBDI POF BU MBSHF TFQBSBUJPO BSUFGBDUT BSJTJOH GSPN UIF mOJUF CPY MFOHUI DBO CF
SFEVDFE CZ BQQMZJOH UIF GPMMPXJOH XJOEPX GVODUJPO
Sw(q) = 1 + 4π
N
V
∫ ∞
0
(H(r)− 1)r2 sin(qr)
qr
sin(πr/Rc)
πr/Rc
dr . 	õó

)FSF UIF NBYJNVN EJTUBODF JO H	S
 JT EFOPUFE Rc 	(VUJÏSSF[  +PIBOTTPO 	ñïïñ


ɨF DBMDVMBUFE UPUBM TUSVDUVSF GBDUPS PCUBJOFE GSPN DPNQVUFS TJNVMBUJPOT JT B HPPE
DPNQMFNFOU UP FYQFSJNFOUBMMZ NFBTVSFE TDBUUFSFE JOUFOTJUJFT GSPN TNBMM BOHMF 9SBZ
TDBUUFSJOH 	4"94
 	EFTDSJCFE JO 4FDUJPO öò
 8JUI UIFTF UFDIOJRVFT BOE BOBMZTFT JU
JT QPTTJCMF UP EFUFSNJOF JG UIF DMBZ EJTQFSTJPO JT EPNJOBUFE CZ SFQVMTJWF PS BUUSBDUJWF
JOUFSBDUJPOT 'PS UIF TUSVDUVSBM DPOmHVSBUJPO PG UBDUPJET XIFSF UIF QMBUFMFUT BHHSFHBUF
GBDFUPGBDF #SBHH QFBLT BSF PCTFSWFE JO UIF TUSVDUVSF GBDUPS 	'JH õñC
 BSJTJOH GSPN
UIF QFSJPEJDJUZ PG UIF TZTUFN EVF UP UIF FRVJEJTUBOU TFQBSBUJPO CFUXFFO UIF QMBUFMFUT
)PXFWFS GPS B DMBZ EJTQFSTJPO UIBU JT EPNJOBUFE CZ SFQVMTJWF JOUFSBDUJPOT BOE UIVT
DPOTJTUT PG POMZ TJOHMF DMBZ QMBUFMFUT OP #SBHH QFBLT BSF GPVOE JO UIF TUSVDUVSF GBDUPS
	'JH õñB

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'JHVSF õñ *MMVTUSBUJWF SFQSFTFOUBUJPOT PG UIF UPUBM TUSVDUVSF GBDUPS 	Sw(q)
 BT B GVODUJPO PG UIF qWFDUPS XIFSF 	B

SFQSFTFOUT B SFQVMTJWF TZTUFN XJUI POMZ TJOHMF QMBUFMFUT QSFTFOU BOE GPS 	C
 B #SBHH QFBL JT PCUBJOFE EVF UP
UIF TUSVDUVSBM DPOmHVSBUJPO PG UBDUPJET SFQSFTFOUJOH BO BUUSBDUJWF TZTUFN
òø
õòð ,SBULZ QMPU
*O PSEFS UP FWBMVBUF UIF TIBQF BOE UIF DPNQBDUOFTT PG GPSNFE DPNQMFYFT TVDI BT
QPMZNFSDMBZ OBOPDPNQPTJUFT UIF TUSVDUVSF GBDUPS NBZ CF QSFTFOUFE BT B ,SBULZ QMPU
" ,SBULZ QMPU JT PCUBJOFE CZ NVMUJQMZJOH UIF UPUBM TUSVDUVSF GBDUPS 	4w(q)
 XJUI UIF
RWFDUPS TRVBSFE JF 4w(q) · qñ 'PS B NPSF DPNQBDU TIBQF UIF ,SBULZ QMPU IBT B
CFMMTIBQFE DVSWF GFBUVSF JO UIF MPX qSFHJPO XIJDI JT VTVBMMZ BTTPDJBUFE XJUI B #SBHH
QFBL JO UIF IJHI qSFHJPO 	'JH õòB
 XIJMF GPS B NPSF FYUFOEFE TIBQF UIF DVSWF JO
UIF ,SBULZ QMPU SFBDIFT B QMBUFBV WBMVF BU IJHIFS qWBMVFT EVF UP UIF BCTFODF PG B #SBHH
QFBL 	'JH õòC

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'JHVSF õò *MMVTUSBUJWF SFQSFTFOUBUJPOT PG ,SBULZ QMPUT JO PSEFS UP FWBMVBUF UIF TIBQF BOE DPNQBDUOFTT PG GPSNFE DPN
QMFYFT XIFSF 	B
 SFQSFTFOUT UIF GFBUVSF PG B NPSF DPNQBDU TIBQF BOE GPS 	C
 B NPSF FYUFOEFE TIBQF JT
FYQFDUFE
õó 3BEJVT PG HZSBUJPO
ɨF TUSVDUVSBM BOBMZTFT PG UIF QPMZFMFDUSPMZUF DIBJO JO 1BQFS ħ XFSF QFSGPSNFE CZ DBM
DVMBUJOH UIF SBEJVT PG HZSBUJPO 	RH
 PG UIF DIBJO RH JT BO BWFSBHF NFBTVSF PG UIF
DPNQBDUOFTT PG UIF DIBJOT TUSVDUVSF BOE UIVT JT B NFBTVSF PG UIF TJ[F PG UIF DIBJO *U JT
EFmOFE BT UIF SPPUNFBOTRVBSF EJTUBODF CFUXFFO UIF NBTT FMFNFOUT JO UIF DIBJO BOE
UIF DFOUSFPGNBTT PG UIF DIBJO 	4UFQUP FU BM 	ñïðô

 BDDPSEJOH UP
RH =
√∑n
i=ðmi(ri − rcom)ñ∑n
i=ðmi
. 	õô

ɨF TVN JT PWFS UIF UPUBM OVNCFS PG NBTT FMFNFOUT n XIFSFmi JT UIF NBTT PG FMFNFOU
i BOE ri BOE rcom JT UIF QPTJUJPO PG FMFNFOU i BOE UIF QPTJUJPO PG UIF DIBJOT DFOUSFPG
óï
NBTT SFTQFDUJWFMZ 'VSUIFSNPSF JO 1BQFS ħ UIF DPOGPSNBUJPO PG UIF QPMZFMFDUSPMZUF
DIBJO XBT BOBMZTFE CZ UIF OPSNBMJTFE RH EFmOFE BT RH/RïH  RH JT UIF SBEJVT PG HZS
BUJPO PG UIF DIBJO JO UIF QSFTFODF PG QMBUFMFUT BOE RïH JT UIF SBEJVT PG HZSBUJPO GPS UIF
VOEJTUVSCFE DIBJO UIBU JT B TJOHMF DIBJO JO CVML XJUIPVU QMBUFMFUT
óð

ö &YQFSJNFOUBM NFUIPET
öð 4BNQMF QSFQBSBUJPO
öðð #FOUPOJUF DMBZ o QVSJmDBUJPO BOE DBUJPOJD FYDIBOHF
ɨF 8ZPNJOH CFOUPOJUF .9÷ï VTFE JO 1BQFS Ě BOE ĚĚ DPOTJTUT NBJOMZ PG UIF TXFMM
JOH DMBZ NJOFSBM NPOUNPSJMMPOJUF XJUI TPEJVN 	/B
 JPOT BT UIF OBUVSBM EPNJOBUJOH
DPVOUFSJPO 1SJPS UP VTF JU JT JNQPSUBOU UP QVSJGZ UIF SBX CFOUPOJUF DMBZ UP FOTVSF UIBU
UIF NBKPSJUZ PG UIF BDDFTTPSZ NJOFSBMT TVDI BT GFMETQBST RVBSU[ HZQTVN DBMDJUF BOE
QZSJUF BSF SFNPWFE
ɨF QVSJmDBUJPO QSPDFTT JOWPMWFT EJTQFSTJPO PG UIF SBX DMBZ JO EFJPOJTFE XBUFS GPS BU
MFBTU POF EBZ JO PSEFS UP BMMPX UIF MBSHFS QBSUJDMFT 	  ñ N
 UP TFEJNFOU BGUFS XIJDI
UIF TVQFSOBUBOU JT SFDPWFSFE "GUFSXBSET BO JPOJD FYDIBOHF QSPDFTT JT QFSGPSNFE UP
FJUIFS FOTVSF UIBU OP BEEJUJPOBM DPVOUFSJPOT PUIFS UIBO TPEJVN BSF QSFTFOU JO UIF DMBZ
PS UP FYDIBOHF UIF DPVOUFSJPOT UP DBMDJVN 'PS UIF JPOJD FYDIBOHF QSPDFTT UIF DMBZ JT
XBTIFE UISFF UJNFT XJUI B TBMU TPMVUJPO PG ð. TPEJVN DIMPSJEF 	/B$M
 PS ïô. DBMDJVN
DIMPSJEF 	$B$Mñ
 #FUXFFO FBDI XBTI UIF DMBZ JT DFOUSJGVHFE BOE SFEJTQFSTFE JO B GSFTI
TBMU TPMVUJPO ɨFSFBGUFS UIF FYDFTT TBMU JT SFNPWFE CZ EJBMZTJOH UIF DMBZ TVTQFOTJPO
BHBJOTU EFJPOJTFE XBUFS JO B MBSHF SFTFSWPJS VOUJM UIF FMFDUSJDBM DPOEVDUJWJUZ JT TUBCJMJTFE
CFMPX ðï 4DN ɨF XBUFS JT GSFRVFOUMZ SFQMBDFE BOE UIF MBTU SFQMBDFNFOUT BSF VTVBMMZ
XJUI.JMMJ2XBUFS 'JOBMMZ UIF DMBZ JT ESJFE JO BO PWFO BU BSPVOE øï◦$VOUJM DPNQMFUFMZ
ESZ BOE UIFO NJMMFE JOUP B mOF QPXEFS
öðñ $MBZ EJTQFSTJPOT
ɨF QSPDFEVSF GPS UIF TBNQMF QSFQBSBUJPO PG DMBZ EJTQFSTJPOT DBO BĊFDU UIF PCUBJOFE
SFTVMUT UIFSFGPSF JU JT JNQPSUBOU UP DPOTJEFS UIF PSEFS JO XIJDI UIF WBSJPVT DPNQPOFOUT
BSF BEEFE 'PS FYBNQMF JU JT CFUUFS UP EJTQFSTF UIF DMBZ JO .JMMJ2 XBUFS CFGPSF BEEJOH
óò
BOZ PUIFS DPNQPOFOUT TVDI BT TBMUT QFQUJEFT PS QPMZFMFDUSPMZUFT UP FOTVSF UIBU UIF
DMBZ QMBUFMFUT BSF DPNQMFUFMZ EJTQFSTFE ɨFO BGUFS FRVJMJCSJVN UIF EJTQFSTJPO DBO CF
mMUFSFE UP QSFWFOU UIBU BOZ BHHSFHBUFT XIJDI NBZ PSJHJOBUF GSPN UIF ESZ TUBUF PG UIF
DMBZ SFNBJOT JO UIF EJTQFSTJPO 'PS UIF BEEJUJPO PG BOPUIFS DPNQPOFOU JU JT SFDPN
NFOEFE UP QSFQBSF B TUPDL TPMVUJPO PG UIF DPNQPOFOU PG JOUFSFTU CFGPSF BEEJOH JU UP
UIF DMBZ EJTQFSTJPO )FODF JU JT QSFGFSBCMF UP NJY UIF TUPDL TPMVUJPOT PG UIF DMBZ BOE
UIF PUIFS DPNQPOFOU JOTUFBE PG NJYJOH UIFN JO UIF ESZ TUBUF XIJDI NBZ SFTVMU JO
OPOFRVJMJCSJVN TUBUFT 'VSUIFSNPSF UIF Q) PG UIF EJTQFSTJPO DBO CF BO JNQPSUBOU
GBDUPS FTQFDJBMMZ XIFO TUVEZJOH DMBZ JO UIF QSFTFODF PG QFQUJEFT BOEPS QPMZFMFDUSP
MZUFT XIFSF UIF DIBSHF PG UIF QFQUJEF BOE UIF QPMZFMFDUSPMZUF JT IJHIMZ Q) EFQFOEFOU
" DMBZ EJTQFSTJPO JO BO BRVFPVT TPMVUJPO JT BMLBMJOF XIFSF JU JT QPTTJCMF UP MPXFS UIF
Q) PG UIF EJTQFSTJPO XJUI FJUIFS B TUSPOH CVĊFS PS B TUSPOH BDJE IPXFWFS UIF Q) XJMM
JODSFBTF PWFS UJNF BT UIF DMBZ BDUT BT B XFBL CBTF .PSFPWFS UIF DMBZ NBZ OPU CF TUBCMF
JO BDJEJD TPMVUJPOT BOE UIFSFGPSF JU JT JNQPSUBOU UP QFSGPSN UIF NFBTVSFNFOU TIPSUMZ
BGUFS UIF QSFQBSBUJPO PG UIF TBNQMF BT XFMM BT UP NFBTVSF UIF Q) PG UIF TBNQMF BGUFS
UIF NFBTVSFNFOU
öðò EFDB"SHJOJOF o QVSJmDBUJPO
ɨF EFDB"SHJOJOF 	"SHðï
 QFQUJEF VTFE JO 1BQFS Ěħ XBT QVSDIBTFE BT B MZPQIJMJTFE
QPXEFS *O PSEFS UP SFNPWF JNQVSJUJFT BOE CVĊFS DPNQPOFOUT SFNOBOU GSPN UIF TZO
UIFTJT UIF QFQUJEF XBT QVSJmFE UISPVHI B EJBMZTJT QSPDFTT 'JSTU UIF QFQUJEF QPXEFS
XBT EJTTPMWFE JO .JMMJ2 XBUFS UP B DPODFOUSBUJPO PG ñï NHN- BGUFS XIJDI UIF QFQ
UJEF TPMVUJPO XBT USBOTGFSSFE JOUP EJBMZTJT NFNCSBOFT XJUI UIF TJ[F PG ôïïðïïï %B
ɨF QPSF TJ[F PG UIF EJBMZTJT NFNCSBOFT TIPVME CF NVDI TNBMMFS UIBO UIF NPMFDVMBS
XFJHIU PG UIF QFQUJEF JO PSEFS UP QSFWFOU BOZ MFBLBHF PG UIF QFQUJEF EVSJOH UIF EJBMZTJT
QSPDFTT ɨF QFQUJEF TPMVUJPO XBT EJBMZTFE BHBJOTU .JMMJ2 XBUFS XJUI B WPMVNF ôïï
UJNFT HSFBUFS UIBO UIF TPMVUJPO XIJMTU TUJSSJOH JO SPPN UFNQFSBUVSF BOE UIF EJBMZTJT
TUFQ XBT SFQFBUFE UISFF UJNFT BHBJOTU GSFTI .JMMJ2 XBUFS 'JOBMMZ UIF QFQUJEF TPMVUJPO
XBT GSFF[FESJFE BOE DPMMFDUFE BT B MZPQIJMJTFE QPXEFS 'PS UIF QSFQBSBUJPO PG UIF TUPDL
TPMVUJPOT PG "SHðï UIF QFQUJEF QPXEFS XBT EJTTPMWFE JO .JMMJ2 XBUFS BOE UIF DPO
DFOUSBUJPO XBT EFUFSNJOFE GSPN UIF BCTPSCBODF BU ñðó ON VTJOH B /BOP%SPQ ñïïï
4QFDUSPQIPUPNFUFS XJUI UIF FYUJODUJPO DPFċDJFOU PG ðï÷ïï± ðïï.ð DNð 	5FTFJ FU BM
	ñïðö


öñ 4XFMMJOH QSFTTVSF JO B UFTU DFMM
ɨF TXFMMJOH QSFTTVSF PS UIF OFU PTNPUJD QSFTTVSF PG DMBZ EJTQFSTJPOT GPS EJĊFSFOU
DPVOUFSJPO WBMFODZ EJĊFSFOU TPMWFOU DPNQPTJUJPOT BT XFMM BT BEEJUJPO PG TBMU DBO CF
óó
EJSFDUMZ NFBTVSFE VTJOH B UFTU DFMM 	,BSOMBOE FU BM 	ñïïõ
 #JSHFSTTPO FU BM 	ñïðï

 ɨF
FYQFSJNFOUBM TFUVQ BOE B TDIFNBUJDBMMZ EFQJDUFE UFTU DFMM BSF TIPXO JO 'JH öð ɨF DMBZ
XJUI B NBTT PG BQQSPYJNBUFMZ POF HSBN JT QMBDFE JOTJEF B DZMJOESJDBM DFMM XJUI B SBEJVT
PG ð DN BOE FODMPTFE CZ UXP TFNJQFSNFBCMF NFNCSBOFT BU UIF UPQ BOE CPUUPN PG UIF
DFMM ɨF GVODUJPO PG UIF TFNJQFSNFBCMF NFNCSBOFT JT UP BMMPX TPMWFOU NPMFDVMFT BOE
JPOT UP GSFFMZ EJĊVTF CFUXFFO UIF UXP DPNQBSUNFOUT XIJMF UIF DMBZ JT SFUBJOFE ɨFO
UIF DMBZ JT DPOmOFE JO B QSFEFmOFE WPMVNF CZ B QJTUPO XIJDI JT BUUBDIFE UP B GPSDF
USBOTEVDFS BOE UIF DMBZ JT TFU UP FRVJMJCSBUF XJUI XBUFS PS UIF TPMWFOU DPNQPTJUJPO PG
JOUFSFTU CZ TMPXMZ DJSDVMBUJOH UIF CVML TPMVUJPO UISPVHI UIF UFTU DFMM WJB UIF DPOOFDUFE
UVCFT 'SPN UIF SFDPSEFE GPSDF F BOE UIF BSFB PG UIF DFMM A  ïïðñπ Nñ UIF TXFMMJOH
QSFTTVSF PG UIF TZTUFN JT DBMDVMBUFE BT P  F A /Nñ #Z NFBTVSJOH UIF GPSDF PWFS
UJNF JU JT QPTTJCMF UP mOE B TUBCMF WBMVF PG UIF TXFMMJOH QSFTTVSF GPS UIF DMBZ TBNQMF XJUI
B DFSUBJO TPMWFOU DPNQPTJUJPO XIFSF UIF DMBZ JT BTTVNFE UP CF JO FRVJMJCSJVN XJUI UIF
CVML 'VSUIFSNPSF UIF TXFMMJOH QSPQFSUJFT PG DMBZT EFQFOE PO UIF DPVOUFSJPO WBMFODZ
TPMWFOU DPNQPTJUJPO BOE BEEJUJPO PG TBMU XIFSF UIF TZTUFN DBO FJUIFS CF EPNJOBUFE
CZ SFQVMTJWF PS BUUSBDUJWF JOUFSBDUJPOT )FODF GSPN UIFTF NFBTVSFNFOUT JU JT QPTTJCMF
UP EFUFSNJOF UIF EPNJOBUJOH JOUFSBDUJPOT XJUIJO UIF TZTUFN
	B

circulating 
bulk solution
force 
transducer
clay sample
	C

'JHVSF öð 4XFMMJOH QSFTTVSF NFBTVSFE JO B UFTU DFMM XIFSF 	B
 JT UIF FYQFSJNFOUBM TFUVQ BOE 	C
 B TDIFNBUJD JMMVTUSBUJPO
PG UIF UFTU DFMM 	,BSOMBOE FU BM 	ñïïõ


"GUFS UIFNFBTVSFNFOU UIF ESZ EFOTJUZDE BOE UIF WPMVNF GSBDUJPOφ PG UIF DMBZ TBNQMF
DBO CF EFUFSNJOFE 'PS BRVFPVT DMBZ EJTQFSTJPOT UIJT JT BDIJFWFE CZ EFUFSNJOJOH UIF
DMBZ XBUFS DPOUFOU w  mXmT XIFSF mX BOE mT BSF UIF NBTT PG UIF XBUFS BOE UIF
TPMJE 	DMBZ
 SFTQFDUJWFMZ ɨF XBUFS DPOUFOU JT PCUBJOFE CZ EJTBTTFNCMJOH UIF UFTU DFMM
BOE NFBTVSJOH UIF UPUBM NBTTmUPU mX mT PG UIF DMBZ BOE UIF XBUFS JO UIF TBNQMF
ɨF DMBZ TBNQMF JT UIFO ESJFE JO BO PWFO BU BSPVOE ðïï◦$ GPS ñó I UP SFDPWFS UIF NBTT
PG UIF DMBZ ɨFSFBGUFS UIF ESZ EFOTJUZ PG UIF DMBZ DBO CF EFUFSNJOFE BDDPSEJOH UP
óô
DE =
mT
VUPU
=
DX
w + DXDT
, 	öð

XIFSF DT  ñöôï LHNò JT UIF EFOTJUZ PG UIF DMBZ 	NPOUNPSJMMPOJUF
 BOE DX  ðïïï
LHNò JT UIF EFOTJUZ PG XBUFS .PSFPWFS GSPN UIF ESZ EFOTJUZ UIF WPMVNF GSBDUJPO JT
PCUBJOFE GSPN φ  DEDT 	,BSOMBOE FU BM 	ñïïõ

 ɨF TBNF QSPDFEVSF JT QFSGPSNFE
GPS DMBZ EJTQFSTJPOT JO EJĊFSFOU TPMWFOU DPNQPTJUJPOT IPXFWFSDX JT SFQMBDFE XJUI UIF
DPSSFTQPOEJOH EFOTJUZ PG UIF TPMWFOU DPNQPTJUJPO
"O BEWBOUBHF PG UIJT FYQFSJNFOUBM UFDIOJRVF JT UIBU UIF CVML TPMWFOU DBO CF SFQMBDFE
JO TJUV UIFSFGPSF JU JT QPTTJCMF UP TUVEZ UIF DMBZTPMWFOU JOUFSBDUJPOT CZ GPS JOTUBODF
BMUFSOBUJOH UIF TPMWFOU DPNQPTJUJPO XJUI SFTQFDU UP UIF SFMBUJWF QFSNJUUJWJUZ )FODF
UIF DMBZ TZTUFN JT TFU UP FRVJMJCSBUF XJUI EJĊFSFOU TPMWFOU DPNQPTJUJPOT UISPVHIPVU UIF
NFBTVSFNFOU CZ TVDDFTTJWFMZ JODSFBTJOH POF DPNQPOFOU JO UIF CVML TPMWFOU SFTVMUJOH
JO B DPOUJOVPVT USBOTJUJPO %VSJOH UIF FYDIBOHF UP UIF OFX TPMWFOU DPNQPTJUJPO JU
JT JNQPSUBOU UP QVNQ UIF OFX TPMWFOU DBSFGVMMZ UISPVHI UIF UFTU DFMM UP FOTVSF UIBU B
DPNQMFUF FYDIBOHF IBT UBLFO QMBDF JO UIF DMBZ TZTUFN .PSFPWFS UIF SFWFSTJCJMJUZ PG
UIF DMBZ TZTUFN DBO BMTP CF TUVEJFE CZ SFQMBDJOH UIF TPMWFOU CBDL UP UIF PSJHJOBM CVML
TPMWFOU
öò 4NBMM BOHMF 9SBZ TDBUUFSJOH
4"94 JT B UFDIOJRVF BQQSPQSJBUF UP TUVEZ UIF NJDSPTUSVDUVSF PG TZTUFNT PG UIF DPMMPJEBM
TDBMF 'PS DMBZ TZTUFNT UIF JOGPSNBUJPO FYUSBDUFE GSPN 4"94 JT VTVBMMZ UIF QMBUFMFU TJ[F
UIF JOUFSMBZFS EJTUBODF CFUXFFO UIF QMBUFMFUT UIF TJ[F PG UIF BHHSFHBUFT GSPN UIF BWFSBHF
OVNCFS PG DMBZ QMBUFMFUT QFS UBDUPJE BOE UIF GSBDUBM EJNFOTJPOT ɨF QSJODJQMF PG UIF
UFDIOJRVF JT UIBU B DPIFSFOU NPOPDISPNBUJD CFBN PG 9SBZT XJUI XBWFMFOHUI λ JT TFOU
UISPVHI B TBNQMF XJUI BO JODJEFOU XBWFWFDUPS Li XIFSF UIF PVUHPJOH TDBUUFSFE CFBN
IBT UIF XBWFWFDUPS Ls ɨF TDBUUFSJOH JOUFOTJUZ I(q) JT SFDPSEFE BT B ñ% JOUFSGFSFODF
QBUUFSO PO B EFUFDUPS BOE JT SFQSFTFOUFE BT B GVODUJPO PG UIF NBHOJUVEF PG UIF TDBUUFSJOH
WFDUPS q XIFSF q  ]R]  ]Ls  Li]  óπ sin(θ)λ BOE ñθ JT UIF TDBUUFSJOH BOHMF 	(MBUUFS
 ,SBULZ 	ðø÷ñ

 " TDIFNBUJD JMMVTUSBUJPO PG UIF UFDIOJRVF XJUI JUT NBJO DPNQPOFOUT
JT GPVOE JO 'JH öñ
óõ
Scat
tered
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y
Transmitted X-ray
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q
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'JHVSF öñ " TDIFNBUJD JMMVTUSBUJPO PG UIF 4"94 UFDIOJRVF BOE UIF NBJO DPNQPOFOUT "O JODJEFOU 9SBZ CFBN JT TFOU
UISPVHI B TBNQMF UIF TDBUUFSJOH BOHMF CFUXFFO UIF USBOTNJUUFE BOE UIF TDBUUFSFE CFBN JT EFOPUFE ñθ BOE
UIF DPSSFTQPOEJOH qWFDUPS JT EJTQMBZFE PO UIF ñ% EFUFDUPS
ɨF TDBUUFSJOH JOUFOTJUZ GPS TZTUFNT XJUI TQIFSJDBM QBSUJDMFT DBO CF EJWJEFE JOUP UXP
TFQBSBUF GVODUJPOT UIF GPSN GBDUPS P (q) BOE UIF TUSVDUVSF GBDUPS S(q) BDDPSEJOH UP
I(q) ∝ P (q)S(q) ɨF GPSN GBDUPS DPOUBJOT JOGPSNBUJPO BCPVU UIF BWFSBHF QBSUJDMF
TJ[F BOE TIBQF BOE UIF TUSVDUVSF GBDUPS EFTDSJCFT UIF EJTUBODFT CFUXFFO UIF QBSUJDMFT BT
XFMM BT UIF JOUFSNPMFDVMBS JOUFSBDUJPOT JO UIF TZTUFN 'PS EJMVUF TZTUFNT UIF GPSN GBDUPS
DBO CF FYUSBDUFE TJODF S(q) ≈ ð BOE PODF UIF GPSN GBDUPS PG UIF TZTUFN JT LOPXO UIF
TUSVDUVSF GBDUPS GPS NPSF EFOTF TZTUFNT DBO CF EFUFSNJOFE QSPWJEFE UIBU UIF GPSN GBDUPS
JT DPODFOUSBUJPO JOEFQFOEFOU 	4DIOBCMFHHFS  4JOHI 	ñïðö

 'PS BOJTPUSPQJD QBSUJDMFT
TVDI BT DMBZ QMBUFMFUT UIF EFDPNQPTJUJPO PG UIF TDBUUFSJOH JOUFOTJUZ JT BO BQQSPYJNBUJPO
BOE B NPSF BDDVSBUF EFTDSJQUJPO PG UIF TZTUFN DBO CF QFSGPSNFE CZ DPNQBSJOH UIF
FYQFSJNFOUBM TDBUUFSJOH JOUFOTJUZ XJUI UIF DBMDVMBUFE UPUBM TUSVDUVSF GBDUPS 	(VUJÏSSF[
 +PIBOTTPO 	ñïïñ

 GSPN DPNQVUFS TJNVMBUJPOT 	EFTDSJCFE JO 4FDUJPO õò

'PS UIF TUSVDUVSBM DPOmHVSBUJPO PG UBDUPJET XIFSF UIF DMBZ QMBUFMFUT BHHSFHBUF JO B GBDF
UPGBDF DPOmHVSBUJPO UIF QFSJPEJDJUZ PG UIF TZTUFN BSJTJOH GSPN UIF FRVJEJTUBOU TFQ
BSBUJPO CFUXFFO UIF QMBUFMFUT SFTVMUT JO #SBHH QFBLT JO UIF 4"94 TQFDUSB ɨJT JT JO
BOBMPHVF UP UIF GFBUVSF TIPXO GPS UIF UPUBM TUSVDUVSF GBDUPS JO 'JH õñC 'SPN UIF
#SBHH QFBL UIF JOUFSMBZFS EJTUBODF CFUXFFO UIF QMBUFMFUT JO UIF UBDUPJE DBO CF EFUFSN
JOFE BDDPSEJOH UP #SBHHT MBX d  ñπqmax XIFSF qmax JT UIF QPTJUJPO PG q BU UIF
NBYJNVN JOUFOTJUZ PG UIF #SBHH QFBL 	4DIOBCMFHHFS  4JOHI 	ñïðö

 .PSFPWFS UIF
GVMM XJEUI BU IBMGNBYJNVN 	'8).
 PG UIF #SBHH QFBL JT SFMBUFE UP UIF TJ[F PG UIF
BHHSFHBUFT XIJDI JT EFUFSNJOFE GSPN UIF BWFSBHF OVNCFS PG QMBUFMFUT QFS UBDUPJE 	⟨N⟩

BDDPSEJOH UP UIF 4DIFSSFS FRVBUJPO 	1BUUFSTPO 	ðøòø


⟨N⟩d = Kλ
∆θ cos(θ)
, 	öñ

XIFSFK ≈ ïø JT UIF 4DIFSSFS DPOTUBOU∆θ  θñ  θð JT UIF '8). PG UIF #SBHH QFBL
óö
CFUXFFO UIF BOHMFT θð BOE θñ BOE ñθ JT UIF TDBUUFSJOH BOHMF BMTP DBMMFE #SBHH BOHMF
'PS TNBMM BOHMFT UIF '8). PG UIF #SBHH JT ∆θ ≈ sin(θñ)  sin(θð
 BOE UIF 4DIFSSFS
FRVBUJPO DBO CF BQQSPYJNBUFE BT
⟨N⟩ ≈ qmaxñπ(sin(θñ)− sin(θð))/λ =
qmax
(∆q)/ñ =
qmax
w
. 	öò

)FSF UIF 4DIFSSFS DPOTUBOU JT TFU UP POF BOE∆q  ñw JT UIF '8). JO VOJUT PG ONð
ɨF NFUIPE VTFE UP FTUJNBUF UIF '8). PG UIF #SBHH QFBL XBT UP mU B -PSFOU[JBO
GVODUJPO UP UIF TUSVDUVSF GBDUPS XIFSF JU JT BTTVNFE UIBU UIF TDBUUFSJOH JOUFOTJUZ DBO
CF EJWJEFE JOUP P (q) BOE S(q) 'VSUIFSNPSF UIF GPSN GBDUPS JT BQQSPYJNBUFE UP
CF P (q) ∝ qñ BOE UIF EBUB XBT mUUFE CFUXFFO qmax  ± ïô ONð 	4FHBE 	ñïðò

ɨVSFTTPO FU BM 	ñïðõC

 BDDPSEJOH UP
qñI(q) ∝ w
(q − qmax)ñ + wñ + b , 	öó

XIFSF b JT B mUUJOH QBSBNFUFS GPS UIF CBDLHSPVOE DPOUSJCVUJPO ɨJT NFUIPE DBO EF
TDSJCF UIF TJ[F PG UIF BHHSFHBUF GPS DMBZ QMBUFMFUT XJUI B MBSHF BTQFDU SBUJP BOE XJUI SFM
BUJWFMZ OBSSPX #SBHH QFBLT )FODF UIJT NFUIPE IBT QSPWFO UP CF BDDVSBUF GPS NPOU
NPSJMMPOJUF DMBZ BOE GPS -BQPOJUF¥ DMBZ XJUI BEEJUJPO PG DBUJPOJD QFQUJEFT 'PS UIF
4"94 NFBTVSFNFOUT PG DMBZ EJTQFSTJPOT UIF TBNQMFT XFSF NFBTVSFE JO ð NN TFBMFE
HMBTT DBQJMMBSJFT BOE BO BWFSBHF PG UFO GSBNFT XFSF DPMMFDUFE GPS FBDI TBNQMF UP PCUBJO
BDDVSBUF TUBUJTUJDT BOE UP DIFDL GPS BOZ SBEJBUJPO EBNBHF ɨF IPNPHFOFJUZ BOE DPO
DFOUSBUJPO FĊFDUT PG UIF EJTQFSTJPOT XFSF BMTP FWBMVBUFE CZ QFSGPSNJOH NFBTVSFNFOUT
BU BQQSPYJNBUFMZ UISFF EJĊFSFOU QPTJUJPOT PG UIF TBNQMF
öòð ,SBULZ QMPU
ɨF#SBHH QFBL PCUBJOFE JO UIF 4"94 TQFDUSB DBO CF FNQIBTJTFE CZ QSFTFOUJOH UIF EBUB
BT B ,SBULZ QMPU )FSF UIF TDBUUFSJOH JOUFOTJUZ JT NVMUJQMJFE XJUI UIF qWFDUPS TRVBSFE
JF I(q) · qñ ɨJT JT BOBMPHVF UP UIF ,SBULZ QMPU PG UIF UPUBM TUSVDUVSF GBDUPS EFTDSJCFE
JO 4FDUJPO õòð XIFSF UIF #SBHH QFBL JT TIPXO JO UIF IJHI qSFHJPO JO 'JH õòB
öó %ZOBNJD MJHIU TDBUUFSJOH
ɨF TJ[F EJTUSJCVUJPO PG DPMMPJEBM QBSUJDMFT DBO CF EFUFSNJOFE GSPN UIF UFDIOJRVF PG
EZOBNJD MJHIU TDBUUFSJOH 	%-4
 BMTP LOPXO BT QIPUPO DPSSFMBUJPO TQFDUSPTDPQZ 	1$4

ó÷
%-4 JT CBTFE PO UIF QSJODJQMF PG FYUSBDUJOH JOGPSNBUJPO BCPVU EJĊVTJPO BOE TJ[F QSPQ
FSUJFT PG DPMMPJEBM QBSUJDMFT CZ JMMVNJOBUJOH UIF QBSUJDMFT XJUI B MBTFS MJHIU BOE BOBMZTJOH
UIF JOUFOTJUZ nVDUVBUJPOT PG UIF TDBUUFSFE MJHIU DBVTFE CZ UIF NPWFNFOU PG UIF QBSUJDMFT
ɨF %-4 JOTUSVNFOU .BMWFSO ;FUBTJ[FS /BOP ;4 	.BMWFSO *OTUSVNFOUT
 	;FUBTJ[FS
/BOP 4FSJFT 	ñïðñ

 JT FRVJQQFE XJUI B óï N8 )F/F HBT MBTFS XJUI B XBWFMFOHUI
PG õòñ÷ ON BOE B EFUFDUPS VOJU DPNQSJTFE XJUI BO "WBOMBODIF 1IPUP %JPEF XJUI B
CBDLTDBUUFS EFUFDUPS BOHMF PG ðöò◦ ɨF BEWBOUBHF XJUI CBDLTDBUUFS EFUFDUJPO JT UIBU
TBNQMFT XJUI IJHIFS DPODFOUSBUJPOT DBO CF NFBTVSFE TJODF UIF QBUI MFOHUI PG UIF JO
DJEFOU CFBN UISPVHI UIF TBNQMF CFDPNFT TIPSUFS BT XFMM BT UIBU JU SFEVDFT UIF FĊFDU
PG NVMUJQMF TDBUUFSJOH XIFSF UIF TDBUUFSFE MJHIU GSPN POF QBSUJDMF JT JUTFMG TDBUUFSFE CZ
PUIFS QBSUJDMFT
"MM QBSUJDMFT TVTQFOEFE JO B MJRVJE NFEJVN VOEFSHP #SPXOJBO NPUJPO XIJDI JT UIF
DPOUJOVPVT SBOEPN NPWFNFOU PG QBSUJDMFT DBVTFE CZ DPMMJTJPOT XJUI UIF TPMWFOU NP
MFDVMFT XIJDI UIFNTFMWFT NPWF SBOEPNMZ EVF UP UIFJS UIFSNBM FOFSHZ " GVOEBNFOUBM
GFBUVSF PG #SPXOJBO NPUJPO JT UIBU TNBMMFS QBSUJDMFT NPWF GBTUFS XIJMF MBSHFS QBSUJDMFT
NPWF TMPXFS *O BEEJUJPO BMM QBSUJDMFT BSF DBQBCMF PG TDBUUFSJOH MJHIU BOE UIF TDBUUFSFE
MJHIU GSPN B NPWJOH QBSUJDMF FYQFSJFODFT B %PQQMFS TIJGU XIJDI JT B TNBMM GSFRVFODZ
TIJGU PG UIF TDBUUFSFE MJHIU DPNQBSFE UP UIF VOTDBUUFSFE MJHIU ɨF NBHOJUVEF PG UIF
%PQQMFS TIJGU JODSFBTFT XJUI UIF WFMPDJUZ PG UIF QBSUJDMFT BOE UIVT TNBMMFS QBSUJDMFT
FYIJCJU B MBSHF %PQQMFS TIJGU XIJMF MBSHFS QBSUJDMFT FYIJCJU B TNBMM %PQQMFS TIJGU 	'PSE
	ðø÷ô
 4DINJU[ 	ðøøï
 1VTFZ 	ñïïñ
 6TLPLPWJƥ 	ñïðñ


*O UIF %-4 UFDIOJRVF B MJRVJE TBNQMF JT JMMVNJOBUFE CZ DPIFSFOU MJHIU XIFSF UIF QIBTF
PG UIF EFUFDUFE TDBUUFSFE MJHIU GSPN BMM PG UIF QBSUJDMFT FJUIFS JOUFSGFSFT DPOTUSVDUJWFMZ
PS EFTUSVDUJWFMZ ɨF QIPUPO DPVOUFS EFUFDUT UIF JOUFOTJUZ PG UIF TDBUUFSFE MJHIU BOE
NFBTVSFT UIF nVDUVBUJPOT UIBU SFTVMU GSPN UIF %PQQMFS TIJGU ɨF nVDUVBUJPOT JO UIF
JOUFOTJUZ TJHOBM BSF NFBTVSFE PWFS B QFSJPE PG UJNF CZ DPNQBSJOH UIF TJHOBM BU POF QPJOU
JO UJNF t XJUI UIF TJHOBM BU B UJNFTUFQ δt MBUFS JF 	t  δt
 GSPN XIJDI UIF DPSSFMBUJPO
CFUXFFO UIF TJHOBMT JT EFUFSNJOFE ɨF EBUB JT QSPDFTTFE JOUP B DPSSFMBUJPO GVODUJPO
BHBJOTU UJNF 	'JH öò
 XIFSF UIF DPSSFMBUJPO SBOHFT GSPN POF UP [FSP DPSSFTQPOEJOH
UP QFSGFDU PS OP DPSSFMBUJPO SFTQFDUJWFMZ ɨF DPSSFMBUJPO GVODUJPO EFDBZT FYQPOFO
UJBMMZ XJUI UJNF TJODF UIF TJHOBMT XJMM FYQFSJFODF MFTT DPSSFMBUJPO XJUI UJNF EVF UP UIF
NPWFNFOUT PG UIF QBSUJDMFT XIFSF UIF SBUF PG EFDBZ JT GBTUFS GPS TNBMMFS UIBO GPS MBSHFS
QBSUJDMFT 	;FUBTJ[FS /BOP 4FSJFT 	ñïðñ
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'JHVSF öò " SFQSFTFOUBUJPO PG UIF DPSSFMBUJPO GVODUJPO BHBJOTU UJNF 	U
 JMMVTUSBUJOH UIF CFIBWJPVS JO UIF FYQPOFOUJBM
EFDBZ GPS MBSHF BOE TNBMM QBSUJDMFT
ɨF EFDBZ PG UIF DPSSFMBUJPO GVODUJPO JT DIBSBDUFSJTFE CZ UIF USBOTMBUJPOBM EJąVTJPO DPFG
mDJFOU 	D5
 PG UIF QBSUJDMF )FODF D5 JT EFUFSNJOFE CZ NFBTVSJOH UIF %PQQMFS TIJGU
PG UIF MJHIU TDBUUFSFE CZ UIF NPWJOH QBSUJDMFT BOE JT SFMBUFE UP UIF TJ[F PG UIF TDBUUFSFE
QBSUJDMF CZ UIF 4UPLFT&JOTUFJO FRVBUJPO
D5 =
k#T
òπηd . 	öô

)FSF η JT UIF WJTDPTJUZ PG UIF NFEJVN BOE d JT UIF FRVJWBMFOU TQIFSJDBM EJBNFUFS PS
IZESPEZOBNJD EJBNFUFS PG UIF TDBUUFSFE QBSUJDMF XIFSF JU JT BTTVNFE UIBU UIF QBSUJDMFT
NPWF JOEFQFOEFOUMZ PG FBDI PUIFS 	'PSE 	ðø÷ô
 4DINJU[ 	ðøøï
 1VTFZ 	ñïïñ
 "SUFNZ
FWB FU BM 	ñïñï

 *U TIPVME CF NFOUJPOFE UIBU d JT OPU UIF FĊFDUJWF EJBNFUFS PG B
IZESBUFE QBSUJDMF JO TPMVUJPO JU JT SBUIFS UIF EJBNFUFS PG B IBSETQIFSF UIBU EJĊVTFT
BU UIF TBNF SBUF BT UIF QBSUJDMF XIJDI JODMVEFT CPUI IZESBUJPO BOE TIBQF FĊFDUT 'PS
OPOTQIFSJDBM QBSUJDMFT TVDI BT DMBZ QMBUFMFUT UIF QBSUJDMF XJMM CF EFUFDUFE BT B TQIFS
JDBM QBSUJDMF XJUI UIF EJBNFUFS BWFSBHFE PWFS UISFF BYFT TJODF UIF QBSUJDMFT BMTP VOEFSHP
SPUBUJPOBM EJĊVTJPO BSPVOE UIFJS BYFT ɨFSFGPSF NPSF FYUFOEFE QBSUJDMFT XJMM IBWF B
MBSHFS d DPNQBSFE UP NPSF DPNQBDU QBSUJDMFT XJUI UIF TBNF NPMFDVMBS XFJHIU 'PS DMBZ
EJTQFSTJPOT %-4 JT B SBQJE BOE SPCVTU NFUIPE UP EFUFSNJOF UIF TJ[F EJTUSJCVUJPOT PG
DMBZ QMBUFMFUT IPXFWFS JU JT JNQPSUBOU UP XPSL XJUI EJMVUF EJTQFSTJPOT EVF UP UIF TFOT
JUJWJUZ PG UIF NFBTVSFNFOUT TJODF UIF TDBUUFSJOH JOUFOTJUZ PG B QBSUJDMF JT QSPQPSUJPOBM
UP UIF TJYUI QPXFS PG UIF QBSUJDMFT EJBNFUFS 'VSUIFSNPSF UIF QBSUJDMF JOUFSBDUJPOT JO
EJMVUF EJTQFSTJPOT CFDPNFT OFHMJHJCMF BOE UIVT &R 	öô
 JT WBMJE GPS UIF DBMDVMBUJPO PG
UIF DMBZ QMBUFMFUT EJBNFUFS ɨF %-4 NFBTVSFNFOUT XFSF QFSGPSNFE GPS GSFTIMZ NBEF
TBNQMFT UP BWPJE BOZ UJNF BHJOH FĊFDU PS TFEJNFOUBUJPO BOE FBDI TBNQMF XBT NFBT
ôï
VSFE GPS B NJOJNVN PG UISFF UJNFT UP PCUBJO HPPE TUBUJTUJDT ɨF DPSSFMBUJPO GVODUJPOT
XFSF BOBMZTFE BOE DPNQBSFE XJUI SFTQFDU UP UIF FYQPOFOUJBM EFDBZ PG UIF DVSWF UIF
JOJUJBM DPSSFMBUJPO WBMVF BOE UIF TJNJMBSJUZ CFUXFFO UIFN *O UIF DPSSFMBUJPO GVODUJPO
UIFSF TIPVME OPU CF BOZ JSSFHVMBSJUZ PS QFBLT BU B MBSHF UJNF XIJDI DPVME SFTVMU GSPN
EVTU PS MBSHF BHHSFHBUFT JO UIF TBNQMF ɨF JOJUJBM DPSSFMBUJPO TIPVME CF JO UIF SBOHF PG
ïõoðï XIFSF B MPXFS JOJUJBM DPSSFMBUJPO VTVBMMZ NFBOT UIBU UIF TBNQMF JT UPP EJMVUF *O
BEEJUJPO UIF TJ[F EJTUSJCVUJPOT PCUBJOFE BT JOUFOTJUZ EJTUSJCVUJPOT XFSF FWBMVBUFE UP
FOTVSF UIBU UIFSF XFSF OP BEEJUJPOBM PS EPVCMF QFBLT JO UIF EJTUSJCVUJPO BT UIBU XPVME
JOEJDBUF UIF QSFTFODF PG JNQVSJUJFT PS MBSHF BHHSFHBUFT
öô ;FUBQPUFOUJBM
ɨF ζQPUFOUJBM JT UIF FMFDUSPLJOFUJD QPUFOUJBM JO DIBSHFE DPMMPJEBM EJTQFSTJPOT BSJTJOH
GSPN UIF FMFDUSJDBM EPVCMF MBZFS DSFBUFE CZ UIF DPVOUFSJPOT XIJDI DPOTJTUT PG UXP QBSUT
BO JOOFS BOE BO PVUFS SFHJPO ɨF JOOFS SFHJPO JT SFGFSSFE BT UIF 4UFSO MBZFS XIFSF UIF
JPOT BSF TUSPOHMZ CPVOE UP UIF QBSUJDMF XIFSFBT JO UIF PVUFS SFHJPO UIF JPOT BSF MFTT
mSNMZ BUUBDIFE BOE UIVT JU JT SFGFSSFE BT UIF EJĊVTF MBZFS .PSFPWFS UIF TMJQQJOH QMBOF
JT UIF CPVOEBSZ EFmOJOH UIF FMFDUSJDBM EPVCMF MBZFS XIFSF UIF JPOT XJUIJO UIF CPVOEBSZ
GPMMPX UIF QBSUJDMF NPWFNFOUT XIJMF UIF JPOT PVUTJEF UIF CPVOEBSZ EP OPU )FODF
UIF QPUFOUJBM BU UIF TMJQQJOH QMBOF JT UIF ζQPUFOUJBM XIJDI JT EFUFSNJOFE GSPN UIF
FMFDUSPQIPSFUJD NPCJMJUZ PG UIF QBSUJDMF 'VSUIFSNPSF ζQPUFOUJBM JT VTFE BT B RVBOUJUZ
UP FWBMVBUF UIF NBHOJUVEF PG UIF SFQVMTJWF FMFDUSPTUBUJD JOUFSBDUJPOT CFUXFFO DIBSHFE
DPMMPJEBM QBSUJDMFT IFODF JU HJWFT BO JOEJDBUJPO PG UIF TUBCJMJUZ PG UIF TZTUFN (FOFS
BMMZ UIF MJNJU PG B TUBCMF EJTQFSTJPO JT BU ± òï N7 BOE BCPWF XIFSFBT UIF UISFTIPME
GPS BHHSFHBUJPO JT BU ± ðô N7 BOE JO UIF SBOHF PG ðôoòï N7 UIF TZTUFN NBZ FJUIFS CF
BHHSFHBUFE PS EJTQFSTFE ɨF UFDIOJRVF JT CBTFE PO B DPNCJOBUJPO PG FMFDUSPQIPSFTJT
BOE MBTFS EPQQMFS WFMPDJNFUSZ JO PSEFS UP EFUFSNJOF UIF WFMPDJUZ PG B QBSUJDMF JO B NF
EJVN XJUI BO BQQMJFE mFME 'SPN UIF FMFDUSPQIPSFUJD NPCJMJUZ 	U&
 PG UIF QBSUJDMF UIF
ζQPUFOUJBM JT PCUBJOFE CZ BQQMZJOH UIF )FOSZ FRVBUJPO 	;FUBTJ[FS /BOP 4FSJFT 	ñïðñ


U& =
ñϵζf(κa)
òη . 	öõ

)FSF ϵ JT UIF EJFMFDUSJD DPOTUBOU ζ JT UIF ζQPUFOUJBM BOE f(κa) JT )FOSZT GVODUJPO
XIJDI EFQFOET PO UIF UIJDLOFTT PG UIF FMFDUSPTUBUJD EPVCMF MBZFS ðκ BOE UIF QBSUJDMF
SBEJVT a 5XP WBMVFT BSF DPOTJEFSFE BT BQQSPYJNBUJPOT GPS UIF EFUFSNJOBUJPO PG f(κa)
FJUIFS ðï PS ðô *O UIF MJNJU PG B UIJDL EPVCMF MBZFS XIFSF κa ≪ ðï f(κa) →
ðï XIJDI DPSSFTQPOET UP UIF )àDLFM NPCJMJUZ BOE JT NBJOMZ VTFE GPS TBNQMFT JO OPO
BRVFPVT NFEJB 'PS DPNQBDU 	UIJO
 EPVCMF MBZFST XIFSF κa ≫ ðï f(κa) → ðô
ôð
BOE JT SFGFSSFE UP UIF DMBTTJDBM 4NPMVDIPXTLJ MJNJU XIJDI XBT VTFE GPS UIF ζQPUFOUJBM
NFBTVSFNFOUT PG -BQPOJUF¥ DMBZ EJTQFSTJPOT JO 1BQFS ĚĚĚ BOE Ěħ ɨF TBNQMFT XFSF
GSFTIMZ NBEF BOE B NJOJNVN PG UISFF NFBTVSFNFOUT XFSF QFSGPSNFE GPS FBDI TBNQMF
"O BEWBOUBHF PG DPNCJOJOH UIF UFDIOJRVFT PG %-4 BOE ζQPUFOUJBM NFBTVSFNFOUT JT
UIBU UIF TBNF TBNQMF DBO CF VTFE QSPWJEJOH CPUI TUSVDUVSBM BOE TUBCJMJUZ QSPQFSUJFT GPS
UIF TBNF TZTUFN IFODF SFEVDJOH BOZ TPVSDF PG FSSPS JO UIF TBNQMF QSFQBSBUJPO
öõ 5SBOTNJTTJPO FMFDUSPO NJDSPTDPQZ
5SBOTNJTTJPO FMFDUSPO NJDSPTDPQZ 	5&.
 BOE DSZPHFOJD 5&. 	DSZP5&.
 BSF NJ
DSPTDPQZ UFDIOJRVFT XIFSF BO FMFDUSPO CFBN JT USBOTNJUUFE UISPVHI B TQFDJNFO 	B UIJO
MJRVJE mMN
 JO PSEFS UP QSPWJEF JOGPSNBUJPO PWFS UIF TJ[F UIF TIBQF BOE UIF NJDSP
TUSVDUVSF PG DPMMPJEBM QBSUJDMFT " EFTDSJQUJPO PG UIF UFDIOJRVF BOE FYBNQMFT PG TUVEJFE
TZTUFNT VTFE XJUI DSZP5&. DBO CF GPVOE JO UIF GPMMPXJOH SFGFSFODF "MNHSFO FU BM
	ñïïï

ɨF UFDIOJRVFT PG 5&. BOE DSZP5&. XFSF VTFE JO 1BQFS ĚĚĚ UP TUVEZ UIF UBDUPJE
GPSNBUJPO PG -BQPOJUF¥ QMBUFMFUT XJUI BEEJUJPO PG UIF USJWBMFOU TBMU MBOUIBOVN DIMPSJEF
	-B$Mò
 'PS UIF 5&.NFBTVSFNFOUT UIF TBNQMF TVTQFOTJPO XBT QJQFUUFE POUP B 5&.
HSJE 	DPOUJOVPVT GPSNWBSDBSCPO mMN PO ñïïNFTI DPQQFS
 HFOUMZ CMPUUFE VTJOH B mMUFS
QBQFS BOE BMMPXFE UP BJS ESZ "GUFSXBSET UIF HSJE XBT NPVOUFE PO B TUBOEBSE +&0-
TJOHMF UJMU IPMEFS BOE JNBHFE BU SPPN UFNQFSBUVSF PO B +&0- +&.ññïï'4 5&.
'PS UIF DSZP5&. NFBTVSFNFOUT UIF HSJET 	MBDFZ GPSNWBSDBSCPO mMN PO ñïï NFTI
DPQQFS
 XFSF mSTU HMPX EJTDIBSHFE ɨFSFBGUFS UIF TBNQMF TVTQFOTJPO XBT QJQFUUFE POUP
UIF HSJE JO B -FJDB &. (1 BVUPNBUJD QMVOHF GSFF[FS PQFSBUJOH BU ñð◦$ BOE SFMBUJWF
IVNJEJUZ PG øïǷ CBDLTJEF CMPUUFE GPS ñô T BOE QMVOHFE JOUP MJRVJE FUIBOF ɨF
WJUSJmFE TBNQMFT XFSF TUPSFE JO MJRVJE OJUSPHFO VOUJM VTFE 'PS JNBHJOH UIF TBNQMFT
XFSF USBOTGFSSFE POUP B DSZPHFOJD TBNQMF IPMEFS BOE JNBHFE PO B +&0- +&.ññïï'4
5&. XIFSF UIF UFNQFSBUVSF XBT NBJOUBJOFE CFMPX ðöô◦$ *O CPUI 5&. BOE DSZP
5&. UIF NJDSPTDPQF XBT PQFSBUJOH BU BO BDDFMFSBUJOH WPMUBHF PG ñïï L7 VUJMJTJOH UIF
PNFHB FOFSHZ mMUFS GPS DPOUSBTU FOIBODFNFOU ɨF JNBHJOH XBT QFSGPSNFE JO MPXEPTF
NPEF LFFQJOH UIF UPUBM FMFDUSPO EPTF QFS JNBHF CFMPX ôï F¯ñ ɨF BDRVJSFE JNBHFT
XFSF QSPDFTTFE JO *NBHF+ 4PGUXBSF 	4DIOFJEFS FU BM 	ñïðñ

 " SFQSFTFOUBUJWF DSZP
5&. JNBHF GPS UIF -BQPOJUF¥ EJTQFSTJPO BU UIF TUPDIJPNFUSJD DIBSHFSBUJP 	EFmOFE JO
&R 	ôö

 PG GPVS JT TIPXO JO 'JHVSF öó
'PS BOJTPUSPQJD DPMMPJEBM QBSUJDMFT TVDI BT DMBZ QMBUFMFUT UIF DPOUSBTU EFQFOET TUSPOHMZ
PO UIFJS PSJFOUBUJPO XJUI SFTQFDU UP UIF FMFDUSPO CFBN ɨF EJĊSBDUJPO DPOUSBTU JT TUSPOH
XIFO UIF CBTBM QMBOF PG UIF QMBUFMFUT JT PSJFOUFE QBSBMMFM UP UIF FMFDUSPO CFBN XIFSF
UIF QMBUFMFUT BQQFBS BT EBSL MJOFT 	PS wmMBNFOUTw
 JO UIF 5&. BOE DSZP5&. JNBHF
ôñ
*O BEEJUJPO 'SFTOFM GSJOHFT NBZ BQQFBS PO CPUI TJEFT PG UIF QMBUFMFUT XIJDI BSF NPSF
PS MFTT QSPOPVODFE EFQFOEJOH PO UIF EFGPDVT PG UIF PCKFDUJWF MFOT BOE UIFTF DBO BS
UJmDJBMMZ JODSFBTF UIF WBMVF PG UIF QMBUFMFU UIJDLOFTT 	)FSSFSB FU BM 	ñïïó

 'PS UIF
QMBUFMFUT XIFSF UIF CBTBM QMBOF JT SFMBUJWFMZ QFSQFOEJDVMBS UP UIF FMFDUSPO CFBN UIF EJG
GSBDUJPO DPOUSBTU JT NVDI XFBLFS IFODF UIFTF QMBUFMFUT BSF IBSE UP EFUFDU EVF UP UIF
TNBMM QMBUFMFU UIJDLOFTT PG ∼ ð ON 'VSUIFSNPSF JU JT QPTTJCMF UP QFSGPSN RVBOUJUBU
JWF BOBMZTJT GSPN DSZP5&. JG TVċDJFOU TUBUJTUJDT PO UIF TBNQMF BSF PCUBJOFE ɨFTF
BOBMZTFT JODMVEF UIF UIJDLOFTT PG UIF QMBUFMFUT UIF NFBODSPTT TFDUJPOBM MFOHUI BOE UIF
BWFSBHF JOUFSMBZFS EJTUBODF PS E TQBDJOH 'PS UIF TBNQMF JO 'JHVSF öó  UIF UIJDLOFTT
XBT FTUJNBUFE UP ðñ ± ïð ON UIF NFBODSPTT TFDUJPOBM MFOHUI BT ðô ± õ ON BOE UXP
QSFGFSFOUJBM E TQBDJOHT XFSF GPVOE POF NPSF QSPNJOFOU BU ññ ± ïñ ON BOE BOPUIFS
XFBLFS BU ðò ± ïð ON
'JHVSF öó " SFQSFTFOUBUJWF DSZP5&. JNBHF GPS UIF -BQPOJUF¥ DMBZ EJTQFSTJPO XJUI BEEJUJPO PG UIF USJWBMFOU TBMU
MBOUIBOVN DIMPSJEF 	-B$Mò
 BU UIF TUPJDIJPNFUSJD DIBSHFSBUJP CFUXFFO UIF QPTJUJWF TBMU JPOT BOE UIF DMBZ
QMBUFMFUT FRVBM UP GPVS ɨF EBSL MJOFT BSF UIF -BQPOJUF¥ QMBUFMFUT TFFO XJUI UIF CBTBM QMBOF PSJFOUFE QBSBMMFM
UP UIF FMFDUSPO CFBN
ôò

÷ ɧF SFTFBSDI
÷ð ɧF FĊFDU PG #KFSSVN MFOHUI
ɨF QIZTJPDIFNJDBM QSPQFSUJFT PG DPMMPJEBM EJTQFSTJPOT TVDI BT DMBZ EJTQFSTJPOT BSF
QSJNBSJMZ EFUFSNJOFE CZ UIF NFDIBOJTN PG JPOJD FYDIBOHF JO UIF EPVCMF MBZFS BOE
UIF SFMFBTF PG DPVOUFSJPOT BMPOH XJUI UIF DIBSHF EJTUSJCVUJPO UIF DPODFOUSBUJPO UIF
WPMVNF BT XFMM BT UIF TJ[F BOE UIF TIBQF PG UIF DPMMPJEBM QBSUJDMF .PSFPWFS UIF FMFD
USPTUBUJD JOUFSBDUJPOT XJUIJO UIF TZTUFN BSF FOIBODFE XJUI UFNQFSBUVSF JO BO BRVFPVT
TPMVUJPO BSJTJOH GSPN UIF EFDSFBTF JO UIF SFMBUJWF QFSNJUUJWJUZ XJUI UFNQFSBUVSF ɨJT
DPSSFMBUFT UP UIF #KFSSVN MFOHUI BDDPSEJOH UP
l# ∝ 1
ϵr(T )T
, 	÷ð

XIFSF UIF QSPEVDU PG UIF SFMBUJWF QFSNJUUJWJUZ BOE UIF UFNQFSBUVSF EFDSFBTFT XJUI BO
JODSFBTF JO UFNQFSBUVSF GPS BRVFPVT TPMVUJPOT )FODF UIF #KFSSVN MFOHUI JODSFBTFT
BOE UIF BUUSBDUJWF JPOJPO DPSSFMBUJPO GPSDFT CFDPNF FOIBODFE ɨF FĊFDU PG UIF #KFS
SVN MFOHUI DBO UIFSFGPSF CF TUVEJFE CZ FJUIFS WBSZJOH UIF UFNQFSBUVSF PS UIF TPMWFOU
DPNQPTJUJPO XIJDI DPSSFMBUFT UP B DIBOHF JO UIF SFMBUJWF QFSNJUUJWJUZ ɨF GPSNFS XBT
JOWFTUJHBUFE JO 1BQFS Ě GPS UIF OBUVSBM DMBZ NPOUNPSJMMPOJUF XIFSF JU XBT PCTFSWFE
GSPN UIF .% TJNVMBUJPOT JO UIF /15 FOTFNCMF UIBU UIF TZTUFN XJUI NPOPWBMFOU
DPVOUFSJPOT DPSSFTQPOEJOH UP /BNPOUNPSJMMPOJUF XBT EPNJOBUFE CZ FOUSPQJD SF
QVMTJWF JOUFSBDUJPOT XIFSF UIF QMBUFMFUT QSFGFSSFE UP CF GBS BQBSU ɨJT XBT EFUFSN
JOFE GSPN UIF MBSHF WPMVNF QFS QMBUFMFU XIJDI JODSFBTFE XJUI UFNQFSBUVSF JOEJDBUJOH
UIBU UIF TXFMMJOH QSFTTVSF JODSFBTFT XJUI UFNQFSBUVSF ɨF TXFMMJOH CFIBWJPVS PG /B
NPOUNPSJMMPOJUF XBT WBMJEBUFE XJUI 4"94 XIFSF OP #SBHH QFBLT XFSF PCUBJOFE SF
HBSEMFTT PG UFNQFSBUVSF XIJDI JT DPSSPCPSBUFE CZ UIF TXFMMJOH QSFTTVSF NFBTVSFE VTJOH
UIF UFTU DFMM 	ɨVSFTTPO FU BM 	ñïðõB

 BOE JO BHSFFNFOU XJUI UIF %-70 UIFPSZ
'PS UIF DMBZ TZTUFN XJUI QSFEPNJOBOUMZ EJWBMFOU DPVOUFSJPOT DPSSFTQPOEJOH UP $Bñ
ôô
NPOUNPSJMMPOJUF B SFEVDFE PTNPUJD QSFTTVSF BOE BO JODSFBTF JO UIF BWFSBHF OVNCFS
PG QMBUFMFUT QFS UBDUPJE XJUI UFNQFSBUVSF XFSF PCUBJOFE GSPN .% TJNVMBUJPOT JO UIF
/75 FOTFNCMF ɨJT BSJTFT GSPN UIF FOIBODFE JPOJPO DPSSFMBUJPO GPSDFT EVF UP UIF
JODSFBTFE #KFSSVN MFOHUI ɨF TBNF CFIBWJPVS XBT GPVOE GPS UIF TXFMMJOH QSFTTVSF
PG $BñNPOUNPSJMMPOJUF XIJDI EFDSFBTFE XJUI BO JODSFBTFE UFNQFSBUVSF 	ɨVSFTTPO
FU BM 	ñïðõB

 ɨJT PCTFSWBUJPO JT JO EJTBHSFFNFOU XJUI UIF %-70 UIFPSZ XIJDI QSF
EJDUT UIBU UIF PTNPUJD QSFTTVSF JODSFBTFT XJUI UFNQFSBUVSF GPS NPOPWBMFOU BT XFMM BT
EJWBMFOU DPVOUFSJPOT 'SPN UIF 4"94 NFBTVSFNFOUT 	'JH ÷ðB
 JU XBT GPVOE UIBU UIF
'8). EFDSFBTFE XJUI BO JODSFBTFE UFNQFSBUVSF JOEJDBUJOH UIBU UIF UBDUPJET HSPX JO
TJ[F 'PS UIF UFNQFSBUVSFT PG ôô◦$ BOE øï◦$ B TNBMM EJĊFSFODF JO UIF BWFSBHF OVN
CFS PG QMBUFMFUT XBT GPVOE XIFSFBT B MBSHFS EFWJBUJPO XBT PCUBJOFE GPS ñô◦$ ɨJT NBZ
CF BTTPDJBUFE XJUI B DIBOHF JO UIF NJDSPTUSVDUVSF PG UIF TZTUFN ɨF QPTJUJPO PG UIF
#SBHH QFBL TIJGUFE UPXBSET IJHIFS qWBMVFT XJUI UFNQFSBUVSF JOEJDBUJOH UIBU UIF BWFS
BHF JOUFSMBZFS EJTUBODF CFUXFFO UIF QMBUFMFUT EFDSFBTFE GSPN∼ðøò UP ð÷ø ON DPSSFT
QPOEJOH UP UISFF XBUFS MBZFST GPS ñô◦$ UP øï◦$ "U ô◦$ UIF 4"94 EBUB XBT DPNQPTFE
CZ B TVQFSQPTJUJPO PG UXP #SBHH QFBLT XJUI BO BWFSBHF EJTUBODF PG∼ðøoñð ON DPSSFT
QPOEJOH UP B DPNCJOBUJPO PG UISFF UP GPVS XBUFS MBZFST JO BHSFFNFOU XJUI UIF QSFWJPVT
XPSL CZ 4WFOTTPO  )BOTFO 	ñïðò
 " RVBMJUBUJWF BHSFFNFOU CFUXFFO UIF TJNVMBUJPOT
BOE UIF FYQFSJNFOUBM EBUB XFSF PCTFSWFE GPS UIF FĊFDU PG UFNQFSBUVSF XIFSF UIF GPM
MPXJOH USFOET XFSF DBQUVSFE 	J
 UIF JOUFSMBZFS EJTUBODF CFUXFFO UIF QMBUFMFUT EFDSFBTFE
BOE 	JJ
 UIF BWFSBHF OVNCFS PG QMBUFMFUT QFS UBDUPJE JODSFBTFE ɨF MBUUFS JT JMMVTUSBUFE
JO 'JHT ÷ðCo÷ðE XIFSF SFQSFTFOUBUJWF DPOmHVSBUJPOT GSPN UIF .% TJNVMBUJPOT BSF
TIPXO GPS UIF UFNQFSBUVSFT PG ô◦$ ñô◦$ BOE øô◦$
ôõ
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'JHVSF ÷ð 	B
 4"94 JOUFOTJUJFT SFQSFTFOUFE BT ,SBULZ QMPUT PWFS B OBSSPX qSBOHF GPS UIF UFNQFSBUVSF NFBTVSFNFOUT PG
$BñNPOUNPSJMMPOJUF ɨF JOUFOTJUJFT BSF OPSNBMJTFE BU q ≈ ð ONð 	C
 o 	E
 3FQSFTFOUBUJWF DPOmHVSBUJPOT
PCUBJOFE GSPN UIF.% TJNVMBUJPOT GPS $BñNPOUNPSJMMPOJUF BU UIF UFNQFSBUVSFT PG 	C
 ô◦$ 	D
 ñô◦$ BOE
	E
 øô◦$ ɨF DPVOUFSJPOT BSF PNJUUFE GPS DMBSJUZ UIF QMBUFMFUT BSF TIPXO JO HSFZ BOE UIF DVCJD TJNVMBUJPO
CPY JT TIPXO JO CMBDL 	QFSJPEJD JNBHFT BSF TIPXO PVUTJEF UIF TJNVMBUJPO CPY

'VSUIFSNPSF UIF FĊFDU PG UIF TVSGBDF DIBSHF EFOTJUZ PO UIF DSPTTPWFS CFUXFFO B OFHBUJWF
BOE B QPTJUJWF PTNPUJD QSFTTVSF SFTQPOTF XJUI UFNQFSBUVSF XBT TUVEJFE GPS UXP QBSBMMFM
TVSGBDFT XJUI.$ TJNVMBUJPOT *U XBT GPVOE UIBU UIF %-70 UIFPSZ JT RVBMJUBUJWFMZ WBMJE
XJUI EJWBMFOU DPVOUFSJPOT JG UIF OFU TVSGBDF DIBSHF EFOTJUZ JT CFMPX ïñ FONñ XIFSF B
QPTJUJWF PTNPUJD QSFTTVSF SFTQPOTF XJUI UFNQFSBUVSF XBT PCUBJOFE ɨJT DPOmSNT UIBU
UIF FMFDUSPTUBUJD JOUFSBDUJPOT XJUIJO UIF TZTUFN BMPOF DBO HJWF B QPTJUJWF OFHBUJWF PS
DPOTUBOU PTNPUJD QSFTTVSF SFTQPOTF XJUI UFNQFSBUVSF EFQFOEJOH PO UIF TVSGBDF DIBSHF
EFOTJUZ BT XFMM BT PO UIF DPVOUFSJPO DIBSHF SBUJP
ɨF FMFDUSPTUBUJD JOUFSBDUJPOT XJUIJO B TZTUFN PG DIBSHFE DPMMPJEBM QBSUJDMFT DBO BMTP CF
UVOFE WJB UIF TPMWFOU QSPQFSUJFT XIFSF B SFEVDFE SFMBUJWF QFSNJUUJWJUZ SFTVMUT JO BO JO
DSFBTFE #KFSSVN MFOHUI 	&R ÷ð
 XIFSFCZ JPOJPO DPSSFMBUJPO GPSDFT CFDPNF FOIBODFE
'PS DMBZ EJTQFSTJPOT UIF DMBZTPMWFOU JOUFSBDUJPOT IBWF CFFO FYUFOTJWFMZ TUVEJFE GPS UIF
OBUVSBM NPOUNPSJMMPOJUF DMBZ JO XBUFS 	/PSSJTI 	ðøôó

 BOE PSHBOJD TPMWFOUT 	#SJOEMFZ
3BZ 	ðøõó
 %PXEZ.PSUMBOE 	ðøõö
.FU[ FU BM 	ñïðô

 BT XFMM BT JO XBUFSPSHBOJD
ôö
NJYUVSFT 	#SJOEMFZ FU BM 	ðøõø

 ɨF TXFMMJOH PG ESZ /BNPOUNPSJMMPOJUF XJUI FUI
BOPM IBT CFFO TUVEJFE XJUI BUPNJTUJD DPNQVUFS TJNVMBUJPOT CZ .FU[ FU BM 	ñïðô
 ɨFZ
GPVOE UIBU UIF JOJUJBM TXFMMJOH XBT BTTPDJBUFE XJUI B MBSHF FOFSHZ CBSSJFS XIFO UIF mSTU
FUIBOPM NPMFDVMF JT NPWFE JOUP UIF JOUFSMBZFS SFHJPO XIJDI JT JO DPOUSBTU UP UIF TXFMM
JOH CFIBWJPVS PCTFSWFE JO XBUFS )PXFWFS UIF QPTTJCJMJUZ PG UIF GPSNBUJPO PG B NPOP
MBZFS BOE B USBOTJUJPO UP B CJMBZFS PG FUIBOPM XBT TUJMM DBQUVSFE XIFSF JU XBT GPVOE UIBU
UIF CFIBWJPVS PG UIF TPEJVN JPOT XBT EJĊFSFOU JO FUIBOPM DPNQBSFE UP XBUFS *O FUI
BOPM UIF TPEJVN JPOT UFOE UP BHHSFHBUF BU UIF DMBZ TVSGBDF SBUIFS UIBO CFJOH EJTQFSTFE
JO UIF TPMWFOU
ɨF FĊFDU PG #KFSSVN MFOHUI GPS UIF BMUFSOBUJPO PG UIF TPMWFOU QSPQFSUJFT XBT TUVEJFE
JO 1BQFS ĚĚ GPS UIF OBUVSBM DMBZ NJOFSBM NPOUNPSJMMPOJUF JO XBUFSFUIBOPM NJYUVSFT
#Z SFEVDJOH UIF SFMBUJWF QFSNJUUJWJUZ PG UIF CVML TPMWFOU B USBOTJUJPO GSPN B SFQVMTJWF
UP BO BUUSBDUJWF TZTUFN XBT PCTFSWFE GPS /BNPOUNPSJMMPOJUF ɨJT CFIBWJPVS XBT
DBQUVSFE XJUI 4"94 	'JH ÷ñB
 XIFSF #SBHH QFBLT XFSF PCTFSWFE GPS UIF GSBDUJPOT
PG ≥ õï XUǷ FUIBOPM JOEJDBUJOH UIF GPSNBUJPO PG UBDUPJET 'PS B GVSUIFS JODSFBTF JO
FUIBOPM VQ UP øô XUǷ UIF QPTJUJPO PG UIF #SBHH QFBL TIJGUFE UPXBSET IJHIFS qWBMVFT
BOE UIF '8). EFDSFBTFE DPSSFTQPOEJOH UP B SFEVDFE BWFSBHF JOUFSMBZFS EJTUBODF
CFUXFFO UIF QMBUFMFUT XJUIJO UIF UBDUPJET PG∼ ñð÷ UP ðöï ON BOE BO JODSFBTFE BWFSBHF
OVNCFS PG QMBUFMFUT QFS UBDUPJE PG∼ðð UP ñô ɨF FYQFSJNFOUBM SFTVMUT XFSF JO RVBMJUBUJWF
BHSFFNFOU XJUI UIF PCUBJOFE SFTVMUT GSPN UIF .% BOE .$ TJNVMBUJPOT XIFSF UIF
TPMWFOU XBT USFBUFE JNQMJDJUMZ BOE SFQSFTFOUFE CZ UIF UFNQFSBUVSFEFQFOEFOU SFMBUJWF
QFSNJUUJWJUZ PG UIF CVML TPMWFOU ɨF DSPTTPWFS JT JMMVTUSBUFE JO 'JHT ÷ñC o ÷ñD XIFSF
SFQSFTFOUBUJWF DPOmHVSBUJPOT GSPN UIF .% TJNVMBUJPOT BSF TIPXO GPS ï BOE ðïï XUǷ
FUIBOPM "U ï XUǷ FUIBOPM 	XBUFS
 POMZ TJOHMF QMBUFMFUT XFSF GPVOE JO UIF TZTUFN BOE
BT UIF DPODFOUSBUJPO PG FUIBOPM XBT JODSFBTFE UIF QMBUFMFUT TUBSUFE UP BHHSFHBUF VOUJM BMM
QMBUFMFUT IBE BHHSFHBUFE BOE GPSNFE UBDUPJET BU ðïï XUǷ FUIBOPM
*O BEEJUJPO UIF JOUSBDSZTUBMMJOF TXFMMJOH XIJDI XBT EJSFDUMZ NFBTVSFE VTJOH UIF UFTU
DFMM XBT TJHOJmDBOUMZ SFEVDFE XIFO JODSFBTJOH UIF GSBDUJPO PG FUIBOPM XIJDI DPOmSNT
UIF USBOTJUJPO GSPN B SFQVMTJWF UP BO BUUSBDUJWF TZTUFN ɨF SFWFSTJCJMJUZ XBT DBQUVSFE
CZ DIBOHJOH UIF TPMWFOU CBDL UP XBUFS XIFSF UIF TXFMMJOH QSFTTVSF SFUVSOFE UP JUT JOJUJBM
WBMVF %VSJOH UIJT FYDIBOHF B MBSHF QFBL FNFSHFE JO UIF TXFMMJOH QSFTTVSF EBUB BOE
PVS IZQPUIFTJT JT UIBU EVSJOH UIJT USBOTJUJPO UIF JOUFSDBMBUFE FUIBOPM NPMFDVMFT XFSF
TVDDFTTJWFMZ SFQMBDFE CZ XBUFS NPMFDVMFT
ô÷
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'JHVSF ÷ñ 	B
 4"94 JOUFOTJUJFT SFQSFTFOUFE BT ,SBULZ QMPUT PWFS B OBSSPX qSBOHF GPS UIF NFBTVSFNFOUT PG /B
NPOUNPSJMMPOJUF JO XBUFSFUIBOPM NJYUVSFT ɨF JOUFOTJUJFT BSF OPSNBMJTFE BU q ≈ ð ONð 	C
 BOE 	D

3FQSFTFOUBUJWF DPOmHVSBUJPOT GPS /BNPOUNPSJMMPOJUF JO XBUFSFUIBOPM NJYUVSFT PCUBJOFE GSPN UIF .%
TJNVMBUJPOT XJUI 	C
 ï BOE 	D
 ðïï XUǷ FUIBOPM ɨF DPVOUFSJPOT BSF PNJUUFE GPS DMBSJUZ UIF QMBUFMFUT BSF
TIPXO JO HSFZ BOE UIF DVCJD TJNVMBUJPO CPY JT TIPXO JO CMBDL 	QFSJPEJD JNBHFT BSF TIPXO PVUTJEF UIF
TJNVMBUJPO CPY

*O PSEFS UP GVSUIFS FWBMVBUF JG UIF TUSVDUVSBM QSPQFSUJFT PG /BNPOUNPSJMMPOJUF JO B
XBUFSFUIBOPM NJYUVSF DBO CFIBWF RVBMJUBUJWFMZ TJNJMBS BT $BñNPOUNPSJMMPOJUF JO XB
UFS UIF TZTUFNT PG /BNPOUNPSJMMPOJUF BU øô XUǷ FUIBOPM BOE $BñNPOUNPSJMMPOJUF
BU ï XUǷ FUIBOPM XFSF DPNQBSFE 'SPN UIF 4"94 EBUB UIF #SBHH QFBL GPS /B
NPOUNPSJMMPOJUF XBT MPDBUFE BU B IJHIFS qWBMVF BOE IBE B OBSSPXFS '8). )FODF
B TNBMMFS JOUFSMBZFS EJTUBODF CFUXFFO UIF QMBUFMFUT JO UIF UBDUPJET BOE B HSFBUFS BWFSBHF
OVNCFS PG QMBUFMFUT QFS UBDUPJE XFSF PCUBJOFE GPS /BNPOUNPSJMMPOJUF BU øô XUǷ FUI
BOPM DPNQBSFE UP $BñNPOUNPSJMMPOJUF BU ï XUǷ FUIBOPM ɨJT DBO CF RVBMJUBUJWFMZ
FYQMBJOFE GSPN UIF DPVQMJOH QBSBNFUFS XIJDI JT ∼ñ÷ GPS NPOPWBMFOU JPOT JO FUIBOPM
BOE ∼ñô GPS EJWBMFOU JPOT JO XBUFS ɨVT UIFSF BSF TUSPOHFS BUUSBDUJWF JOUFSBDUJPOT EVF
UP UIF TUSPOHFS DPVQMJOH GPS NPOPWBMFOU JPOT JO FUIBOPM DPNQBSFE UP EJWBMFOU JPOT JO
XBUFS
ôø
'PS $BñNPOUNPSJMMPOJUF B OPONPOPUPOJD CFIBWJPVS PG UIF JOUSBDSZTUBMMJOF TXFMM
JOH BT B GVODUJPO PG FUIBOPM DPODFOUSBUJPO XBT DBQUVSFE FYQFSJNFOUBMMZ XIFSF CPUI
UIF TXFMMJOH QSFTTVSF BOE UIF QPTJUJPO PG UIF #SBHH QFBLT JO UIF 4"94 EBUB EJTQMBZFE
B TUSPOH EFQFOEFODF PO UIF FUIBOPM DPODFOUSBUJPO 	'JH ÷ò
 ɨF TXFMMJOH QSFTTVSF
JODSFBTFE VOUJM UIF FUIBOPM GSBDUJPO PG ñï XUǷ XBT SFBDIFE JO UIF TBNQMF BOE UIF #SBHH
QFBL TIJGUFE UPXBSET MPXFS qWBMVFT DPNQBSJOH UIF TBNQMFT PG ï BOE ñï XUǷ FUIBOPM
ɨJT JOEJDBUFT UIBU UIFSF BSF TUSPOHFS TIPSUSBOHFE SFQVMTJWF GPSDFT BU MPXFS DPODFOUSB
UJPOT PG FUIBOPM BOE UIBU UIF JOUFSMBZFS EJTUBODF CFUXFFO UIF QMBUFMFUT JO UIF UBDUPJET
JODSFBTFT "U õï XUǷ FUIBOPM B TVQFSQPTJUJPO PG UXP #SBHH QFBLT XBT GPVOE JO UIF
TDBUUFSJOH EBUB BOE UIF TXFMMJOH QSFTTVSF XBT BQQSPYJNBUFMZ JO UIF TBNF SFHJNF BT GPS
UIF TBNQMF JO XBUFS ɨJT JOEJDBUFT UIBU UIFSF JT B DPNQFUJUJPO CFUXFFO UXP EJĊFSFOU
JOUFSMBZFS EJTUBODFT FJUIFS GPS UIF JOUFSDBMBUFE FUIBOPM BOE XBUFS PS GPS UXP FUIBOPM
DPODFOUSBUJPOT 8JUI B GVSUIFS JODSFBTF JO UIF GSBDUJPO PG FUIBOPM VQ UP øô XUǷ UIF
#SBHH QFBL TIJGUFE UP IJHIFS qWBMVFT DPSSFTQPOEJOH UP BO JOUFSMBZFS EJTUBODF CFUXFFO
UIF QMBUFMFUT PG ∼ðöï ON BOE UIF TXFMMJOH QSFTTVSF SFEVDFE TJHOJmDBOUMZ EVF UP UIF
FOIBODFE JPOJPO DPSSFMBUJPO GPSDFT .PSFPWFS GSPN UIF TXFMMJOH QSFTTVSF NFBTVSF
NFOUT UIF SFWFSTJCJMJUZ PG UIF TZTUFN XBT DPOmSNFE XIFO DIBOHJOH UIF TPMWFOU CBDL
UP XBUFS
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'JHVSF ÷ò 	B
 ɨF TXFMMJOH QSFTTVSF BT B GVODUJPO PG UIF GSBDUJPO PG FUIBOPM GPS $BñNPOUNPSJMMPOJUF XIFSF UIF EBTI
EPUUFE MJOF JT B HVJEF GPS UIF FZF 	C
 4"94 JOUFOTJUJFT SFQSFTFOUFE BT ,SBULZ QMPUT PWFS B OBSSPX qSBOHF
GPS UIF NFBTVSFNFOUT PG $BNPOUNPSJMMPOJUF JO XBUFSFUIBOPM NJYUVSFT ɨF JOUFOTJUJFT BSF OPSNBMJTFE BU
q ≈ ð ONð
ɨF OPONPOPUPOJD CFIBWJPVS PG UIF JOUSBDSZTUBMMJOF TXFMMJOH JO XBUFSFUIBOPM NJY
UVSFT GPS $BñNPOUNPSJMMPOJUF JT JO BHSFFNFOU XJUI UIF SFTVMUT PCUBJOFE GSPN 9SBZ
EJĊSBDUPNFUSZ 	#SJOEMFZ FU BM 	ðøõø

 *U XBT PCTFSWFE UIBU UIF CBTBM TQBDJOH JODSFBTFE
BU MPX DPODFOUSBUJPOT PG FUIBOPM BOE CFZPOE UIF NBYJNVN FYQBOTJPO UIF CBTBM TQB
DJOH EJNJOJTIFE BCSVQUMZ ɨF JOJUJBM JODSFBTF JO UIF CBTBM TQBDJOH XBT FYQMBJOFE UP BSJTF
GSPN UIF SFQMBDFNFOU PG XBUFS NPMFDVMFT XJUI UIF MBSHFS FUIBOPM NPMFDVMFT IFODF BO
õï
FYDMVEFE WPMVNF FĊFDU *U XBT BMTP DPODMVEFE UIBU UIF JOJUJBM JODSFBTF JT OPU DPNQBU
JCMF XJUI UIF SFEVDFE SFMBUJWF QFSNJUUJWJUZ EVF UP UIF GBDU UIBU UIJT XPVME FOIBODF UIF
BUUSBDUJWF FMFDUSPTUBUJD GPSDFT )PXFWFS CPUI FĊFDUT DBO CF QSFTFOU JO UIF TZTUFN BOE
UIF JOUFSBDUJPOT DBO CF FYQMBJOFE UISPVHI UIF JOUSJDBUF CBMBODF PG 	J
 UIF QBSUJUJPOJOH
PG UIF TPMWFOU NPMFDVMFT 	JJ
 UIF FMFDUSPTUBUJD SFQVMTJWF GPSDFT BOE 	JJJ
 UIF FOIBODFE
JPOJPO DPSSFMBUJPO GPSDFT
ɨFPSFUJDBMMZ B NPOPUPOJD USFOE GPS UIF PTNPUJD QSFTTVSF BT B GVODUJPO PG FUIBOPM DPO
DFOUSBUJPO XBT DBQUVSFE GPS $BñNPOUNPSJMMPOJUF XIJDI XBT OPU DPOTJTUFOU XJUI UIF
FYQFSJNFOUBM PCTFSWBUJPOT )FODF UIF OPONPOPUPOJD CFIBWJPVS PG UIF JOUSBDSZTUBM
MJOF TXFMMJOH DPVME OPU CF DBQUVSFE XJUI UIF DPOUJOVVN NPEFM XIJDI JT QSPCBCMZ EVF
UP UIF MBDL PG QBSUJUJPOJOH PG UIF TPMWFOU NPMFDVMFT BOE UIF MJNJUBUJPO UIBU UIF FMFDUSP
TUBUJD JOUFSBDUJPOT TPMFMZ FOUFST UIF )BNJMUPOJBO WJB UIF #KFSSVN MFOHUI *O QSJODJQMF
UIF DPOUJOVVN NPEFM TIPVME CF WBMJE XJUI SFTQFDU UP UIF FMFDUSPTUBUJD JOUFSBDUJPOT
IPXFWFS UIF FĊFDU PG UIF BMUFSOBUJPO PG UIF SFMBUJWF QFSNJUUJWJUZ XJUI XBUFSFUIBOPM
NJYUVSFT DPVME CF PWFSSVMFE CZ PUIFS FĊFDUT GPS FYBNQMF 	J
 UIF EJĊFSFODF JO TJ[F
CFUXFFO UIF TPMWFOU NPMFDVMFT 	JJ
 UIF EFOTJUZ DIBOHFT BTTPDJBUFE XJUI UIF TPMWFOU JO
UFSBDUJPOT BOEPS 	JJJ
 UIF HFPNFUSZ PG UIF TPMWFOU NPMFDVMFT *O PSEFS UP DBQUVSF UIF
CFIBWJPVST PCTFSWFE FYQFSJNFOUBMMZ B UIFPSFUJDBM NPEFM DPOTJEFSJOH UIF JOUFSBDUJPOT
CFUXFFO UIF TPMWFOU NPMFDVMFT BOE UIF DMBZ QMBUFMFUT JT OFFEFE " HPPE DBOEJEBUF JT B
NPEFM XIFSF UIF TPMWFOU JT USFBUFE FYQMJDJUMZ
÷ñ ɧF FĊFDU PG DPVOUFSJPO WBMFODZ BOE TBMU
ɨF TXFMMJOH BOE TUBCJMJUZ PG MJLFDIBSHFE DPMMPJEBM EJTQFSTJPOT TVDI BT DMBZ EJTQFSTJPOT
BSF TUSPOHMZ EFQFOEFOU PO UIF DPVOUFSJPO WBMFODZ BOE UIF TVSGBDF DIBSHF EFOTJUZ *O
1BQFS Ě UIF FĊFDU PG UIF DPVOUFSJPO WBMFODZ XBT TUVEJFE CZ WBSZJOH UIF SBUJP PG NPOP
WBMFOUEJWBMFOU DPVOUFSJPOT GPS UIF DMBZ NPOUNPSJMMPOJUF #Z JODSFBTJOH UIF BNPVOU
PG EJWBMFOU DPVOUFSJPOT JO UIF TZTUFN B DSPTTPWFS XBT PCUBJOFE DPSSFTQPOEJOH UP B
USBOTJUJPO GSPN SFQVMTJWF UP BUUSBDUJWF JOUFSBDUJPOT XJUIJO UIF TZTUFN 'SPN UIF .%
TJNVMBUJPOT JO UIF /15 FOTFNCMF UIF DSPTTPWFS XBT PCTFSWFE GPS UIF WPMVNF SFTQPOTF
XJUI UFNQFSBUVSF XIJDI DIBOHFE TJHO GSPN QPTJUJWF UP OFHBUJWF XJUI BO JODSFBTF JO
EJWBMFOU DPVOUFSJPO DIBSHF *O UIF WJDJOJUZ PG UIF DSPTTPWFS B NJOJNVN XBT GPVOE
XIFSF UIF EFDSFBTF JO WPMVNF BSJTFT GSPN UIF FĊFDUT PG 	J
 UIF TJOHMF QMBUFMFUT GPSN UBDU
PJET 	JJ
 UIF UBDUPJET HSPX JO TJ[F BOE 	JJJ
 UIF JOUFSMBZFS EJTUBODF CFUXFFO UIF QMBUFMFUT
XJUIJO B UBDUPJE JT SFEVDFE ɨF DSPTTPWFS XBT BU∼÷ïǷ BOE∼øïǷ DBMDJVN GPS UIF QSFT
TVSFT PG ðï BOE ïñ CBS SFTQFDUJWFMZ ɨF UIFPSFUJDBM SFTVMUT XFSF WBMJEBUFE XJUI 4"94
XIFSF DMBZ EJTQFSTJPOT PG $Bñ/BNPOUNPSJMMPOJUF NJYUVSFT XFSF NFBTVSFE 'SPN
UIF TDBUUFSJOH JOUFOTJUJFT 	'JH ÷ó
 OP #SBHH QFBLT XFSF WJTJCMF GPS UIF TBNQMFT XJUI
≤ õïǷ DBMDJVN JOEJDBUJOH UIBU UIF TZTUFNT XFSF EPNJOBUFE CZ SFQVMTJWF JOUFSBDUJPOT
õð
XIFSFBT GPS≥ ÷ïǷ DBMDJVN #SBHH QFBLT XFSF DMFBSMZ PCTFSWFE DPOmSNJOH UIBU UBDUPJET
XFSF GPSNFE JO UIF TBNQMFT ɨF UBDUPJEBM HSPXUI XBT DPOmSNFE GSPN UIF '8).
XIJDI EFDSFBTFE XJUI BO JODSFBTF JO GSBDUJPO PG EJWBMFOU DPVOUFSJPOT ɨFTF SFTVMUT BSF
JO BHSFFNFOU XJUI UIF FYQFSJNFOUBM 	)FETUSÚN FU BM 	ñïðð

 BOE UIFPSFUJDBM 	4FHBE
FU BM 	ñïðï

 TUVEJFT GPS NJYUVSFT PG $Bñ/BNPOUNPSJMMPOJUF EJTQFSTJPOT XIFSF JU
XBT GPVOE UIBU DMBZ EJTQFSTJPOT XJUI ∼ñïǷ PS NPSF TPEJVN CFIBWFT RVBMJUBUJWFMZ MJLF
/BNPOUNPSJMMPOJUF
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'JHVSF ÷ó 4"94 JOUFOTJUJFT SFQSFTFOUFE BT ,SBULZ QMPUT PWFS B OBSSPX qSBOHF GPS UIF NFBTVSFNFOUT PG $Bñ/B
NPOUNPSJMMPOJUF NJYUVSFT XJUI EJĊFSFOU GSBDUJPOT PG DBMDJVN DPVOUFSJPOT ɨF JOUFOTJUJFT BSF OPSNBMJTFE
BU q ≈ ð ONð
'VSUIFSNPSF UIF EFTUBCJMJTBUJPO PG MJLFDIBSHFE DPMMPJEBM EJTQFSTJPOT JT NPSF FWJEFOU
XJUI BEEJUJPO PG NVMUJWBMFOU TBMU BOE IJHI TBMU DPODFOUSBUJPOT EVF UP UIF FYJTUFODF PG
BUUSBDUJWF JPOJPO DPSSFMBUJPO GPSDFT 	0ODTJL FU BM 	ñïðó
 5FSBP  /BLBZBNB 	ñïïð

%FMWJMMF 	ñïïñ

 6QPO BEEJUJPO PG NVMUJWBMFOU TBMU UP DMBZ EJTQFSTJPOT XJUI NPOP
WBMFOU DPVOUFSJPOT UIFSF XJMM CF BO JPOJD FYDIBOHF JO UIF EPVCMF MBZFS BOE B SFMFBTF
PG NPOPWBMFOU DPVOUFSJPOT XIFSF JU IBT CFFO PCTFSWFE UIBU UIF TUBCJMJUZ EFQFOET CPUI
PO UIF WBMFODZ PG UIF TBMU DBUJPO BOE UIF TUPJDIJPNFUSJD DIBSHFSBUJP β CFUXFFO UIF TBMU
JPOT BOE UIF DMBZ ɨJT XBT JOWFTUJHBUFE JO 1BQFS ĚĚĚ GPS -BQPOJUF¥ EJTQFSTJPOT JO UIF
QSFTFODF PG NPOP BOE NVMUJWBMFOU TBMU 8JUI UIF BEEJUJPO PG NPOP BOE EJWBMFOU TBMU
UIF 1.' FYUSBDUFE GSPN UIF .% TJNVMBUJPOT VUJMJTJOH FOIBODFE VNCSFMMB TBNQMJOH
	'JH ÷ôB
 XBT QPTJUJWF SFHBSEMFTT PG β JOEJDBUJOH UIBU UIF TZTUFNT XFSF EPNJOBUFE
CZ SFQVMTJWF JOUFSBDUJPOT )PXFWFS UIF 1.' XBT MPXFS GPS UIF EJWBMFOU TBMU DPN
QBSFE UP UIF NPOPWBMFOU TBMU XIJDI TVHHFTUT UIBU UIF BUUSBDUJWF JOUFSBDUJPOT CFDPNF
FOIBODFE XIFO UIF WBMFODZ PG UIF TBMU JPO XBT JODSFBTFE 'PS UIF BEEJUJPO PG USJWBMFOU
TBMU B DSPTTPWFS JO UIF 1.' XBT PCTFSWFE 	'JH ÷ôB
 JOEJDBUJOH UIBU UIF MPOHSBOHFE
SFQVMTJPO XBT TDSFFOFE BOE UIBU UIFSF XBT B USBOTJUJPO GSPN SFQVMTJWF UP BUUSBDUJWF JO
UFSBDUJPOT XJUIJO UIF TZTUFN "U TIPSU EJTUBODFT HMPCBM NJOJNB XFSF PCUBJOFE JO UIF
1.' TVHHFTUJOH UIF GPSNBUJPO PG TNBMM BHHSFHBUFT PS UBDUPJET EVF UP UIF FOIBODFE
JPOJPO DPSSFMBUJPO GPSDFT #Z EFDSFBTJOH UIF TVSGBDF DIBSHF EFOTJUZ PG UIF QMBUFMFUT B
õñ
OPONPOPUPOJD USFOE JO UIF 1.' XBT GPVOE XIFSF UIF JOUFSBDUJPOT XJUIJO UIF TZTUFN
XFSF SFQVMTJWF BUUSBDUJWF BOE UIFO SFQVMTJWF BHBJO ɨJT JNQMJFE UIBU UBDUPJEBM EJTTPMV
UJPO PDDVSSFE JO UIF TZTUFN EVF UP UIF PWFSDIBSHJOH FĊFDU XIJDI XBT DPOmSNFE GSPN
UIF NFBTVSFE ζQPUFOUJBM 	'JH ÷ôC
 XIFSF B USBOTJUJPO GSPN B OFHBUJWF UP B QPTJUJWF
WBMVF XBT PCUBJOFE BU B MBSHF FYDFTT PG TBMU
0 2 4 6 8
-50
0
50
100
150
PM
F 
(k
T)
Monovalent
Divalent
Trivalent
	B

0 2 4 6 8 10
-30
-20
-10
0
10
-p
ot
en
tia
l (
m
V)
	C

'JHVSF ÷ô 	B
 ɨF QPUFOUJBM PG NFBO GPSDF 	1.'
 BU UIF TFQBSBUJPO PG ðô ± ïñ ON CFUXFFO UXP QBSBMMFM QMBUFMFUT
BOE 	C
 UIF ζQPUFOUJBM GPS UIF -BQPOJUF¥ EJTQFSTJPOT XJUI UIF BEEJUJPO PG USJWBMFOU TBMU BT B GVODUJPO PG UIF
TUPJDIJPNFUSJD DIBSHFSBUJP β ɨF EBTIEPUUFE MJOFT BSF B HVJEF GPS UIF FZF
&YQFSJNFOUBMMZ UIF TUSVDUVSBM QSPQFSUJFT XFSF BOBMZTFE GSPN UIF TJ[F EJTUSJCVUJPO PC
UBJOFE GSPN %-4 	'JH ÷õB
 XIFSF UIF NFBO SBEJVT JODSFBTFE VQ UP β  ó BGUFS XIJDI
JU EFDSFBTFE VOUJM B QMBUFBV XBT SFBDIFE ɨF NBYJNVN WBMVF PG UIF NFBO SBEJVT DPS
SFTQPOEFE UP UIF QPJOU XIFSF UIF ζQPUFOUJBM XBT FRVBM UP [FSP IFODF UIF PWFSBMM
DIBSHF PG UIF DPNQMFY XBT [FSP BOE UIF NBYJNVN TJ[F PG UIF UBDUPJET XBT GPVOE XIFO
UIF USJWBMFOU TBMU GVMMZ OFVUSBMJTFE UIF OFU OFHBUJWF DIBSHF PG UIF DMBZ QMBUFMFUT 'VS
UIFS TUSVDUVSBM BOBMZTFT XFSF QFSGPSNFE XJUI DSZP5&. XIFSF JU XBT PCTFSWFE UIBU
GPS UIF -BQPOJUF¥ TBNQMF XJUIPVU BEEJUJPO PG TBMU UIF QMBUFMFUT XFSF XFMM TFQBSBUFE BOE
OP BHHSFHBUFT XFSF GPVOE DPOmSNJOH UIBU UIF TZTUFN XBT EPNJOBUFE CZ SFQVMTJWF JO
UFSBDUJPOT BOE DPOTJTUFE NBJOMZ PG TJOHMF QMBUFMFUT 6QPO BEEJUJPO PG USJWBMFOU TBMU UIF
EJTUBODF CFUXFFO UIF QMBUFMFUT EFDSFBTFE BOE NPSF QMBUFMFUT XFSF GPVOE JO DMPTF WJDJOJUZ
UP FBDI PUIFS ɨF OVNCFS PG QMBUFMFUT QBSBMMFM UP UIF CFBN JODSFBTFE VQ UP β  ó BOE
UIFSFBGUFS BU β  ÷ MFTT QMBUFMFUT QBSBMMFM UP UIF CFBN XFSF PCTFSWFE " SFQSFTFOUBUJWF
DSZP5&. JNBHF GPS UIF TZTUFN XJUI β  ó JT TIPXO JO 'JH ÷õC ɨFTF SFTVMUT JOEJD
BUFE UIBU UBDUPJE GPSNBUJPO XBT QSPNPUFE CZ UIF BEEJUJPO PG USJWBMFOU TBMU EVF UP UIBU
UIF MPOHSBOHFE SFQVMTJPO CFUXFFO UIF QMBUFMFUT XBT TDSFFOFE ɨFO UBDUPJEBM HSPXUI
XBT PCTFSWFE XIJDI BSPTF GSPN UIF FOIBODFE BUUSBDUJWF JPOJPO DPSSFMBUJPO GPSDFT BOE
mOBMMZ UIF PWFSDIBSHJOH FĊFDU DBVTFE UBDUPJEBM EJTTPMVUJPO UP PDDVS JO UIF TZTUFN
õò
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'JHVSF ÷õ 	B
 ɨF NFBO TJ[F PG UIF QBSUJDMFT GPS UIF -BQPOJUF¥ DMBZ EJTQFSTJPO XJUI UIF BEEJUJPO PG USJWBMFOU TBMU
SFQSFTFOUFE BT UIF NFBO SBEJVT 	r
 BT B GVODUJPO PG UIF TUPJDIJPNFUSJD DIBSHFSBUJP β ɨF EBTIEPUUFE
MJOF JT B HVJEF GPS UIF FZF 	C
 " SFQSFTFOUBUJWF DSZP5&. JNBHF GPS UIF -BQPOJUF¥ DMBZ EJTQFSTJPO XJUI
UIF BEEJUJPO PG USJWBMFOU TBMU BU β  ó ɨF EBSL MJOFT BSF UIF -BQPOJUF¥ QMBUFMFUT TFFO XJUI UIF CBTBM QMBOF
PSJFOUFE QBSBMMFM UP UIF FMFDUSPO CFBN
*O BEEJUJPO RVBOUJUBUJWF BOBMZTFT XFSF QFSGPSNFE GSPN UIF DSZP5&. JNBHJOH XIFSF
UIF QSPNJOFOU BWFSBHF JOUFSMBZFS EJTUBODF XBT ññ ± ïñ ON DPSSFTQPOEJOH UP GPVS
XBUFS MBZFST JO BHSFFNFOU XJUI UIF BWFSBHF TFQBSBUJPO PG -BQPOJUF¥ QMBUFMFUT JO UIF
QSFTFODF PG MBOUIBOVN DIMPSJEF NFBTVSFE XJUI 4"94 	ɨVSFTTPO FU BM 	ñïðö

 ɨFPS
FUJDBMMZ UIF TUSVDUVSBM QSPQFSUJFT PCUBJOFE GSPN UIF.% CVML TJNVMBUJPOT EJTQMBZFE UIF
TBNF USFOE BT UIF FYQFSJNFOUBM PCTFSWBUJPOT XIFSF #SBHH QFBLT XFSF PCTFSWFE JO UIF
IJHI qSFHJPO GPS β  ó BOE ÷ JO UIF DBMDVMBUFE TUSVDUVSF GBDUPST SFQSFTFOUFE BT ,SBULZ
QMPUT ɨF GPSNFS IBE UIF IJHIFTU JOUFOTJUZ JOEJDBUJOH UIBU UIF NPTU XFMMPSEFSFE TUSVD
UVSF XBT PCUBJOFE BU β  ó XIJDI XBT DPOmSNFE GSPN UIF MPX qSFHJPO XIFSF UIF IJHI
JOUFOTJUZ QFBL PG β  ó DPSSFTQPOEFE UP UIBU UIF GPSNFE DPNQMFY QPTTFTTFE UIF NPTU
DPNQBDU DPOmHVSBUJPO
ɨF DBQUVSFE USFOET PG UIF PWFSDIBSHJOH FĊFDU BOE UIF TUBCJMJUZ PG UIF -BQPOJUF¥ EJT
QFSTJPOT XJUI BEEJUJPO PG USJWBMFOU TBMU BSF JO DPSSFMBUJPO XJUI TUVEJFT GPS PUIFS DPMMPJEBM
TZTUFNT 'PS JOTUBODF UIF PCTFSWFE NFBO GPSDF CFUXFFO UXP MJLFDIBSHFE TQIFSJDBM
QBSUJDMFT XJUI BEEJUJPO PG USJWBMFOU TBMU EJTQMBZ UIBU UIF TUBCJMJUZ PG B DPMMPJEBM EJTQFS
TJPO QBTTFT UISPVHI UISFF TUBHFT XJUI BO JODSFBTF JO TBMU 	J
 B TUBCMF EJTQFSTJPO 	JJ
 B
UXPQIBTF SFHJPO BOE 	JJJ
 SFEJTTPMVUJPO 	"OHFMFTDV  -JOTF 	ñïïò

 *O TUBHF 	J
 UIF
DPMMPJEBM QBSUJDMFT BSF XFMM TFQBSBUFE CZ BO FĊFDUJWF SFQVMTJWF QPUFOUJBM JO TUBHF 	JJ
 UIF
EPVCMFMBZFS SFQVMTJPO CFUXFFO UIF DPMMPJEBM QBSUJDMFT JT TUSPOHMZ SFEVDFE BOE UIF JO
UFSBDUJPO CFUXFFO UIF DPMMPJEBM QBSUJDMFT JT EPNJOBUFE CZ BUUSBDUJWF JPOJPO DPSSFMBUJPO
GPSDFT BOE JO TUBHF 	JJJ
 UIF BUUSBDUJWF GPSDFT BSF SFEVDFE BOE UIF EPVCMFMBZFS SFQVMTJPO
CFUXFFO UIF DPMMPJEBM QBSUJDMFT JT FOIBODFE ɨF TBNF USFOE XBT BMTP GPVOE XIFO FY
DIBOHJOH UIF DPVOUFSJPO WBMFODZ GSPN NPOPWBMFOU UP EJWBMFOU BOE mOBMMZ UP USJWBMFOU
õó
	"OHFMFTDV  -JOTF 	ñïïò
 -JOTF  -PCBTLJO 	ñïïï

 ɨF EJTDSFQBODZ CFUXFFO UIF
BUUSBDUJWF GPSDFT GPVOE GPS UIF NPOUNPSJMMPOJUF EJTQFSTJPO EPNJOBUFE CZ DBMDJVN DPVO
UFSJPOT BOE UIF MBDL PG BUUSBDUJWF GPSDFT GPVOE GPS UIF -BQPOJUF¥ EJTQFSTJPO XJUI BEEJUJPO
PG EJWBMFOU TBMU BSJTFT GSPN UIF TJ[F PG UIF QMBUFMFUT BT XFMM BT PO UIF TVSGBDF DIBSHF EFOT
JUZ ɨF JOUFSBDUJPO JT UP B mSTU BQQSPYJNBUJPO QSPQPSUJPOBM UP UIF BSFB PG UIF QMBUFMFUT
BOE UIF TVSGBDF DIBSHF EFOTJUZ JT SFMBUFE UP UIF TUSFOHUI PG UIF BUUSBDUJWF JPOJPO DPSSFM
BUJPO GPSDFT XIJDI JT MPXFS GPS -BQPOJUF¥ DPNQBSFE UP NPOUNPSJMMPOJUF )FODF UIF
BUUSBDUJPO CFUXFFO -BQPOJUF¥ QMBUFMFUT JO UIF QSFTFODF PG NVMUJWBMFOU DBUJPOT TIPVME
UIFPSFUJDBMMZ CF MFTT TJHOJmDBOU DPNQBSFE UP NPOUNPSJMMPOJUF QMBUFMFUT
÷ò 4USVDUVSF GPSNBUJPO JOEVDFE CZ QFQUJEFT PS QPMZFMFDUSPMZUFT
ɨF CFIBWJPVST PG UIF PWFSDIBSHJOH FĊFDU BOE UIF TUBCJMJUZ IBWF BMTP CFFO GPVOE GPS
MBUFY QBSUJDMFT XJUI BEEJUJPO PG UIF CSBODIFE TQIFSJDBM QPMZFMFDUSPMZUF EFOESJNFS 	-JO
FU BM 	ñïïó
 5SVMTTPO FU BM 	ñïïø
 1PQB FU BM 	ñïïø

 JOEJDBUJOH UIBU TZTUFNT DPO
TJTUJOH PG MJLFDIBSHFE TQIFSJDBM QBSUJDMFT BSF RVBMJUBUJWFMZ TJNJMBS UP TZTUFNT DPOUBJOJOH
MJLFDIBSHFE QMBUFMFUT XJUI SFTQFDU UP UIF FMFDUSPTUBUJD JOUFSBDUJPOT ɨJT XBT GVSUIFS
FWBMVBUFE JO 1BQFS Ěħ GPS -BQPOJUF¥ EJTQFSTJPOT JO UIF QSFTFODF PG UIF DBUJPOJD QFQUJEF
"SHðï XIFSF UIF QFQUJEF XBT TFMFDUFE EVF UP JUT SFMBUJWFMZ TIPSU TFRVFODF PG UFO BNJOP
BDJET BOE IJHIMZ DBUJPOJD OBUVSF 6QPO BEEJUJPO PG "SHðï #SBHH QFBLT XFSF PCTFSWFE
JO UIF ,SBULZ QMPUT 	'JH ÷öB
 GPS BMM "SHðï DPODFOUSBUJPOT JOWFTUJHBUFE JOEJDBUJOH UBDU
PJE GPSNBUJPO XJUIJO UIF TZTUFNT ɨF UBDUPJEBM TUSVDUVSF JT TUBCJMJTFE CZ DIBSHFDIBSHF
JOUFSBDUJPOT CFUXFFO UIF QFQUJEF BOE UIF QMBUFMFU BOE UIF QSPDFTT JT FOUSPQJDBMMZ ESJWFO
EVF UP UIF SFMFBTF PG DPVOUFSJPOT BTTPDJBUFE XJUI UIF DMBZ XIFO UIF QFQUJEF BETPSCT POUP
UIF QMBUFMFU ɨF NBYJNB PG UIF #SBHH QFBLT XFSF DPOTJTUFOU CFUXFFO UIF TBNQMFT DPS
SFTQPOEJOH UP BO BWFSBHF dTQBDJOH PG ∼ ð÷ ON .PSFPWFS B NPOPUPOJD JODSFBTF PG
UIF JOUFOTJUZ BOE B EFDSFBTF JO UIF '8). XFSF PCTFSWFE VQ UP β  ñô TVHHFTUJOH
UIBU UIF UBDUPJET HSPX JO TJ[F ɨFSFBGUFS B MPXFS JOUFOTJUZ XBT PCUBJOFE XIJDI DBO CF
FYQMBJOFE CZ B UBDUPJEBM EJTTPMVUJPO EVF UP PWFSDIBSHJOH PG UIF QMBUFMFUT DBVTFE CZ UIF
QSFTFODF PG UIF QFQUJEF XIJDI UIFSFCZ JOEVDFT SFQVMTJWF JOUFSBDUJPOT ɨF PWFSDIBS
HJOH FĊFDU XBT DPOmSNFE GSPN UIF NFBTVSFE ζQPUFOUJBM 	'JH ÷öC
 XIJDI DIBOHFE
TJHO GSPN OFHBUJWF UP QPTJUJWF XJUI BO JODSFBTF JO β
.PSFPWFS UIF PWFSDIBSHJOH FĊFDU XBT TUVEJFE BU UXP EJĊFSFOU JPOJD TUSFOHUIT XIFSF
JU XBT GPVOE UIBU UIF FĊFDU XBT NPSF QSPOPVODFE BU MPX JPOJD TUSFOHUI XIJDI FN
QIBTJTFT UIF JNQPSUBODF PG UIF FMFDUSPTUBUJD JOUFSBDUJPOT JO UIF TZTUFN ɨFTF SFTVMUT
WBMJEBUF UIBU UIF -BQPOJUF¥ DMBZ BOE UIF QFQUJEF "SHðï GPSN BO JOUFSDBMBUFE QFQUJEFDMBZ
OBOPDPNQPTJUF XIJDI JT JO DPSSFMBUJPO XJUI QSFWJPVT TUVEJFT GPS UIF JOUFSDBMBUJPO PG
BOUJNJDSPCJBM QFQUJEFT XJUIJO MBZFSFE DMBZ NJOFSBMT 	ɨPNQTPO  #VUUFSXPSUI 	ðøøñ

)ÊĊOFS FU BM 	ñïðø
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'JHVSF ÷ö 	B
 4"94 JOUFOTJUJFT SFQSFTFOUFE BT ,SBULZ QMPUT PWFS B OBSSPX qSBOHF GPS UIF -BQPOJUF¥ EJTQFSTJPOT XJUI
BEEJUJPO PG UIF DBUJPOJD QFQUJEF "SHðï XJUI WBSZJOH TUPJDIJPNFUSJD DIBSHFSBUJP β ɨF JOUFOTJUJFT BSF OPS
NBMJTFE BU q ≈ ñ ONð 	C
 ɨF ζQPUFOUJBM GPS UIF -BQPOJUF¥ EJTQFSTJPOT XJUI UIF BEEJUJPO PG UIF DBUJPOJD
QFQUJEF "SHðï BT B GVODUJPO PG β ɨF EBTIEPUUFE MJOF JT B HVJEF GPS UIF FZF
ɨF JOUFSDBMBUJPO PG UIF QFQUJEF XJUIJO UIF DMBZ QMBUFMFUT XBT GVSUIFS TUVEJFE XJUI .%
TJNVMBUJPOT JO PSEFS UP JEFOUJGZ BU XIJDI β UIF UBDUPJE GPSNBUJPO XBT JOJUJBUFE NBYJN
JTFE BT XFMM BT XIFO UBDUPJEBM EJTTPMVUJPO EVF UP PWFSDIBSHJOH PDDVSSFE *U XBT GPVOE
UIBU BU MPX OVNCFS PG QFQUJEFT 	β  ð
 TFWFSBM TNBMMFS UBDUPJET XFSF PCTFSWFE JO UIF TZT
UFNT BOE CZ JODSFBTJOH UIF OVNCFS PG QFQUJEFT UIF TJ[F PG UIF UBDUPJET JODSFBTFE VOUJM
BMM QMBUFMFUT IBE BHHSFHBUFE JOUP POF UBDUPJE 	β  ð
 UIFSFBGUFS BU BO FYDFTT PG QFQUJEFT
	β  ð
 UBDUPJEBM EJTTPMVUJPO PDDVSSFE XIFSF UIF UBDUPJE EJTTPMWFE JOUP TNBMMFS UBDUPJET
BHBJO ɨJT XBT PCTFSWFE JO UIF SBEJBM EJTUSJCVUJPO GVODUJPOT BOE UIF DBMDVMBUFE TUSVD
UVSF GBDUPST BOE DPOmSNFE GSPN UIF DBMDVMBUFE BWFSBHF OVNCFS PG QMBUFMFUT QFS UBDUPJE
ɨF PWFSBMM CFIBWJPVS XBT JO RVBMJUBUJWF BHSFFNFOU XJUI UIF FYQFSJNFOUBM PCTFSWBUJPOT
BOE UIF QSPDFTT JT JMMVTUSBUFE JO 'JH ÷÷ XIFSF SFQSFTFOUBUJWF DPOmHVSBUJPOT GSPN UIF
.% TJNVMBUJPOT BSF TIPXO GPS BO JODSFBTF JO β *O BEEJUJPO UIF FYUFOU PG PWFSDIBS
HJOH BOE UP XIJDI EFHSFF B QMBUFMFU DBO CF PWFSDIBSHFE CZ B QFQUJEF XBT JOWFTUJHBUFE
CZ TJOHMF QMBUFMFU .% TJNVMBUJPOT 'SPN UIF EJTUSJCVUJPO PG "SHðï BT B GVODUJPO PG
EJTUBODF GSPN UIF QMBUFMFU TVSGBDF UIF HSBEJFOU DPSSFTQPOEJOH UP UIF UFOEFODZ GPS UIF
"SHðï UP JOUFSBDU XJUI UIF QMBUFMFU XBT FYUSBDUFE *U XBT PCTFSWFE UIBU UIF HSBEJFOU JO
DSFBTFE XJUI β JOEJDBUJOH UIBU NPSF DIBJOT XFSF JO DMPTF DPOUBDU XJUI UIF QMBUFMFU BOE
UIBU UIF QMBUFMFUT CFDBNF PWFSDIBSHFE CZ UIF QFQUJEFT JO RVBMJUBUJWF BHSFFNFOU XJUI
UIF NFBTVSFE ζQPUFOUJBMT
õõ
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 	C
 	D

'JHVSF ÷÷ 3FQSFTFOUBUJWF DPOmHVSBUJPOT GPS -BQPOJUF¥ EJTQFSTJPOT XJUI BEEJUJPO PG UIF DBUJPOJD QFQUJEF "SHðï BU UIF
TUPJDIJPNFUSJD DIBSHFSBUJP β PG 	B
 ïô 	C
 ð BOE 	D
 ñ ɨF DPVOUFSJPOT BSF PNJUUFE GPS DMBSJUZ UIF QMBUFMFUT
BSF TIPXO JO HSFZ UIF QFQUJEFT BSF TIPXO JO SFE BOE UIF DVCJD TJNVMBUJPO CPY JT TIPXO JO CMBDL 	QFSJPEJD
JNBHFT BSF TIPXO PVUTJEF UIF TJNVMBUJPO CPY

'VSUIFSNPSF UIF HFOFSBM BQQMJDBCJMJUZ PG UIF NPEFM BOE UIF JNQBDU PG UIF FMFDUSPTUBUJD
JOUFSBDUJPOT XFSF FWBMVBUFE CZ BMUFSJOH UIF QFQUJEF QSPQFSUJFT )FODF UIF QPTTJCJMJUZ
UP NBLF QSFEJDUJPOT PG UIF CFIBWJPVS PG UIF QFQUJEF JOUFSDBMBUJPO CBTFE PO UIF DIBSBD
UFSJTUJDT PG UIF QFQUJEF XBT JOWFTUJHBUFE ɨJT JT JNQPSUBOU UP TUVEZ TJODF QFQUJEFT UIBU
FYFSU B CJPMPHJDBM GVODUJPO EP OPU UZQJDBMMZ DPOUBJO B IPNPHFOFPVT TFRVFODF PG DIBSHFE
SFTJEVFT ɨF QFQUJEF XBT BMUFSFE CZ 	J
 UIF TFRVFODF MFOHUI 	JJ
 UIF OFU DIBSHF PG UIF
DIBJO 	JJJ
 UIF OVNCFS PG CFBET BT XFMM BT UIF DIBSHF PG FBDI CFBE XIJMTU LFFQJOH UIF
UPUBM DIBSHF PG UIF DIBJO DPOTUBOU BOE 	JW
 UIF DIBSHF EJTUBODF NBUDIJOH CFUXFFO UIF
DIBJO BOE UIF QMBUFMFU ɨF GPMMPXJOH SFTVMUT XFSF PCUBJOFE GPS UIF SFTQFDUJWF BMUFSOBUJPO
PG UIF QFQUJEF
	J
 #Z JODSFBTJOH UIF MFOHUI PG UIF QFQUJEF DIBJO UIF UBDUPJET JODSFBTFE JO TJ[F VOUJM
B QFQUJEF TFRVFODF PG UFO BGUFS XIJDI UIF UBDUPJE TJ[F EFDSFBTFE TMJHIUMZ
	JJ
 8JUI BO JODSFBTF JO UIF OFU DIBSHF UBDUPJE GPSNBUJPO XBT QSPNPUFE XIJDI XBT
GPMMPXFE CZ UBDUPJEBM HSPXUI
	JJJ
 "O PQUJNVN XJUI SFTQFDU UP UIF QFQUJEF QSPQFSUJFT GPS UIF JOUFSDBMBUJPO QSPDFTT
XBT PCTFSWFE TVHHFTUJOH UIBU UIJT BMUFSOBUJPO IBT B HSFBUFS JOnVFODF UIBO UIF UPUBM
DIBSHF PG UIF DIBJO
	JW
 "O PQUJNBM CPOE MFOHUI PG UIF QFQUJEF XJUI SFTQFDU UP UIF UBDUPJE GPSNBUJPO XBT
GPVOE XIFSF UISFF CFBET PG UIF QFQUJEF NBUDIFE UXP DIBSHFT PG UIF QMBUFMFU
ɨFTF SFTVMUT DPODMVEF UIBU XIFO DPOTJEFSJOH JOUFSDBMBUJPO PG DIBSHFE QFQUJEFT CZ TZO
UIFUJD DMBZT QIZTJDBM QSPQFSUJFT PG CPUI UIF QFQUJEF PG JOUFSFTU BOE UIF DMBZ OFFE UP
CF DPOTJEFSFE )PXFWFS UIF BCJMJUZ PG -BQPOJUF¥ UP TFRVFTUFS DBUJPOJD QFQUJEFT TVHHFTU
õö
UIBU -BQPOJUF¥ NBZ QSPWF UP CF B VTFGVM DBOEJEBUF BT B ESVH EFMJWFSZ WFIJDMF TJODF NBOZ
PG UIF OPWFM UIFSBQFVUJDBM DPNQPVOET JODMVEJOH BOUJCJPUJDT BOE BOUJDBODFS ESVHT BSF
DBUJPOJD JO OBUVSF ɨF JOUFSDBMBUJPO PG DBUJPOJD UIFSBQFVUJD QFQUJEFT XJUIJO DMBZT DBO
QSPUFDU UIFN GSPN QSPUFPMZTJT BT XFMM BT QSPWJEF B NFDIBOJTN XIFSF UIF SFMFBTF PG UIF
QFQUJEFT CPUI DBO CF DPOUSPMMFE BOE UBSHFU PSJFOUFE BOE UIFSFGPSF JODSFBTF UIF CJPBWBJM
BCJMJUZ BOE UIF FċDJFODZ PG UIF QFQUJEF BT XFMM BT PUIFS UIFSBQFVUJD ESVH DPNQPVOET
	8BOH FU BM 	ñïðò
 ;B[P FU BM 	ñïðõ
 5PNÈT FU BM 	ñïð÷

 )FODF UIF NFUIPE QSFTFO
UFE IFSF DPVME CF B VTFGVM UPPM GPS UFTUJOH BOE SFmOJOH UIF QSPQFSUJFT PG CPUI UIF DMBZ
BOE UIF QFQUJEF JO PSEFS UP PQUJNJTF JOUFSDBMBUJPO BOE DPOTFRVFOUMZ BJE JO UIF EFTJHO
BOE UFTUJOH PG FċDJFOU ESVH EFMJWFSZ TZTUFNT
$POTJEFSJOH QPMZNFSDMBZ OBOPDPNQPTJUFT UIF DPNQMFYBUJPO CFUXFFO OBOPQMBUFMFUT
BOE PQQPTJUFMZ DIBSHFE QPMZNFST TVDI BT DBUJPOJD QFQUJEFT BOEPS QPMZFMFDUSPMZUFT JT
TUSPOHMZ EFQFOEFOU PO UIFJS QSPQFSUJFT XIFSF POF TQFDJmD GFBUVSF JT UIBU B TVTQFOTJPO
PG DIBSHFE DPMMPJET DBO FJUIFS CF TUBCJMJTFE PS EFTUBCJMJTFE XJUI UIF BEEJUJPO PG BO PQQPT
JUFMZ DIBSHFE QPMZFMFDUSPMZUF 	1FĊFSLPSO 	ðøøô
 )JFSSF[VFMP FU BM 	ñïðï
 4[JMBHZJ FU BM
	ñïðñ

 ɨJT XBT JOWFTUJHBUFE JO 1BQFS ħ XIFSF UIF DPNQMFYBUJPO CFUXFFO OFHBUJWFMZ
DIBSHFE OBOPQMBUFMFUT BOE BO PQQPTJUFMZ DIBSHFE QPMZFMFDUSPMZUF XBT TUVEJFE VUJMJTJOH
.% TJNVMBUJPOT *U XBT PCTFSWFE UIBU GPS UIF TZTUFNT XIFSF UIF QPMZFMFDUSPMZUF XBT
FJUIFS VOEFS PS PWFSDIBSHFE CZ UIF PQQPTJUF DIBSHFT PG UIF OBOPQMBUFMFUT UIF DPNQMFY
QPTTFTTFE B NPSF FYUFOEFE DPOmHVSBUJPO XIFSFBT XIFO UIF QPMZFMFDUSPMZUF XBT OFU
OFVUSBM PS POMZ TMJHIUMZ PWFSDIBSHFE UIF DPNQMFY PCUBJOFE B DPNQBDU DPOmHVSBUJPO
ɨF JOUFSBDUJPO CFUXFFO UIF QPMZFMFDUSPMZUF BOE UIF OBOPQMBUFMFU JT HPWFSOFE CZ FMFDUSP
TUBUJD JOUFSBDUJPOT BOE UIF ESJWJOH GPSDF PG DPNQMFYBUJPO JT EVF UP UIF HBJO JO FOUSPQZ
VQPO DPVOUFSJPO SFMFBTF 'VSUIFSNPSF UIF JOIFSFOU QPMZFMFDUSPMZUF QSPQFSUJFT XFSF
BMUFSFE XJUI SFTQFDU UP 	J
 UIF DIBJO MFOHUI 	JJ
 UIF UPUBM DIBSHF PG UIF DIBJO BOE 	JJJ

UIF nFYJCJMJUZ PG UIF DIBJO ɨF PCUBJOFE SFTVMUT GPS UIF DPNQMFYBUJPO BSF TVNNBSJTFE
BT GPMMPXT
	J
 'PS UIF BMUFSOBUJPO PG UIF DIBJO MFOHUI UIF DPNQMFYFT BUUBJOFE B DPNQBDU DPO
mHVSBUJPO BOE CZ JODSFBTJOH UIF MFOHUI PG UIF DIBJO TNBMM EJTUJODU DMVTUFST PG
OBOPQMBUFMFUT XBT GPSNFE BMPOH UIF DIBJO
	JJ
 #Z SFEVDJOH UIF UPUBM DIBSHF PG UIF DIBJO UIF DPNQMFY QPTTFTTFE B NPSF FMPOHBUFE
DPOmHVSBUJPO XIFSF UIF DIBJO CFDBNF NPSF DPOUSBDUFE
	JJJ
 8JUI B EFDSFBTF JO UIF nFYJCJMJUZ PG UIF DIBJO UIF DPNQMFY PCUBJOFE B NPSF FY
UFOEFE DPOmHVSBUJPO XJUI UIF OBOPQMBUFMFUT MFTT UJHIUMZ CPVOE UP UIF DIBJO
" TFMFDUJPO PG UIF EJĊFSFOU TUSVDUVSFT PG UIF GPSNFE DPNQMFYFT PCUBJOFE JO UIJT TUVEZ JT
JMMVTUSBUFE JO UIF SFQSFTFOUBUJWF DPOmHVSBUJPOT JO 'JH ÷ø XIFSF UIF TUSVDUVSFT DBO CF
õ÷
EFTDSJCFE BT B TUBDL PG OBOPQMBUFMFUT B CBOEMJLF GPSNBUJPO BO PWFSMBQQJOH GPSNBUJPO
BOE B DMVTUFS GPSNBUJPO ɨFTF SFTVMUT BSF JO DPSSFMBUJPO XJUI QSFWJPVT TUVEJFT PG UIF
DPNQMFYBUJPO CFUXFFO B QPMZFMFDUSPMZUF BOE PQQPTJUFMZ DIBSHFE TQIFSJDBM NBDSPJPOT
	+POTTPO  -JOTF 	ñïïðBC

 XIFSF JU XBT GPVOE UIBU UIF DPNQMFY DBQBDJUZ EFDSFBTFE
XJUI B SFEVDUJPO JO UIF DIBJO MFOHUI PS JO UIF MJOFBS DIBSHF EFOTJUZ PG UIF DIBJO ɨF
GPSNFS SFTVMUFE JO B NPSF DPNQBDU DPNQMFY BOE UIF MBUUFS JO B MPPTFS TUSVDUVSF *U XBT
BMTP PCTFSWFE UIBU UIF BCJMJUZ PG PWFSDIBSHJOH UIF DPNQMFY JODSFBTFE XJUI B SFEVDFE
nFYJCJMJUZ PG UIF DIBJO XIFSF UIF NBDSPJPOT JO UIF DPNQMFY CFDBNF NPSF MJOFBSMZ BS
SBOHFE
	B
 	C
 	D
 	E

'JHVSF ÷ø 3FQSFTFOUBUJWF DPOmHVSBUJPOT GPS B TFMFDUJPO PG UIF EJĊFSFOU TUSVDUVSFT PCUBJOFE GSPN UIF OBOPQMBUFMFU
QPMZFMFDUSPMZUF DPNQMFYBUJPO EFTDSJCFE BT 	B
 B TUBDL PG OBOPQMBUFMFUT 	C
 B CBOEMJLF GPSNBUJPO 	D
 BO
PWFSMBQQJOH GPSNBUJPO BOE 	E
 B DMVTUFS GPSNBUJPO ɨF DPVOUFSJPOT BSF PNJUUFE GPS DMBSJUZ UIF OBOPQMBUF
MFUT BSF TIPXO JO HSFZ BOE UIF QPMZFMFDUSPMZUF JT TIPXO JO SFE
ɨF JOGPSNBUJPO HBJOFE JO UIJT TUVEZ DPODMVEFT UIBU UIF DPNQMFYBUJPO CFUXFFO QPMZFMFD
USPMZUFT BOE OBOPQMBUFMFUT DPVME SFTVMU JO B SJDI BOE WFSTBUJMF TUBUF EJBHSBN XIJDI EF
QFOET PO CPUI UIF QSPQFSUJFT PG UIF QPMZFMFDUSPMZUF BOE UIF OBOPQMBUFMFU ɨF TUBUF
EJBHSBN JT JOEFFE EJċDVMU UP QSFEJDU IPXFWFS CZ VUJMJTJOH .% TJNVMBUJPOT JU JT QPT
TJCMF UP BDIJFWF LOPXMFEHF PG UIF DPNQPTJUJPO BOE UIF DPOmHVSBUJPO PG UIF GPSNFE
DPNQMFY BOE IPX JU JT BĊFDUFE CZ UIF DIBSBDUFSJTUJDT PG UIF DIBJO
õø

ø $PODMVTJPOT BOE GVUVSF
QFSTQFDUJWFT
ɨF BJN PG UIJT UIFTJT IBT CFFO UP HFU B CFUUFS VOEFSTUBOEJOH PG UIF FMFDUSPTUBUJDBMMZ
ESJWFO TUSVDUVSF GPSNBUJPO JO DMBZ EJTQFSTJPOT BOE UP HBJO B EFFQFS NPMFDVMBS LOPX
MFEHF PG UIF JOUFSBDUJPOT CFUXFFO UIF DMBZ QMBUFMFUT BT XFMM BT UIF JOUFSBDUJPOT PG UIF
DMBZ QMBUFMFUT JO UIF QSFTFODF PG PUIFS NBDSPNPMFDVMFT CZ BMUFSJOH UIF QIZTJPDIFNJDBM
QSPQFSUJFT 5P UIJT FOE XF IBWF FYUFOTJWFMZ TUVEJFE UIF UBDUPJE GPSNBUJPO BOE UIF UBDU
PJEBM CFIBWJPVS CZ WBSZJOH UIF WBMFODZ PG UIF DPVOUFSJPOT UIF UFNQFSBUVSF BOE UIF
TPMWFOU QSPQFSUJFT BT XFMM BT XJUI BEEJUJPO PG NVMUJWBMFOU TBMU BOE QPTJUJWFMZ DIBSHFE
QFQUJEFT BOE QPMZFMFDUSPMZUFT
ɨF BOJTPUSPQJD DMBZ QMBUFMFUT EFQFOEJOH PO UIF TJ[F DBO GPSN B MBNFMMBS TUSVDUVSF
NBLJOH JU B TFFNJOHMZ QFSGFDU NPEFM TZTUFN GPS BO FMFDUSJDBM EPVCMF MBZFS XIFSF UIF
TUBCJMJUZ JO TBMJOF TPMVUJPO EFQFOET TUSPOHMZ PO UIF TVSGBDF DIBSHF EFOTJUZ PG UIF QMBUF
MFUT BOE PO UIF DPVOUFSJPO WBMFODZ ɨF TJUVBUJPO JT IPXFWFS GSPN B TUSVDUVSBM QPJOU
TMJHIUMZ MFTT JEFBM $MBZ JT B DIBMMFOHJOH TZTUFN TJODF JU IBT B QPMZEJTQFSTF EJTUSJCVUJPO
PG BOJTPUSPQJD DMBZ QMBUFMFUT BOE JU JT OPSNBMMZ OPU B IPNPHFOFPVT MBNFMMBS NBUFSJBM
XIFSF JU NJHIU CFUUFS CF EFTDSJCFE BT B EJTPSEFSFE TUSVDUVSF PG TUBDLT PG QMBUFMFUT BMTP
EFOPUFE UBDUPJET ɨFTF TUSVDUVSFT DBO CF JSSFHVMBS BOE PSHBOJTFE JO B XBZ UIBU HJWFT
SJTF UP DPNQMFY IJFSBSDIJDBM NPSQIPMPHJFT #Z BMUFSJOH UIF QIZTJPDIFNJDBM QSPQFSUJFT
UBDUPJE GPSNBUJPO DBO CF QSPNPUFE BOE B USBOTJUJPO GSPN B SFQVMTJWF UP BO BUUSBDUJWF
TZTUFN DBO CF PCUBJOFE 'VSUIFSNPSF UIF PWFSDIBSHJOH FĊFDU NBZ SFTVMU JO UBDUPJEBM
EJTTPMVUJPO XIFSF UIF UBDUPJET EJTTPMWF JOUP TNBMMFS TJ[FE UBDUPJET
*O DPODMVTJPO XF IBWF TIPXO UIBU JU JT QPTTJCMF UP DBQUVSF UIF CFIBWJPVST PG UBDUPJE
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ABSTRACT: The osmotic pressure and the aggregation of charged
colloids as a function of temperature have been investigated using
Monte Carlo and molecular dynamics simulations for different ratios of
monovalent and divalent counterions. In the simulations the water is
treated as a temperature-dependent dielectric continuum, and only the
electrostatic interactions are considered. It was found that the
temperature response can be controlled, i.e., the osmotic pressure can
increase, decrease, or be kept constant, as a function of temperature
depending on the monovalent/divalent counterion ratio. The increase in
osmotic pressure with temperature, which occurs at low enough surface
charge density and/or low fraction of divalent ions, can be understood
from the DLVO theory. The origin of the opposite behavior can be
explained by the enhanced attractive electrostatic ion−ion correlation
interactions with temperature. The constraint is that the absolute value
of the surface charge density of the colloids must be above a certain threshold, i.e., high enough such that the attractive ion−ion
correlations can dominate the interaction regarding the divalent ions. The current conclusions are supported by the
microstructural characterization of Ca2+/Na+-montmorillonite clay using small-angle X-ray scattering. A qualitative agreement is
observed between the simulations and the experimental data.
■ INTRODUCTION
When a charged colloid is dissolved in aqueous or polar
solvents, the macromolecule becomes ionized, and there will be
a release of counterions. Since macromolecules usually are
highly charged, there will be counterions that confer enormous
entropies of mixing. The counterions will form an electrical
double layer, where the first layer is the surface charge of the
macromolecule, and the second layer is composed of oppositely
charged ions screening the first layer. Upon addition of
multivalent ions to a system comprising monovalent counter-
ions, there will be an ionic exchange in the double layer, and
monovalent counterions will be released. With monovalent
counterions in the system solely, the electrostatic interaction
between the particles is repulsive, whereas when multivalent
counterions are introduced, the interaction can be attractive
due to the electrostatic ion−ion correlation effects. The latter is
only valid under the constraint that the surface charge density is
above a certain threshold.1−8
The above given mechanisms along with the charge
distribution, the volume, the size, and the shape of the
macromolecule, as well as the hydrophobic interactions, are the
parameters that primarily determines the physicochemical
properties of macromolecular solutions.
The model system of this study is montmorillonite, although
we would like to emphasize that the obtained results are
generally valid. Swelling 2:1 clay minerals consist of platelets
with a thickness of about 1 nm and lateral dimensions varying
from 25 nm in synthetic Laponite clays up to 1000 nm in
natural montmorillonite. When water is added, the clay
platelets become ionized, and the rising osmotic pressure in
the solution causes the clay to swell.9−11 Depending on the size,
the platelets can form a lamellar structure, making it a
seemingly perfect model system for an electrical double layer,
where the swelling and the stability in saline solution depend
strongly on the counterion valency and the surface charge
density.12−14 The situation is however, from a structural point,
slightly less ideal. Clay is normally not a homogeneous lamellar
material; it might better be described as a disordered structure
of stacks of platelets, also denoted tactoids.15−17
Experimentally18 and theoretically,19 it has been found that
for mixtures of Ca2+/Na+-montmorillonite (with ∼20% sodium
or more) the clay is behaving qualitatively as Na+-montmor-
illonite. Recently, it has also been shown that the swelling
pressure of the clay mineral in aqueous solution, as a function
of temperature, can be understood from electrostatic ion−ion
correlation interactions.20 In an aqueous clay dispersion
dominated by monovalent counterions, the swelling pressure
increases with temperature due to entropic reasons, whereas in
a clay with predominantly divalent counterions, the opposite
behavior was found. The explanation is that the ion−ion
correlations increase with temperature since the product ϵrT
decreases, i.e., the dielectric permittivity multiplied with
temperature. The latter is an effect of the fact that ϵr drops
when T increases. The aim of this study is to investigate the
Received: January 27, 2017
Revised: March 15, 2017
Published: March 16, 2017
Article
pubs.acs.org/JPCC
© 2017 American Chemical Society 7951 DOI: 10.1021/acs.jpcc.7b00882
J. Phys. Chem. C 2017, 121, 7951−7958
÷ö
possibility to control the osmotic pressure response with
temperature of charged colloidal particles by varying the ratio of
monovalent/divalent counterions in the system.
For this purpose a coarse-grained model has been used, and
the simulations assume that the solvent can be represented as
an uniform temperature-dependent dielectric permittivity. The
limitations of the model are that: (i) it does not explain the
extralamellar swelling19 that is found for homoionic Ca2+-
montmorillonite nor, (ii) the reverse swelling pressure trend
with temperature for Na+-montmorillonite, i.e., when the
average distance between the platelets is smaller than 1 nm.
The former is to the authors knowledge not well understood,
and the latter is due to the fact that the water is represented by
the dielectric permittivity of bulk water.20,21 The theoretical
predictions are verified by small-angle X-ray scattering (SAXS)
data, and a good qualitative correspondence is achieved.
■ MATERIALS AND METHODS
Experimental Details. Material and Sample Preparation.
In this study, Wyoming Bentonite (MX-80), which consists
mainly of the swelling clay mineral sodium montmorillonite,
has been used. Sodium saturated montmorillonite from MX-80
has the chemical formula:22
+(Al Mg Fe Ti )(Si Al )O (OH) , 0.65Na3.1 0.49 0.38 0.01 7.89 0.11 20 4
(1)
The thickness and the average lateral size of the montmor-
illonite platelets are approximately 1 and 250 nm, respec-
tively.23 The purification and ion exchange procedures for MX-
80 are described elsewhere.24 Analytical grade sodium chloride
(purity, 99.5%) and calcium chloride (purity, 99.5%) were
purchased from MERCK. The purified Na+- and Ca2+-
montmorillonite were dried at 105 °C overnight and milled
into a fine powder. The clay powder from respective clay were
mixed in different proportions to obtain different fractions of
calcium (divalent) counterion charge that is neutralizing the
clay:
η = + ≈ +
−
− −
m
m m
N
N N
2
2Di
Ca clay
Ca clay Na clay
Di
Di Mon (2)
where mCa−clay is the mass of Ca
2+-montmorillonite and mNa−clay
is the mass of the Na+-montmorillonite, whereas NMon and NDi
are the number of monovalent and divalent counterions,
respectively. An excess of Millipore water was added to the
mixed clay powder such that the counterions could diffuse and
equilibrate within the sample for 24 h. All the Ca2+/Na+-
montmorillonite mixtures were dried at 105 °C overnight and
milled into a fine powder. Finally, Millipore water was added to
each mixture in order to obtain a water mass ratio equal to six,
and the samples were set to equilibrate for one month. w = 6
corresponds to a clay volume fraction ϕc ≈ Dw/(Dcw + Dw) =
6%, where Dc = 2750 kg/m
3 is the density of the clay18 and Dw
= 1000 kg/m3 is the density of water.
SAXS. SAXS experiments were performed at beamline ID02
at the European Synchotron Radiation Facility (ESRF) in
Grenoble, France.25 The q-range in the measurements was 0.2
< q < 4.5 nm−1, where q = 4π sin(θ)/λ, 2θ is the scattering
angle, and λ = 0.1 nm is the monochromatic beam wavelength.
The detector was a 2D CCD Raynomix MX 170 HS with
binning 4 × 4. For data reduction, the software SAXSutilities26
was used. The montmorillonite samples were measured in 1
mm sealed glass capillaries, and the background scattering
(water) was subtracted. SAXS measurements were collected at
different temperatures: 5, 25, 55, and 90 °C. The thermalization
time of each temperature was 12 min.
In order to estimate the size of the aggregates, i.e., the
average number of clay platelets per aggregate, a model
scattering peak has been fitted to the experimental data. The
scattering function was approximated with a Lorentzian line
shape:
∝
− +
+q I q w
q q w
b( )
( )
2
max
2 2
(3)
where I(q) is the scattering intensity, b is a fitting parameter for
the background contribution, and w is a measure of the width.
The full width at half-maximum (fwhm) of the peak is equal to
2w, and the average tactoid size can be expressed as ⟨N⟩ ≈
qmax/w.
24,27,28 The data was fitted between qmax ± 0.5 nm−1, in
order to make the peak fitting procedure as reasonable as
possible.
Model and Simulations. Bulk Simulations. The inter-
action potentials and the platelet description are given
elsewhere.29 The electrostatic potential between particle i and
j is defined as:
β =u r T
l z z
r
( , )ij ij
i j
ij
EL B
(4)
where β = 1/(kBT), kB is the Boltzmann constant, lB = e
2/
(4πϵ0ϵr(T)kBT) is the Bjerrum length, e is the elementary unit
charge, ϵ0 is the permittivity of vacuum, zi is the valency of
particle i, and rij is distance between the particles. The solvent,
i.e. the water molecules, is treated as a temperature-dependent,
T, uniform dielectric permittivity, ϵr(T), with experimentally
measured values of the dielectric permittivity of water.30 The
electrostatic interactions are enhanced as a function of
temperature; i.e., the Bjerrum length increases as shown in
Table 1. A truncated and shifted Lennard-Jones (TLJ) potential
has been used to represent the excluded volume of all particles
in the system and is defined as:
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(5)
where σij = (σi + σj)/2, σion = 4 Å, and σsite = 10 Å. This
potential has been chosen to be temperature independent and
the strength of the short-ranged potential was set to ϵ = kB·298
J. Hence, the distribution of uncharged particles behaves
independently of the temperature, with the aim to study the
electrostatic effects solely.
The bulk molecular dynamics (MD) simulations were
performed with the software package GROMACS (version
5.0.4).31 Fifty negatively charged platelets with their corre-
Table 1. Bjerrum Length as a Function of Temperaturea
T (°C) T (K) ϵr(T) lB (nm)
5 278.15 85.76 0.700
25 298.15 78.30 0.716
95 368.15 57.01 0.796
aThe Bjerrum length, lB, at three different temperatures, T, and given
dielectric permittivity, ϵr(T).
30
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sponding counterions were placed into a cubic simulation box
with three-dimensional periodic boundary conditions. The
platelets consist of 91 connected charged sites, and the one-
sided surface charge density σ = −2.6 e/nm2.29 The absolute
value of the surface charge density is chosen much higher than
that of montmorillonite due to the small size of the simulated
platelets. If the simulated platelets would be larger, the surface
charge density can be reduced to have similar probability of
aggregation as the smaller ones with divalent counterions.29 On
average, montmorillonite has a one-sided surface charge density
of −1.5 e/nm2.32
Newton’s equations of motion of the freely moving species
(platelets + ions) were integrated using the leapfrog algorithm.
The time step was chosen to be 10 fs and gave the same results
as using 1 fs time step (data not shown). The pressure was set
by isotropic Berendsen pressure coupling for the NPT
simulations, and the temperature was set by velocity-rescaling
temperature coupling. All simulations assume equilibrium with
salt-free water, and hence, the pressure is equal to the osmotic
pressure. To account for the long-ranged electrostatic
interactions, fast particle-mesh Ewald summation (PME) was
used with a 6 nm real-space Coulomb cutoff (the largest and
smallest box length used in the simulations are 70 and 20 nm,
respectively) and a Fourier spacing equal to 0.6 nm. Different
starting configurations for the equilibration simulation were
performed both from a dilute and a compressed system to
confirm that the mean volume and mean energy converged to
the same value. For an in-depth description of the input
parameters, see the online user manual.31
The volume fraction is a function of temperature, T, and
osmotic pressure, Π, and is defined as:
ϕ πΠ = ΠT
r N
V T
( , )
4
3 ( , )
3
sites
s (6)
where r = 0.5 nm is the radius of a platelet site, Nsites is the
number of connected charged sites per platelet, and Vs(T,Π) is
the volume per platelet.
Two Parallel Surfaces. Two infinite parallel surfaces with a
specific surface charge density and its corresponding counter-
ions were simulated using Monte Carlo (MC) simulations
described elsewhere.19 The surface charge is smeared out, and
the ions are treated as charged hard spheres. The electrostatic
interactions between two ions are defined similarly as in the
bulk simulations. The counterions in the bulk simulations are
free to explore the volume between the surfaces, whereas in the
MC simulations it is assumed that the counterion ratio is
constant. An alternative to this simplification is to use a variant
of the grand canonical ensemble.33 For a given separation
between the surfaces, h, and temperature, the osmotic pressure,
Π = Π(T,h), can be calculated using a midplane approach1
written as:
Π = Π + Π + Πid corr coll (7)
where Πid = kBT∑i=12 ci(mp) is the ideal contribution, ci(mp) is
the concentration of counterions at the midplane with valency i,
Πcorr is an attractive term due to the ion−ion correlations on
either side of the midplane, and Πcoll is the collision term due to
the finite-sized ions. The osmotic pressure response with
temperature is calculated between 25 and 95 °C:
ΔΠ = Π = ° − Π = °T h T h( 95 C, ) ( 25 C, )fix fix (8)
where hfix is defined to be the separation where the osmotic
pressure is 4 bar for 25 °C.
■ RESULTS AND DISCUSSION
NVT Bulk Simulations. Three radial distribution functions
(rdfs) are shown with respect to the center-of-mass between
the platelets from NVT bulk simulations in Figure 1a. The
volume of the platelets divided by the total volume is 4% (ϕ =
0.04), and ηDi = 0.96; i.e., 96% of the charge of the platelets are
neutralized by divalent cations. The first peak at ∼1.3 nm
corresponds to two platelets aggregated face-to-face. The height
of the peak is related to the probability of finding that
configuration. If three platelets have aggregated, a second peak
arises at ∼1.3·2 = 2.6 nm. If four platelets have aggregated, a
third peak arises at ∼1.3·3 = 3.9 nm and so on. Thus, the
number of visible peaks in the rdfs gives an indication of the
average number of platelets per tactoid, ⟨N ⟩, and it can been
seen that ⟨N ⟩ increases with temperature. As the temperature
is increasing from 5 to 95 °C, the attractive ion−ion
correlations are enhanced20 due to the ∼14% increase in
Bjerrum length (see Table 1), which consequently leads to
larger aggregates and a reduced osmotic pressure (⟨N ⟩ ∼ 1.5,
Π ∼ 0.25 bar at 5 °C, and ⟨N ⟩ ∼ 3.0, Π ∼ 0.20 bar at 95 °C).
Typical configurations from the simulations are shown in
Figure 1b,c, where it is displayed that larger aggregates are
found at higher temperatures. Thus, for the particular surface
charge density, volume fraction, and fraction of divalent
counterions, we find:
Figure 1. (a) Radial distribution functions between the platelets from
NVT simulations at three different temperatures with ηDi = 0.96. (b, c)
Representative configurations from the simulations for two temper-
atures. The counterions are omitted due to clarity, and the platelets are
shown in gray.
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Figure 2. (a, b) Volume per platelet as a function of the fraction of charges that is neutralized by divalent counterions. (c, d) Difference in volume
per platelet between 5 and 95 °C divided by the temperature difference as a function of ηDi. For 1 bar the crossover is found at ηDi ∼ 0.8. That is, the
volume per platelet is increased below ηDi ∼ 0.8 and reduced above ηDi ∼ 0.8 when the temperature is increased. For Π = 0.2 bar the crossover is
found at ηDi ∼ 0.9. Because of counterion dilution at lower pressures, the crossover occurs at higher divalent content.
Figure 3. (a) The average number of platelets per tactoid, ⟨N ⟩, as a function of ηDi for 0.2 and 1.0 bar, respectively. The aggregation is initiated at
lower fractions of divalent counterions when the temperature and/or pressure are increased. (b−d) Three configurations from the simulations for T
= 95 °C, Π = 1 bar at different ηDi. The counterions are omitted due to clarity, the platelets are shown in gray, and the cubic simulation box is shown
in blue (periodic images are shown outside the simulation box).
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which is in disagreement with the DLVO theory34,35 that
predicts ΔΠ/ΔT > 0 for both monovalent and divalent
counterions. With monovalent counterions and/or low enough
surface charge density of the colloids, the DLVO theory
predicts the correct trend as will be shown below.
NPT Bulk Simulations. In Figure 2a,b the volume per
platelet as a function of fraction of divalent counterions can be
seen for two different temperatures at two different pressures,
0.2 and 1.0 bar. At a low fraction of divalent counterions, the
entropic repulsion dominates the system and the particles
prefer to be far apart, which is clearly indicated by the large
volume per platelet. At a high enough fraction of divalent
counterions (ηDi ∼ 0.8 for Π = 1.0 bar and ηDi ∼ 0.9 for Π = 0.2
bar), the volume per platelet is decreasing rapidly, and the
colloids tend to aggregate. In Figure 2c,d, the difference in
volume per platelet divided by the temperature difference is
shown as a function of the fraction divalent counterion charge.
A crossover can be found where ΔVs/ΔT changes sign from
positive to negative (ηDi ∼ 0.8 for 1.0 bar and ηDi ∼ 0.9 for 0.2
bar), and hence the conclusion is that ΔVs/ΔT can be chosen
to be positive, negative, or kept constant by mixing counterions
of different valency. Note that the volume response with
temperature, ΔVs/ΔT, in the NPT simulations is analogous to
the osmotic pressure response, ΔΠ/ΔT, in the NVT
simulations. A minimum is found in the vicinity of the
Figure 4. X-ray scattering intensities as a function of the scattering vector at T = 25 °C of the Ca2+/Na+-montmorillonite fractions with ϕ = 0.06 for
(a) ηDi = 0 (cyan square), 0.05 (magenta cross), 0.1 (red line), 0.2 (blue circle), and 0.4 (black dashed) and, (b) ηDi = 0.6 (cyan square), 0.8
(magenta cross), 0.9 (red line), 0.95 (blue circle), and 1.0 (black dashed). The inset in (b) shows the Kratky plots over a narrow q-range. The
scattering intensities are normalized at q ≈ 1 nm−1.
Figure 5. X-ray scattering intensities as a function of the scattering vector for the temperature measurements of the Ca2+/Na+-montmorillonite
fractions with ϕ = 0.06 for (a) ηDi = 1, (b) ηDi = 0.9, (c) ηDi = 0.8, and (d) ηDi = 0.6. The temperatures were 5 °C (magneta cross), 25 °C (red line),
55 °C (blue circle), and 90 °C (black dashed). The inset shows the Kratky plot over a narrow q-range.The scattering intensities are normalized at q
≈ 1 nm−1.
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crossover where there are three effects that decreases the
volume as the fraction of divalent counterions increases: (i) the
single platelets form tactoids, (ii) the tactoids grow in size, and
(iii) the separation between the platelets in a tactoid decreases.
With 100% divalent counterions, all tactoids have aggregated at
Π = 1 bar (see Figure 3d), and the change is due to to effect
(iii) solely. The microstructure of the colloids is analyzed in
Figure 3, where the average tactoid size is shown as a function
of fraction of divalent counterions. As ηDi increases, the distance
between single platelets decreases slightly (Figure 3b), and at
the crossover the platelets start to aggregate into doublets and
triplets (Figure 3c). The tactoids continue to grow in size, and
finally, for a high enough fraction of divalent counterions and
pressure (ηDi > 0.95 for Π = 1 bar), all tactoids have aggregated
(Figure 3d). It should be emphasized that for ⟨N⟩ > 6
(indicated by the arrows) the average tactoid size cannot be
calculated due to the limited size of the system, i.e., 50 platelets.
The tactoid size for aggregated platelets has previously been
investigated for parallel platelets with MC simulations,32 and
aggregates of spherical particles have been investigated with
MC/MD simulations.36
SAXS. Scattering experiments were performed for the
corresponding Ca2+/Na+-montmorillonite mixtures used in
the bulk MD simulations. The scattering intensities for all
mixtures at T = 25 °C and ϕc = 0.06 are shown in Figure 4.
Bragg peaks are clearly observed for ηDi = 1, 0.95, 0.9, and 0.8
(Figure 4b), indicating that there are tactoids in these samples.
Moreover, the fwhm of the Bragg peak is decreasing, which
indicates that the tactoids are growing in size (see Figure 6a) as
ηDi approaches one. For ηDi≤0.6 (Figure 4a), all the scattering
intensity curves are qualitatively equal, and no Bragg peaks are
visible, indicating that the systems are dominated by repulsive
interactions. Hence, the SAXS measurements are in qualitative
agreement with the simulations in Figure 3 and also agree well
with the study by Hedström et al.,18 i.e., Ca2+/Na+-
montmorillonite with ∼20% sodium or more, behaves
qualitatively as a Na+-montmorillonite, whereas montmorillon-
ite with 90% or more calcium in the interlayer behaves similar
to homoionic Ca2+-montmorillonite.
The scattering intensities and the Kratky plots for ηDi = 1,
0.9, 0.8, and 0.6 with ϕc = 0.06 at four different temperatures, 5,
25, 55, and 90 °C, are shown in Figure 5. The positions of the
Bragg peaks for ηDi = 1, 0.9, and 0.8 shift toward higher q-values
as the temperature increases, as shown in Figure 5a−c. For ηDi
= 0.6 no Bragg peak is visible, indicating that there are no
tactoids in the system for any of the temperatures investigated
(see Figure 5d). By comparing the value of ⟨N⟩ for the three
different temperatures (T = 25 °C, T = 55 °C, and T = 90 °C),
it is found that there is only a small difference between 55 and
90 °C. A larger deviation is found for 25 °C, which can be
associated with changes in the microstructure of the system.
The shift toward higher q-values in the Bragg peak with
temperature indicates that the average distance between the
platelets decreases with an increase in temperature, from ∼1.93
to 1.89 nm, i.e., three water layers, for T = 25−90 °C (see
Figure 6b). At 5 °C, the SAXS data seems to be composed by a
superposition of two Bragg peaks, with an average distance of
∼1.9−2.1 nm, corresponding to a combination of three and
four water layers. These results are in agreement with the
previous work done by Svensson and Hansen.37,38
The two trends where: (i) the spacing between the platelets
in the tactoids is reducing, and (ii) the increase in number of
platelets per tactoid with temperature for ηDi ≥0.8, are found
both in the simulations as well as in the experiments.
Obviously, the model cannot find discrete distances between
the platelets, such as three or four water layers, since the water
molecules are represented as a uniform dielectric permittivity.
Hence, a quantitative agreement at 5 °C is not possible.
Crossover for Two Parallel Surfaces. The platelets in the
bulk simulations above have a fixed surface charge density, and
the crossover from positive to negative change in pressure with
temperature was found to be at approximately 90% and 80%
divalent counterions, for 0.2 and 1 bar, respectively (Figure
2a,b). In Figure 7 the crossover between two parallel surfaces
for Π(T = 25 °C) = 4 bar (eq 8) has been simulated (MC
Figure 6. (a) Average number of platelets per tactoid, ⟨N⟩, and (b) the average distance between the platelets as a function of the fraction divalent
charges neutralizing the colloids, ηDi, obtained from the temperature measurements performed with SAXS for the Ca
2+/Na+-montmorillonite
fractions with ϕ = 0.06.
Figure 7. Crossover from increasing to decreasing osmotic pressure
response with temperature is shown as a function of the surface charge
density and the percentage of divalent counterions neutralizing the
colloids. The osmotic pressure is 4 bar, and the temperature is 25 °C.
The areas left/right of the line correspond to an increased/decreased
osmotic pressure with increasing temperature.
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simulations) for different absolute values of the surface charge
density ranging from 0.05 to 2 e/nm2. The pressure was chosen
high enough to avoid any two-phase coexistence with opposite
sign of ΔΠ/ΔT. Furthermore, the crossover of the two parallel
surfaces differs from the bulk simulations due to the exclusion
of the rotational entropy, and the difference in electrostatic
interaction between a small colloid and an infinite surface. The
dark gray area on the left-hand side of the crossover-line
corresponds to an increasing osmotic pressure with temper-
ature, and the area on the right-hand side of the crossover-line
corresponds to a decreasing osmotic pressure with temperature,
as indicated in Figure 7. If |σ| < 0.2 e/nm2, the DLVO theory is
valid, even with 100% divalent counterions. As the surface
charge density increases, a crossover appears, and it shifts
toward a lower percentage of divalent counterions with an
increased surface charge density. The latter is due to the fact
that the attractive ion−ion correlations increase with increasing
surface charge density.6,32
Finally, we would like to emphasize that the midplane
approach is useful for understanding the importance of the
different contributions to the pressure defined in eqs 7 and 8 as
well as for understanding the limitations of the DLVO theory
where the correlation term is neglected. In Table 2, it is shown
that the difference in the ideal contribution, ΔΠid, is found to
increase with the fraction of divalent counterions mainly due to
the reduced separation. Although, by taking into account the
difference in the correlation contribution, ΔΠcorr, it is found
that ΔΠ/ΔT < 0 for ηDi > 0.7. Hence, the osmotic pressure
response can be negative if the correlation difference is the
leading term. The contribution ΔΠcoll is negligible and not
shown.
■ CONCLUSIONS
We have shown that the electrostatic interactions alone can give
a positive, negative, or constant osmotic pressure response with
temperature, depending on the monovalent/divalent counter-
ion ratio, if |σ| > 0.2 e/nm2. The fraction of divalent
counterions, where a crossover from positive to negative
pressure response with temperature is found, depends on the
surface charge density, the pressure (or volume fraction), and
other components such as the rotational entropy and the size of
the colloid. Mixtures of Ca2+-montmorillonite and Na+-
montmorillonite in water were measured with SAXS at four
different temperatures. It was found that Bragg peaks appear for
a sodium content of ∼20% or less, which indicates that tactoids
exist in those compositions. As the sodium content was
reduced, the number of platelets per tactoid increased. By
increasing the temperature, the separation between the platelets
in the tactoids decreased and the number of platelets per
tactoid seems to increase slightly. For a sodium content of
∼40% or more, no tactoids were found, which indicates that the
interaction between the platelets are dominated by repulsive
interactions. Our theoretical predictions are in good agreement
with the SAXS experiments, giving a further indication that our
model can explain the underlying physics. The theory
presented here is general and predicts that the temperature
response for all types of charged colloids can be controlled by
mixing counterions of different valency if the interactions in the
system are dominated by electrostatics. Even though the
applied model is very simple, and only face charges are taken
into consideration, we still believe that this study shed light on
the fundamental physics of these systems, the formation of
tactoids, and role of electrostatic interactions.
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a b s t r a c t
The structural properties, and the intracrystalline swelling of Na+-, and Ca2+-montmorillonite (Na-, and
Ca-mmt) have been investigated as an effect of decreasing the relative permittivity of the solvent, i.e.
from water to ethanol (EtOH), utilizing the experimental techniques; small angle X-ray scattering
(SAXS) and osmotic pressure measurements. The experimental data were compared with the continuum
model, utilizing coarse-grained molecular dynamics bulk simulations, Monte Carlo simulations of two
infinite parallel surfaces corresponding to two clay platelets, and the strong coupling theory. It was found
that it is possible to tune the electrostatic interactions to obtain a transition from a repulsive to an attrac-
tive system for the Na-mmt by increasing the EtOH concentration, i.e. the Bjerrum length increases, and
hence, the attractive ion-ion correlation forces are enhanced. A qualitative agreement was observed
between the simulations and the experimental results. Moreover, a non-monotonic behavior of the
intracrystalline swelling of Ca-mmt as a function of EtOH concentration was captured experimentally,
where an increase in the osmotic pressure, and hence, an increase in the d-spacing was found at low con-
centrations, indicating that repulsive short-ranged interactions dominate in the system. Theoretically, the
non-monotonic behavior could not be captured with the continuum model, probably due to the limita-
tion that the electrostatic interactions solely enters the Hamiltonian via the Bjerrum length.
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1. Introduction
Clay is a complex colloidal system and refers to naturally occur-
ring aluminosilicate layered minerals, denoted phyllosilicates. The
clay platelet has a strong negative surface charge density compen-
sated with interlayer exchangeable cations. The physiochemical
properties, and also the colloidal behavior, are determined by the
charge distribution, the volume, and the shape of the colloid. When
dispersed in water, the clay platelet becomes ionized and a rising
osmotic pressure in the solution causes the clay to swell [1,2].
Semi-dilute dispersions can behave as gels, i.e. they have the abil-
ity to form yield stress materials [3–5], which are comprehensively
used in various industrial applications, such as in paint, in drilling
fluids, and in food as well as in cosmetic industry. For this reason,
clay-solvent interactions have been extensively studied by evaluat-
ing the intracrystalline swelling of montmorillonite (mmt) in
water [6,7], in different organic solvents [8–10], as well as water/
organic mixtures [11]. Theoretically, the understanding of the
swelling behavior of Na+-montmorillonite (Na-mmt) in water and
ethanol (EtOH) have been studied by Metz et al. [9] utilizing ato-
mistic computer simulations. They have found that the initial sol-
vation of dry clay with EtOH is energetically unfavourable by
comparing the solvation energetics with the energy of the bulk,
and that the formation of an EtOH monolayer is associated with
a large energy barrier to move the first EtOH molecules into the
interlayer region. Moreover, they found that the Na+ ions behave
differently in EtOH compared to in water, where the density pro-
files showed that the ions aggregate at each clay surface in the for-
mer rather than being dispersed in the solvent. Experimentally, the
intracrystalline swelling of Ca2+-montmorillonite (Ca-mmt) in
water/EtOH mixtures was studied by Brindley et al. [11] using
X-ray diffractometry. In their study, they found that for Ca-mmt
the equilibrium basal spacing increased to about 35 mol percent
of EtOH, and beyond the maximum expansion, the d-spacing
diminished abruptly. Their explanation of the initial increase in
basal spacing is due to an increased repulsion arising from the
replacement of water molecules by the larger EtOH molecules,
i.e. an excluded volume effect. Moreover, Brindley et al. concluded
that the initial increase is not compatible with the accompanying
decrease of the relative permittivity, due to the fact that it would
cause an increase in the attractive electrostatic forces. However,
to the authors knowledge, both effects can be present in the sys-
tem, where the increase in basal spacing can be explained through
an intricate balance of the partitioning of the solvent molecules,
the electrostatic repulsive forces, and the enhanced ion-ion corre-
lation forces.
The aim of this work is to study how the structural properties of
the tactoids, and the intracrystalline swelling, are affected by
changing the solvent i.e. by decreasing the relative permittivity
for Na-, and Ca-mmt in water/EtOH mixtures. The focus is on
describing under which conditions the structural properties of
Na-mmt behaves as Ca-mmt, i.e. the possibility to tune the electro-
static interactions to obtain a transition from a repulsive to an
attractive clay system via the solvent properties. For this purpose
the experimental techniques, Small Angle X-ray Scattering (SAXS)
and osmotic pressure measurements have been used. The experi-
mental data are compared with theoretical models, such as:
coarse-grained molecular dynamics (MD) bulk simulations, Monte
Carlo (MC) simulations of two infinite parallel surfaces correspond-
ing to two clay platelets, and with strong coupling theory.
Our main findings are that when increasing the concentration of
EtOH, the attractive ion-ion correlation forces are enhanced, con-
cluding that the structural properties of Na-mmt do indeed behave
similarly as Ca-mmt. This is confirmed both experimentally and
theoretically, where the transition from a repulsive to an attractive
system is found. For Ca-mmt, a non-monotonic behavior of the
intracrystalline swelling as a function of EtOH concentration was
found experimentally, where the distance between the platelets
and the osmotic pressure increased at low concentrations of EtOH,
indicating that repulsive short-ranged interactions are dominating
in the system. This behavior could, however, not be captured the-
oretically, probably due to the limitation in the continuum model,
i.e. that the solvent is represented by the relative permittivity of
the bulk solvent.
2. Experimental section
2.1. Chemicals and materials
The type of natural clay used throughout this study was Wyom-
ing bentonite (MX-80), which is mainly composed of the swelling
clay mineral Na-mmt. The chemical formula for the sodium satu-
rated montmorillonite from MX-80 can be written as [12]:
ðAl3:1Mg0:49Fe0:38Ti0:01ÞðSi7:89Al0:11ÞO20ðOHÞ4;0:65Naþ : ð1Þ
The purification and ion exchange procedures for MX-80 are
described elsewhere [13]. Analytical grade sodium chloride (purity,
99.5%), and calcium chloride (purity, 99.5%) were purchased from
MERCK. The purified Na-mmt and Ca-mmt were dried in an oven
at 105 "C over night, and milled into a fine powder. EtOH solutions
were prepared by dilution of EtOH 95 wt% (analytical grade, SOL-
VECO) with millipore water. The Na-, and Ca-mmt powder were
added to different water/EtOH solutions, respectively, in order to
obtain a clay volume fraction of 6% (/c $ 0:06). After the sample
preparations, the samples were left to equilibrate for one month.
2.2. Methods and instruments
SAXS experiments were performed at beamline ID02 at the
European Synchotron Radiation Facility (ESRF) in Grenoble-
France [14]. For data reduction, the software SAXS-utilities [15]
was used. The q-range reported in this study is
6:1 % 10& 2 < q < 4:5 nm& 1, where q ¼ 4psinðhÞ=k ;2h is the scatter-
ing angle, and k = 0.1 nm is the monochromatic beam wavelength.
The detector was a 2D CCD Rayonix MX 170 HS with binning 4 ( 4.
SAXS measurements were collected at different water/EtOH solu-
tions: 0, 20, 40, 60, and 95 wt% EtOH, and at two different temper-
atures, room temperature, and the other significantly higher, 27,
and 63 "C, respectively, where the thermalization time of each
temperature was 12 min. For accurate statistics, and to control
possible radiation damage effects, an average over ten frames
was collected for each sample. The liquid samples were measured
in 1 mm sealed glass capillaries, and the solid sample was placed
between two mica sheets in a customized sample holder [14].
The background scattering was subtracted, where the correspond-
ing water/EtOH solution was used for the liquid samples, and one
empty cell with two mica sheets for the solid samples.
In order to estimate the size of the aggregates, i.e. the average
number of clay platelets per tactoid, a model scattering peak has
been fitted to the experimental data. The scattering function can
be approximated with a Lorentzian line shape:
q2IðqÞ / wðq & qmaxÞ2 þ w2
þ b; ð2Þ
where IðqÞ is the scattering intensity, w is a measure of the width of
the Bragg peak, qmax is the position of maximum intensity of the
Bragg peak, and b is a fitting parameter for the background
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contribution. The full width at half maximum (FWHM) of the peak
is equal to 2w, and the average tactoid size can be expressed as
hNi $ qmax=w [13,16,17]. The average distance, i.e. d-spacing,
between the midplane of two adjacent clay platelets was obtained
from qmax via the relation: dBragg ¼ 2p=qmax. The data was fitted
between qmax ) 0:5 nm& 1.
To achieve an indication of how the solvent properties affect the
intracrystalline swelling, the osmotic pressures of the clay systems
were directly measured using a test cell [12,18]. Approximately
one gram of clay was placed within the test cell and confined by
a piston, which is attached to a force transducer. The Na-, and
Ca-mmt were set to equilibrate with a successive replacement of
different solvent compositions corresponding to 0, 20, 40, 60, 80,
and 95 wt% EtOH, through a semipermeable membrane, which
was permeable to the solvent, but not to the clay particles. For
the solvent composition of 0 wt% EtOH, used for the Na-mmt, NaCl
with a salt concentration above the critical coagulation concentra-
tion (CCC) was added, i.e. 50 mM NaCl, to prevent any leakage
through the membrane. The resulting osmotic pressure was calcu-
lated from the recorded force and piston contact area. With this
experimental technique it is difficult to prepare the test cell to give
an exact final volume, and hence, two separate measurements are
rarely identical. However, it is possible to accurately determine the
clay water content after the measurement, and thus the clay sys-
tem was set to equilibrate with 0 wt% EtOH in the final stage.
The clay water content is defined as w ¼ mw=ms, where mw is the
mass of the water, and ms is the mass of the solid. From the clay
water content, the dry density of the clay defined as Dd ¼ ms=V
can be determined, utilizing Dd ¼ Dw=ðw þ Dw=DsÞ, where V is the
total volume of the system, Ds (2750 kg/m3) and Dw (1000 kg/m3)
are the densities of the solid, and the water, respectively.
3. Theoretical section
3.1. Model and simulations
Molecular dynamics bulk simulations were used to study the
structural and the thermodynamical properties of the formed tac-
toids of Na-mmt as a function of EtOH concentration, where the
interaction potentials and the platelet description are given else-
where [19]. The electrostatic (EL) pair-potential between particle
i and j is defined as:
buELij ðr; TÞ ¼
lBzizj
rij
; ð3Þ
where b ¼ 1=ðkBTÞ; kB is the Boltzmann constant,
lB ¼ e2=ð4p!0!rðTÞkBTÞ is the Bjerrum length, e is the elementary
unit charge, e0 is the permittivity of vacuum, zi is the valency of par-
ticle i, and rij is the center-to-center distance between the particles.
The solvent is treated implicitly through the relative permittivity
!rðTÞ, and regarded as temperature (T) dependent. The solvent effect
was studied by varying the value of !rðTÞ for the medium corre-
sponding to experimentally measured values of the relative permit-
tivity of water, EtOH, and water/EtOH mixtures, see Table 1 [20].
When increasing the EtOH concentration, the Bjerrum length
increases, resulting in enhanced attractive ion-ion correlation forces
due to an increased repulsion between the ions.
In addition to the electrostatic pair-potential, the particles also
interact via a strictly repulsive, truncated, and shifted Lennard-
Jones (LJ) potential, defined as:
uLJij ðrijÞ ¼
!LJ
rij
rij
! "12 & 2 rijrij! "6 þ 1
# $
; if rij < rij
0; otherwise
8<: ; ð4Þ
where rij ¼ ðri þ rjÞ=2;rion ¼ 4 Å, and rsite ¼ 10 Å. The strength of
the short-ranged repulsion was set to !LJ ¼ kB % 293 J, with the moti-
vation to obtain a temperature independent LJ potential. Thus, the
distribution of uncharged particles behaves independently of the
temperature, since the aim is to study the electrostatic effects
exclusively.
The MD simulations were performed with the software package
GROMACS (version 5.0.4.) [21]. The model consisted of 50 nega-
tively charged finite plates, i.e. clay platelets, and their correspond-
ing counterions in a cubic simulation box with three-dimensional
periodic boundary conditions. The platelets had a hexagonal sym-
metry and were constructed from monolayers of 91 connected
charged, truncated, and shifted LJ spheres, i.e. sites. The mean
radius of the platelet was 5.5 nm, and the one-sided surface charge
density was set to r ¼ & 2:6 e/nm2. Since the interaction is propor-
tional to the area of the platelet, the absolute value of the surface
charge density is chosen much higher than the estimated value
of natural mmt to compensate for the small size of the simulated
platelets. The reader should notice, that if the size of the simulated
platelets would be larger, the surface charge density can be
reduced to have similar probability of aggregation as the smaller
platelets with divalent counterions [19]. Furthermore, the reason
for this is that the interaction is to a first approximation propor-
tional to the area of the platelets. On average, mmt has a one-
sided surface charge density of & 1:5 e/nm2 [22].
Newton’s equations of motion of freely moving species, i.e. the
platelets and the counterions, were integrated using the leap-frog
algorithm. The temperature was set by velocity-rescaling temper-
ature coupling. Fast particle-mesh Ewald summation (PME) was
used with a 6 nm real-space Coulomb cutoff, and a Fourier spacing
equal to 0.6 nm to account for the long-ranged electrostatic contri-
bution. For an in-depth description of the input parameters, the
reader is referred to the user manual [21]. The box length used
in the NVT simulations was 30 nm, corresponding to a volume frac-
tion of 9% (/ $ 0.09). This value was chosen higher than the exper-
imental samples due to the small size of the simulated platelets,
where the average lateral size of a natural mmt platelet is approx-
imately 250 nm [23]. The time step was set to 10 fs, with a total of
107 steps.
From the bulk MD simulations structural information were
obtained via the total structure factor between the platelets,
defined as:
SðqÞ ¼ 1
N
XN
i¼1
XN
j¼1
sinðqrijÞ
qrij
* +
; ð5Þ
where N is the total number of platelet sites in the system. Assum-
ing an isotropic scattering, the equation of the total structure factor
can be rewritten as:
SðqÞ ¼ 1 þ 4pN
V
Z 1
0
ðgðrÞ & 1Þr2 sinðqrÞ
qr
dr; ð6Þ
Table 1
The Bjerrum length as a function of EtOH concentration and temperature.a
wt% EtOH !r(T = 20 "C) lB (nm) !r(T = 60 "C) lB (nm)
0 80.4 0.708 66.6 0.753
20 68.7 0.829 56.4 0.889
40 56.5 1.008 45.8 1.095
60 44.7 1.274 35.7 1.407
80 33.9 1.679 26.3 1.906
90 29.0 1.963 22.5 2.228
95 27.0 2.111 21.0 2.388
100 25.0 2.277 19.6 2.566
a The Bjerrum length, lB , at eight different wt% of EtOH, and two temperatures, T,
with corresponding relative permittivity, !r(T) [20].
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where gðrÞ is the radial distribution function between all the plate-
let sites in the system. If gðrÞ is not approaching one at large sepa-
rations due to the finite length of the box, a window function can be
used to reduce artefacts, according to:
SwðqÞ ¼ 1 þ 4pNV
Z 1
0
ðgðrÞ & 1Þr2 sinðqrÞ
qr
sinðpr=RcÞ
pr=Rc
dr; ð7Þ
where Rc is the maximum distance in gðrÞ [24].
Two parallel infinite surfaces mimicking the clay platelets with
corresponding counterions were simulated using Monte Carlo sim-
ulations. The model is described elsewhere [25]. The surfaces have
a uniform surface charge density of r ¼ & 1:3 e/nm2, separated at a
distance h. The counterions are treated as charged hard spheres,
where the electrostatic interactions are defined similarly as for
the bulk simulations. The system assumes equilibrium with salt-
free water, and thus, the pressure is equal to the osmotic pressure.
For a given temperature and separation between the surfaces, the
osmotic pressure, P ¼ PðT;hÞ, can be calculated using a midplane
approach defined as: P ¼ Pid þ Pcorr þ Pcoll, where
Pid ¼ kBTR2i¼1ciðmpÞ is the ideal contribution, ciðmpÞ is the concen-
tration of counterions at the midplane with valency i. Pcorr is an
attractive term due to the ion-ion correlation interactions on either
side of the midplane, andPcoll is the collision term due to the finite
ion size, where the diameter of an ion is dhc ¼ 4 Å [26].
For two equally charged surfaces the interactions in the system
can be explained either with the weak or the strong coupling (SC)
theory [27]. The Poisson-Boltzmann (PB) equation is asymptoti-
cally exact in the limit of weak coupling, i.e. long distances
between the surfaces, low surface charge density, and low counte-
rion valence. The SC theory is asymptotically exact in the opposite
limit, i.e. short distances between the surfaces, high surface charge
density, and high counterion valence. The limits can be found by
considering the coupling parameter:
N ¼ 2pz3l2Brs; ð8Þ
where rs is the surface charge number density. The SC theory is
valid for N!1 (the SC limit), and the PB equation is valid for small
values of N. A schematic illustration of two charged surfaces medi-
ated by counterions are shown in Fig. 1. The SC theory is valid if the
lateral distance between the ions, a, is larger than the separation, h,
between the surfaces, i.e. h < a, see Fig. 1a, where the ions move
independently of each other perpendicular to the surfaces due to
the strong ion-ion correlation forces. The PB equation is valid in
Fig. 1b, where each ion interacts with a diffuse cloud of other ions
[27].
4. Results and discussion
4.1. SAXS
Scattering experiments were performed for different water/
EtOH mixture conditions for Na-, and Ca-mmt, where the scatter-
ing intensities, and the Kratky plots (q2IðqÞ vs q), at T = 25 "C and
/c $ 0:06, are shown in Fig. 2. Bragg peaks are clearly observed
Fig. 1. Schematic illustration of two charged surfaces (represented as horizontal black lines) mediated by counterions (represented as cyan spheres). (a) The lateral distance,
a, between the ions is larger than the separation, h, between the two charged surfaces. (b) The charged surfaces attract two separate layers of counterions, and the lateral
distance between the ions is small.
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Fig. 2. The X-ray scattering intensities as a function of the scattering vector at T = 25 "C and /c $ 0:06 for (a) Na+-, and (b) Ca2+-montmorillonite at 95 (red), 60 (green), 40
(black), 20 (blue), and 0 (magenta) wt% EtOH. The insets show the Kratky plots of the corresponding systems. In (a) the scattering intensities are normalized at q $ 1 nm& 1,
and in (b) the scattering curves are scaled to enhance the different shape of the Bragg peaks. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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for Na-mmt at water/EtOH mixtures above 60 wt% (Fig. 2a), indi-
cating that tactoids are formed when increasing the concentration
of EtOH, hence, it is possible to capture a crossover from a repulsive
to an attractive system. As the concentration of EtOH increases
from 60 to 95 wt% with respect to EtOH, the Bragg peak moves
towards higher values of q, i.e. the separation between the platelets
decreases from * 2:18 to 1.70 nm. Moreover, the full width at half
maximum of the Bragg peaks decreases, indicating that the tac-
toids are growing in size, where the average number of platelets
in the tactoids increases from hNi * 11 to 25. For Ca-mmt
(Fig. 2b) the position of the Bragg peak is strongly dependent on
the EtOH concentration. When the concentration increases from
0 to 20 wt% EtOH, the separation between the platelets in the tac-
toids increases from * 1:93 to 2.27 nm. At 60 wt% EtOH the scat-
tering pattern is a superposition of two Bragg peaks, indicating
that there is a competition between two different separations,
either of intercalated EtOH and water, or two EtOH concentrations.
Above 60 wt% EtOH the separation between the platelets
decreases, for example for 95 wt% EtOH it becomes * 1:70 nm.
The values of the position of the Bragg peak, the d-spacing, the full
width at half maximum, and the average number of platelets per
tactoid for both Na-, and Ca-mmt, are shown in Table 2.
By comparing the scattering curves of Na-, and Ca-mmt with 95
and 0 wt% EtOH, respectively (Fig. 3), it is shown that the position
of the Bragg peak of Na-mmt occurs at a higher q-value than Ca-
mmt, i.e. * 3:70 and 3.25 nm& 1. This corresponds to a separation
between the platelets in the tactoids of * 1:70 and 1.93 nm,
respectively, indicating that there are stronger attractive interac-
tions in the system with Na-mmt. The full width at half maximum
is broader for Ca-mmt, resulting in a smaller average number of
platelets in the tactoids c.f. hNi * 17, while for Na-mmt hNi * 25.
Hence, by changing the solvent composition from water to EtOH,
i.e. by decreasing the relative permittivity of the solvent, the struc-
tural properties of Na-mmt do indeed behave similarly as Ca-mmt.
The experimental results above can be qualitatively explained
by comparing the coupling parameter, where N * 28 for monova-
lent ions in 95 wt% EtOH, and N * 25 for divalent ions in water
at T = 20 "C, see Table 3. Thus, there are indeed stronger attractive
interactions due to the stronger coupling with monovalent ions in
EtOH compared to divalent ions in water. For divalent ions in 95 wt
% EtOH, the coupling parameter is even higher, i.e. N * 224. This
effect is captured in the SAXS data, where the position of the Bragg
peak is approximately the same for Na-, and Ca-mmt in 95 wt%
EtOH, i.e. * 3:7 nm& 1. However, the FWHM of the peak is narrower
for Ca-mmt corresponding to hNi * 37, indicating that there are
stronger attractive forces for the system with divalent counterions.
Moreover, when monovalent counterions are replaced by divalent
counterions, the number of ions decreases with a factor of two,
which corresponds to a decreased double-layer repulsion.
The scattering intensities obtained from the temperature mea-
surements of Na-, and Ca-mmt in 60, and 20 wt% EtOH, respec-
tively, at T = 27, and 63 "C, with /c $ 0:06, are shown in Fig. 4.
From the analysis of the Bragg peaks it is shown that there is only
a minor deviation between the two temperatures for the two dif-
ferent systems, where the difference in separation between the
temperatures, i.e. DdBragg ¼ dBragg(T = 63 "C)& dBragg(T = 27 "C), were
estimated to be * 0:01, and * 0:08 nm for Na-, and Ca-mmt,
respectively, resulting in an average separation between the plate-
lets in the tactoids of * 2:2 nm. Also, the FWHM is in the same
order for all scattering curves, corresponding to an average number
of platelets in the tactoids of * 10. From these measurements it
can be concluded that there is only a minor temperature effect in
the systems, in correlation to what has been noticed for Na-, and
Ca-mmt in pure water [7].
Table 2
The position of the Bragg peak maximum (qmax), d-spacing (dBragg), full width at half maximum (FWHM), and average number of platelets per tactoid (hNi), for Na+-, and Ca2+-
montmorillonite.
wt% EtOH qmax (nm
& 1) dBragg (nm) FWHM (nm& 1) hNi
Na-mmt
60 2.88 2.18 0.53 11
95 3.70 1.70 0.30 25
Ca-mmt
0 3.25 1.93 0.38 17
20 2.77 2.27 0.54 10
40 2.90 2.17 0.40 15
95 3.69 1.70 0.20 37
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Fig. 3. The X-ray scattering intensities as a function of the scattering vector at T =
25 "C and /c $ 0:06 of Na+-montmorillonite with 95 (red), and 60 (green) wt% EtOH,
and Ca2+-montmorillonite with 95 (dashed black), and 0 (blue) wt% EtOH. The inset
shows the Kratky plots of the corresponding systems. The scattering intensities are
normalized at q $ 1 nm& 1. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
Table 3
The coupling parameter as a function of EtOH concentration for Na+-, and Ca2+-
montmorillonite.a
wt% EtOH N dBragg (nm) hNi
Na-mmt
0 3 – –
95 28 1.70 25
Ca-mmt
0 25 1.93 17
95 224 1.70 37
a The coupling parameter (N), d-spacing (dBragg), and the average number of
platelets in the tactoid (hNi) for Na+-, and Ca2+-montmorillonite in 0, and 95 wt%
EtOH, respectively.
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4.2. Osmotic pressure
Fig. 5a shows the results from the osmotic pressure measure-
ments of Ca-mmt at room temperature for two different values
of the dry density: 1230, and 1180 kg/m3. Each plateau corre-
sponds to an equilibrium osmotic pressure of the clay system for
the respective water/EtOH mixture in the order of 0, 20, 40, 60,
80, 95, and 0 wt% EtOH. By extracting the equilibrium osmotic
pressures, it is clearly shown that there is a non-monotonic behav-
ior of the osmotic pressure as a function of EtOH concentration,
regardless of dry density (Fig. 5c), which correlates both with the
SAXS data (Fig. 2b), as well as with the work done by Brindley
et al. [11]. When the bulk solution is gradually changed from 0
to 95 wt% EtOH, the osmotic pressure increases at low concentra-
tions, followed by a steady decrease at higher concentrations.
The reversibility of the clay systems was confirmed by changing
the solvent back to 0 wt% EtOH, where the osmotic pressure
returns to its initial value. During this exchange, a large peak arises,
which is enhanced in Fig. 5b. Our hypothesis is that the transition
occurs via a successively replacement of intercalated EtOH mole-
cules with water molecules, which is supported by analysing the
height of the peak, where it is shown that the same magnitude is
obtained at the highest recorded osmotic pressure. The same trend
is also visible for the transition from 95 to 0 wt% EtOH for Na-mmt
as for Ca-mmt, see Fig. 5b. The reader should notice, that the addi-
tion of 50 mM NaCl to the solution of 0 wt% EtOH with Na-mmt
will not affect the measured osmotic pressure to a great extent,
as shown in a previous publication [12]. The reason for this is
due to the high volume fraction of the clay sample, where the
counterion concentration is about one order of magnitude larger
than the added salt concentration. For the same reason, with 95
wt% EtOH, the addition of 50 mM NaCl will only moderately
increase the ion-ion correlation forces. However, the long-ranged
repulsion is screened for more dilute samples [22]. The values of
Fig. 5. (a) The osmotic pressure as a function of time and EtOH concentration of Ca2+-montmorillonite at two different clay dry densities (Dd). (b) The transition from 95 to 0
wt% EtOH of both Na+-, and Ca2+-montmorillonite. (c) The equilibrium osmotic pressures of the respective EtOH concentrations for all systems. The color codes are: Dd ¼ 1230
(red), and 1180 (green) kg/m3 for Ca2+-montmorillonite, and Dd ¼ 1070 (black), and 1030 (blue) kg/m3 for Na+-montmorillonite. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)
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Fig. 4. The X-ray scattering intensities as a function of the scattering vector for the
temperature measurements with /c $ 0:06 of Na+-montmorillonite with 60 wt%
EtOH at T = 27 (red), and 63 "C (green), and Ca2+-montmorillonite with 20 wt% EtOH
at T = 27 (black), and 63 "C (blue), respectively. The inset shows the Kratky plots for
the corresponding systems. The scattering intensities are normalized at q $ 1 nm& 1.
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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the equilibrium osmotic pressures of 0 (P0), and 95 (P95) wt%
EtOH, as well as the osmotic pressure at the position of the peak
maximum (Pmax) for both Na-, and Ca-mmt, are given in Table 4.
4.3. Simulations
Radial distribution functions (rdfs) with respect to the center-
of-mass between the platelets were extracted from the NVT MD
bulk simulations at T = 20 "C, and with a volume fraction of 9%
(/ $ 0.09). The number of peaks in the rdfs are an indication of
the average number of platelets in the tactoids, hNi, where the
height of the peak gives the probability of finding that configura-
tion. The first peak is equivalent to a structure when two platelets
have aggregated face-to-face at a distance of * 1:3 nm, and the sec-
ond peak corresponds to the situation where three platelets have
aggregated at a distance of * 1:3 % 2, and so on. As shown, both
the number of peaks, and the probability of aggregation, increase
with a decrease in the relative permittivity. When decreasing the
relative permittivity of the solvent, the attractive ion-ion correla-
tions are enhanced due to the increase in Bjerrum length, and thus
an increase in the coupling parameter. This behavior is captured in
the Na-mmt system (Fig. 6a), where peaks in the rdfs are found
above 90 wt% EtOH. As expected, the simulated SAXS spectras
(Fig. 6b) show Bragg peaks for 95, and 100 wt% EtOH, where the
positions of the peaks are corresponding to a d-spacing of * 1.2
nm for both systems. The discrepancy of the smoothness in the
scattering pattern of the simulated SAXS spectra arises from the
small size of the platelets. No Bragg peaks are observed at an EtOH
concentration of 90 wt%, or lower, indicating the existence of a
repulsive system. The transition from a repulsive to an attractive
system is illustrated in Fig. 6c-d, where representative configura-
tions of the Na-mmt system in 0, and 100 wt% EtOH, are shown.
At 0 wt% EtOH, only single platelets are found in the system,
whereas for 100 wt% EtOH, all platelets have aggregated and
formed tactoids. In the latter, the average number of platelets per
tactoid was determined to hNi * 4. The MD simulations are in
qualitative agreement with the SAXS data (Fig. 2a), where a transi-
tion from a repulsive to an attractive system is found for Na-mmt.
In the simulations, the transition occurs at a higher EtOH concen-
tration compared to the experimental data, which could arise from
the selected input parameters, such as the volume fraction of the
platelets, the surface charge density, and the size of the platelets.
By comparing the rdfs of Na-mmt at 95 wt% EtOH with Ca-mmt
at 0 wt% EtOH (Fig. 7a), it is shown that the height of the first peaks
are of the same magnitude, indicating that the probability of find-
ing a face-to-face configuration is of the same order. For the Ca-
mmt system, the second peak is more pronounced, indicating that
larger aggregates have been formed. This is confirmed by compar-
ing the representative configurations of the systems (Fig. 7c-d),
Table 4
The equilibrium osmotic pressures as a function of clay dry density for Na+-, and
Ca2+-montmorillonite.a
Dd (kg/m3) P0 (kPa) P95 (kPa) Pmax (kPa)
Na-mmt
1070 2910 670 5770
1030 1590 90 2630
Ca-mmt
1180 1610 310 2550
1230 3040 1210 4240
a The osmotic pressure of 0 (P0), and 95 (P95) wt% EtOH, and at the position of
the peak maximum (Pmax) for Na+-, and Ca2+-montmorillonite, as a function of clay
dry density (Dd).
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Fig. 6. (a) Radial distribution functions, and (b) simulated SAXS spectras from the NVT MD bulk simulations at T = 20 "C of Na+-montmorillonite at 100 (red), 95 (green), 90
(black), 60 (blue), and 0 (magenta) wt% EtOH. Illustrative configurations of Na+-montmorillonite at (c) 0, and (d) 100 wt% EtOH. The volume fraction of the system was 9%
(/ $ 0.09). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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where smaller tactoids are found for Na-mmt at 95 wt% EtOH com-
pared to Ca-mmt at 0 wt% EtOH. Here the average number of pla-
telets per tactoid becomes hNi * 2, and 4 for each system,
respectively. From the simulated SAXS spectras (Fig. 7b), the Bragg
peak of the Ca-mmt system is shifted towards lower values of q
compared to the Na-mmt system, which corresponds to a d-
spacing of * 1:3, and 1.2 nm, respectively. The MD simulations
have a reasonable agreement with the SAXS data (Fig. 3), indicating
slightly stronger attractive interactions in the Na-mmt system at
95 wt% EtOH, in comparison with the Ca-mmt system at 0 wt%
EtOH.
The osmotic pressure as a function of separation between the
surfaces from the MC simulations at T = 20 "C are shown in
Fig. 8. For the Na-mmt system (Fig. 8a) both the osmotic pressure,
and the equilibrium separation between the surfaces determined
from PðhÞ ¼ 0 decrease with an increase in EtOH concentration.
The transition from a repulsive to an attractive system occurs
between 60, and 90 wt% EtOH, where a global minimum is found
for the systems at 90 wt% EtOH and above. These results correlate
with the SAXS data and the bulk MD simulations, indicating that
the model also captures the behavior for Na-mmt in water/EtOH
mixtures. This is, however, not the case for the Ca-mmt system
Fig. 8. The osmotic pressure as a function of separation between the surfaces from the MC simulations at T = 20 "C of (a) Na+-, and (b) Ca2+-montmorillonite at 100 (red), 95
(green), 90 (black), 60 (dashed blue), and 0 (magenta) wt% EtOH. The surface charge density was r ¼ & 1:3 e/nm2. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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Fig. 7. (a) Radial distribution functions, and (b) simulated SAXS spectras from the NVT MD bulk simulations at T = 20 "C of Na+-montmorillonite at 100 (red), and 95 (green)
wt% EtOH, and Ca2+-montmorillonite at 0 (blue) wt% EtOH. Illustrative configurations of (c) Na+-montmorillonite at 95 wt% EtOH, and (d) Ca2+-montmorillonite at 0 wt%
EtOH. The volume fraction of the system was 9% (/ $ 0.09). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)
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(Fig. 8b), where the monotonic trend for the osmotic pressure as a
function of EtOH concentration captured in the MC simulations, is
not consistent with neither the SAXS nor the experimental osmotic
pressure data. This non-monotonic behavior could not be captured
utilizing the continuum model, probably due to the lack of parti-
tioning of the solvent molecules. In principle, the continuummodel
should be valid with respect to the electrostatic interactions. How-
ever, the effect of the variation of the relative permittivity could be
overruled by other effects, such as the difference in size between
the solvent molecules, the density changes associated with the sol-
vent interactions, as well as the geometry of the solvent molecules.
Comparisons between the osmotic pressure data obtained from
the MC simulations for the Na-, and the Ca-mmt systems (Fig. 9),
show the same trend as is found in the SAXS data. The attractive
interaction forces are stronger, and the separation between the
surfaces are smaller for Na-mmt at 95 wt% EtOH in comparison
to Ca-mmt at 0 wt% EtOH. These results conclude that the model
can accurately capture the behavior of the transition from a repul-
sive to an attractive system by tuning the electrostatic interactions,
and confirm that the structural properties of Na-mmt do indeed
behave similarly as a Ca-mmt when changing the solvent from
water to EtOH.
The temperature effect has also been analyzed with the MC
model. The simulated osmotic pressure of Na-, and Ca-mmt at
two different temperatures are presented in Fig. 10. In order to
capture the corresponding behavior as for the SAXS data (Fig. 4),
a higher concentration of EtOH was chosen for both of the systems.
An exact agreement is possible to find by tuning the fitting param-
eters. However, as for the MD bulk simulations, our goal with the
model is to understand the physics behind the clay behavior, rather
than obtaining correct fitting parameters. From these simulations
it was found that there is only a minor temperature effect, where
the attraction increases with an increase in temperature, resulting
in a decrease in the separation between the surfaces. The separa-
tion differences between the two temperatures, i.e.
DdBragg ¼ dBragg(T = 60 "C)& dBragg(T = 20 "C), for Na-, and Ca-mmt
were estimated to * 0:03, and * 0:01 nm respectively, and they
are of the same order of magnitude as for the SAXS data.
Fig. 9. The osmotic pressure as a function of separation between the surfaces from
the MC simulations at T = 20 "C of Na+-montmorillonite at 95 (red), and 60 (green)
wt% EtOH, and Ca2+-montmorillonite at 95 (dashed black), and 0 (blue) wt% EtOH.
The surface charge density was r ¼ & 1:3 e/nm2. (For interpretation of the refer-
ences to color in this figure legend, the reader is referred to the web version of this
article.)
Fig. 10. The osmotic pressure as a function of separation between the surfaces for
the MC simulations of Na+-montmorillonite at 80 wt% EtOH, at T = 20 (red), and 60
"C (green), and Ca2+-montmorillonite at 40 wt% EtOH, at T = 20 (black), and 60 "C
(blue). The surface charge density was r ¼ & 1:3 e/nm2. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)
Fig. 11. (a) The osmotic pressure response of Na+-montmorillonite, with illustrative configurations corresponding to 95 (left), and 0 (right) wt% EtOH. (b) The osmotic
pressure response of Ca2+-montmorillonite, where the black box represents the limitation regime of the continuummodel, and the illustrative configurations correspond to 0
(left), 20 (middle), and 95 (right) wt% EtOH.
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5. Conclusions
We have shown that it is possible to tune the electrostatic inter-
actions to obtain a transition from a repulsive to an attractive sys-
tem for Na-mmt via the solvent properties, i.e. by decreasing in the
relative permittivity. From the SAXS data, Bragg peaks were found
at 60, and 95 wt% EtOH, corresponding to a d-spacing of * 2:18,
and 1.70 nm, respectively. The Bragg peaks are an indication of tac-
toid formation, and the decrease in d-spacing concludes that the
interaction between the platelets are dominated by attractive
ion-ion correlation forces, which are enhanced as the concentra-
tion of EtOH increases. From the experimentally osmotic pressure
measurements reversibility of the Na-mmt system was obtained.
Our hypothesis is that the transition from 95 to 0 wt% EtOH occurs
via a successively replacement of intercalated EtOH molecules
with water molecules (future work). The results from the theoret-
ical models are in qualitative agreement with the experimental
data, giving a further indication of that the given models can
explain the underlying physics in the system containing monova-
lent ions. This is illustrated in Fig. 11a, where the transition
between weak and strong coupling regime is visible.
Moreover, a non-monotonic behavior of the intracrystalline
swelling of Ca-mmt as a function of EtOH concentration was cap-
tured experimentally. It was found that the osmotic pressure
increased until 20 wt% EtOH was reached in the sample, whereas
the d-spacing obtained from SAXS in the 20 wt% EtOH sample
increased in comparison with 0 wt% EtOH. Hence, this indicates
that there are stronger repulsive forces in the Ca-mmt systems at
lower concentrations of EtOH. At 60 wt% EtOH the scattering pat-
tern from the SAXS data was found to be a superposition of two
Bragg peaks, and the osmotic pressure is in same regime as at 0
wt% EtOH, indicating that there is a competition between two dif-
ferent separations, either for the intercalated EtOH and water, or
for two EtOH concentrations. At 95 wt% EtOH the d-spacing was
decreased to * 1:70 nm, and the osmotic pressure was markedly
reduced, due to the enhanced ion-ion correlation forces. The non-
monotonic behavior found experimentally could not be captured
utilizing the continuum model, probably due to the lack of parti-
tioning of the solvent molecules. This is illustrated in Fig. 11b,
where the limitation regime of the model is highlighted by the
black box, i.e. the increase in osmotic pressure, and the representa-
tive configurations of the Ca-mmt systems at 0, 20, and 95 wt%
EtOH, show that the separation between the platelets decreases
with an increase in EtOH concentration. Thus, in the continuum
model a monotonic behavior is found for the intracrystalline swel-
ling of Ca-mmt as a function of EtOH concentration, where the
enhanced attractive ion-ion correlation forces increase with a
decrease in relative permittivity. To be able to capture this effect
theoretically, a model considering the interactions between the
solvent molecules and the clay platelets is needed. For example,
a model where the solvent is treated explicitly is a good candidate.
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Hypothesis: The stability of colloidal dispersions in the presence of multivalent ions depends strongly on
the electrostatic interactions between the suspended particles. Of particular interest are colloidal parti-
cles having dimensions in the nanometric range and with an anisotropic shape due to its high surface
area per unit mass, for example clay, which has the key characteristic of a negatively charged surface, sur-
rounded by an oppositely charged rim.
Experiments: In this study, we investigate the interactions in nanoplatelet dispersions for the model sys-
tem of Laponite! clay with addition of mono- and multivalent salt. Molecular dynamics simulations with
enhanced umbrella sampling have been utilised in combination with the experimental techniques of
zeta-potential measurements, dynamic light scattering, and transmission electron microscopy.
Findings: It was observed that tactoid formation and tactoidal dissolution due to overcharging occur upon
the addition of trivalent salt. The overcharging effect was captured from calculated potential of mean
force and confirmed from the zeta-potential, which changed sign from negative to positive when increas-
ing the stoichiometric charge-ratio between the positive salt ions and the clay. Consequently, the gained
information could provide useful physical insight of nanoplatelet interactions in the presence of multiva-
lent ions.
" 2020 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction
There has been an enhanced interest in colloidal dispersions
containing multivalent ions, primarily due to the importance of
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the electrostatic interactions for the colloidal stability, which is of
importance for many technological and biological systems [1,2]. A
colloidal dispersion in the presence of multivalent ions is more
prone to be destabilised than in the presence of monovalent ions.
Moreover, it has also been observed that the destabilisation is
more evident at higher salt concentrations [3]. Another interesting
phenomenon is the attractive electrostatic interaction between
like-charged colloidal particles with multivalent ions [4,5]. When
a charged colloidal particle is suspended in a liquid medium, the
counterions adsorb on the surface, creating a layer with the oppo-
site sign of the charge. Under certain conditions, the charge of the
counterions within this layer can overcompensate the surface
charge, where the overcharging effect implies that there is an
excess of charges at the surface. This results in an effective
reversed electrical field and is captured from the reversed sign of
the electrophoretic mobility [6,7].
The properties of colloidal dispersions depend on the features of
the suspended particles, in particular their shape, size, and charge.
In addition, colloidal particles with dimensions in the nanometric
range and with an anisotropic shape are of particular interest.
These particles can spontaneously self-assemble in a liquid med-
ium due to its high surface area per unit mass and specific surface
functionality, thus, forming a wide range of microstructures [8]. In
the literature, clay has been extensively studied due to the interest
in exploiting its physical properties, which is one of the most
prominent and widely available anisotropic nanoparticle system.
Clays are inorganic materials composed of fine-grained miner-
als, where the clay minerals belong to the family of phyllosilicates,
or layered silicates. These can either be provided from natural
sources or produced synthetically by combining the inorganic min-
eral sources of sodium silicate and the salts of sodium, magnesium,
and lithium [9]. The most well known synthetic clay mineral is
Laponite!, which is a trioctahedral smectite with a chemical com-
position similar to the natural clay mineral Hectorite. The Lapo-
nite! clay mineral is composed of a negatively charged surface,
with a diameter of ! 25 nm and a thickness of ! 1 nm, and the
ideal chemical formula is written as Na0:7(Si8Mg5:5Li0:3)O20ðOHÞ4
[9]. The anisotropic clay platelets can form a lamellar structure,
which is normally not homogeneous, and is described as a disor-
dered structure of stacks of platelets, also denoted tactoids [10].
The structure is seemingly a perfect model system for an electrical
double layer, where the stability in saline solution depends
strongly on the surface charge density of the platelets, as well as
on the valency of the counterion and the salt ion [11]. The negative
surface charge density is defined from the pH-dependent cationic
exchange capacity (CEC), where several values have been reported
for Laponite! depending on its grade, e.g. ! 0:5 mEq/g [9],
! 0:65 mEq/g [12], and ! 0:75 mEq/g [13,14]. Moreover, the sur-
face of the platelet is surrounded by a rim with exposed magne-
sium hydroxyl (MgOH) groups, where the rim can either possess
a negative, a neutral, or a positive charge depending on the pH of
the solution. The point of zero charge, i.e. where the rim charge
is neutral, is at pH $ 11, hence, the rim has a positive charge at
lower pH and a negative charge at higher pH [15].
The advantages of synthetic clay minerals, and especially Lapo-
nite!, are that the clay platelets are monodisperse and have a high
purity with a low content of transition metals and other impurities.
In addition, Laponite! has the ability to improve the stability of a
suspension by altering its rheological properties, and is thereby
widely used as a rheology-modifier in many technological applica-
tions, such as in household and personal care products, in paints,
and in surface coatings. The rich phase behaviour of Laponite!,
and its diverse phase (state) diagram, which includes flocculants,
isotropic liquids, isotropic gels, and nematic gels, have been exten-
sively studied, e.g. see the comprehensive review articles by
Ruzicka & Zacarelli (2011) [16] and Suman & Joshi (2018) [17],
and the references therein. The different phases observed in the
state diagram depend on the Laponite! concentration, the concen-
tration of the ionic compounds, such as added salt, as well as on
the time of gelling, i.e. aging. For an aqueous solution with a Lapo-
nite! concentration of % 1 wt%, the dispersion undergoes a sol/gel
transition, i.e. a phase transition from a sol (clay-poor) phase to a
gel (clay-rich) phase [18–20]. In addition, for a dispersion with a
salt concentration of NaCl higher than 20 mM, phase separation
occurs as flocculation and sedimentation [20,21].
In this study, we investigate the interactions between nanopla-
telets and multivalent ions by using the model system of Laponite!
clay with addition of mono- and multivalent salt. By utilising
molecular dynamics (MD) simulations with enhanced umbrella
sampling, we show the importance of the valency of the salt ion
and the stoichiometric charge-ratio between the salt ions and
Laponite! for the stability of the dispersion. The overcharging
effect is captured from the free energy of interaction, i.e. the poten-
tial of mean force (PMF), between two parallel platelets. Moreover,
the tactoid formation and the tactoidal dissolution are observed for
the addition of trivalent salt by employing MD bulk simulations.
The results obtained from the simulations are confirmed by the
experimental techniques of zeta-potential (f-potential) measure-
ments, dynamic light scattering (DLS), transmission electron
microscopy (TEM), and cryogenic TEM (cryo-TEM).
2. Experimental section
2.1. Materials and sample preparation
The clay used in this study was the synthetic sodium Laponite!-
XLG XR (BYK Additives) with a CEC of ! 0:5 mEq/g according to the
technical information [9]. Analytical grade sodium chloride (NaCl,
purity, 99.5%), calcium chloride (CaCl2, purity, 99.5%), and lan-
thanum chloride (LaCl3, purity, 99.0%) were purchased from
MERCK. A stock solution of Laponite! was prepared by dispersing
0.2 g of clay in 10 g Milli-Q water, and after equilibration, the sus-
pension was filtered through a 0.22 lm Millex-GV filter unit
(MERCK). Thereafter, the Laponite! suspensions were mixed with
stock solutions of the respective salt in varying concentrations, in
order to obtain a Laponite! mass fraction of 1 wt%.
2.2. f-potential measurements
For the f-potential measurements, the samples were measured
in disposable folded capillary cells at 25#C utilising a Malvern Zeta-
sizer Nano ZS (Malvern Instruments). The method determines the
velocity of a particle in a medium with an applied field by combin-
ing electrophoresis and laser doppler velocimetry techniques.
From the electrophoretic mobility (UE) of the particle, the f-
potential is obtained by applying the Henry equation [22]:
UE ¼ 2!ff ðjaÞ3g : ð1Þ
Where ! is the dielectric constant, f is the f-potential, and g is the
viscosity of the medium. Henry’s function is defined as f(ja), where
the thickness of the electrostatic double layer is 1/j and the particle
radius is a. ja' 1 corresponds to the classical Smoluchowski limit
for compact double layers, which was used for the measurements.
2.3. Dynamic light scattering
In order to evaluate the size distribution of the Laponite! dis-
persions with addition of trivalent salt, DLS measurements were
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performed. The samples were measured in disposable cuvettes at
25#C, utilising a Malvern Zetasizer Nano ZS (Malvern Instruments)
[22]. The instrument is equipped with a 4.0 mW He-Ne gas laser
with a wavelength of 632.8 nm and a detector unit comprised with
an Avanlanche Photo Diode with a backscatter detector angle of
173#. The DLS technique is based upon the principle that a liquid
sample is illuminated by coherent light, where the phase of the
detected scattered light from all of the particles either interfere
constructive or destructive. The size of the particles is obtained
from the random movements of the particles through the medium
due to Brownian motion via the time correlation function. This is
extracted from the intensity fluctuation, where the rate of decay
for the time correlation function is related to the particle size.
2.4. Transmission electron microscopy
To obtain more information about how the tactoid formation
and the tactoidal dissolution depend on the amount of added triva-
lent salt, the techniques of TEM and cryo-TEM were utilised, which
were performed at the National Center for High-Resolution Elec-
tron Microscopy at Lund University. For the TEM measurements,
3 lL of freshly prepared sample suspension was pipetted onto a
TEM grid (continuous formvar-carbon film on 200 mesh copper
from Ted Pella, Redding, USA), gently blotted using a filter paper
and let to air dry. The grid was mounted on a standard JEOL single
tilt holder and imaged at room temperature on a JEOL JEM-2200FS
(JEOL, Tokyo, Japan) TEM. For the cryo-TEM measurements, the
grids (lacey formvar-carbon film on 200 mesh copper from Ted
Pella, Redding, USA) were first glow discharged in a Quorum Glo-
Cube system (Quorum Technologies, Laughton, UK). Thereafter,
4 lL of sample suspension was pipetted onto the grid in a Leica
EM GP automatic plunge freezer (Leica Microsystems, Stockholm,
Sweden) operating at 21#C and relative humidity of >90%, backside
blotted for 2.5 s and plunged into liquid ethane. The vitrified sam-
ples were stored in liquid nitrogen until used. For imaging, the
samples were transferred onto a Fischione 2550 cryogenic sample
holder and imaged on a JEOL JEM-2200FS (JEOL, Tokyo, Japan) TEM.
The sample temperature was maintained below (175 #C during
the cryo-TEM imaging. In both TEM and cryo-TEM, the microscope
was operating at an accelerating voltage of 200 kV, utilising the
omega energy filter for contrast enhancement. The zero-loss
images were acquired on an F416.0 camera (TVIPS, Gauting, Ger-
many) using SerialEM software [23]. Imaging was performed in
low-dose mode, keeping the total electron dose per image below
50 e/Å2 (5000 e/nm2). The cryo-TEM images were acquired using
the defocus values in the range (3)1 l m. The acquired images
were processed in ImageJ software [24].
3. Theoretical section
3.1. The coarse-grained model
In the simulation model, the clay platelet is represented as a
finite hexagonal monolayer of connected coarse-grained spheres,
called sites. The thickness and the diameter of the platelet are 1
and 11 nm, respectively, where the lateral dimensions are smaller
in the model compared to the experiments, in order to reduce the
computational cost. The unit charges were located at the centre of
each site to obtain a homogeneous charge distribution. The total
charge of the platelet was neutralised by monovalent counterions,
and the stability of the suspensions was studied by addition of
mono- and multivalent salt. The ions were added explicitly as
freely moving charges with an excluded volume. The systems
dimensionless stoichiometric charge-ratio (b) is defined as the
absolute value of the number of positive mono- or multivalent salt
ion charges, divided by the platelets total net negative charge, i.e.
b¼ Nion * Z
þ
ion
Np * Zp
!!!! !!!!; ð2Þ
where Nion and Zþion are the number and the charge of the positive
salt ions, and Np and Zp are the number and the charge of the plate-
let. The number of ions were varied in order to obtain b¼ 0(8,
where b¼ 0 corresponds to a system with only monovalent counte-
rions. The effect of the platelet charge was studied by varying the
total net negative charge of the platelet, which was set to (45 e
and (90 e, corresponding to a one-sided surface charge density of
r $ (0.5 e/nm2 and r $ (1.0 e/nm2, respectively.
In the simulations, the solvent is treated as a dielectric contin-
uum with a uniform dielectric constant of !r ¼ 78:3. The particles
are interacting pairwise and the electrostatic pair potential is
defined as:
uELij ðrijÞ ¼
e2zizj
4p!0!rrij
; ð3Þ
where e is the elementary charge, zi is the valency of particle i, !0 is
the permittivity of vacuum, and rij is the center-to-center distance
between particles i and j. In addition, particles interact through a
strictly repulsive, truncated, and shifted Lennard-Jones (TLJ) poten-
tial, defined as:
uTLJij ðrijÞ ¼
!TLJ
r ij
rij
" #12 (2 rijrij" #6 þ 1
$ %
; if rij < r ij
0; otherwise
8<: : ð4Þ
!TLJ determines the strength of the short-ranged potential, which
was set to 1 kT. r ij ¼ ðr i þ r jÞ=2, where r i is the diameter of species
i, and in the model, rsite ¼ 1:0 nm and r ion ¼ 0:4 nm. The total
potential between all pairs is thus defined as:
uijðrijÞ ¼ uTLJij ðrijÞ þ uELij ðrijÞ: ð5Þ
Furthermore, within the platelet, all the adjacent sites are con-
nected by a harmonic bond-stretching potential:
ubðrijÞ ¼ 12 k
bðrij (bÞ2; ð6Þ
where kb is the force constant and b is the equilibrium bond length.
The platelets flexibility was constrained by a harmonic angular
potential between triplets of sites:
uðhijkÞ ¼ 12 k
hðhijk (h0Þ2; ð7Þ
where kh is the force constant, h0 ¼ p, and hijk is the bond angle
between the triplet of sites i, j, and k.
3.2. Molecular dynamics simulations
MD simulations were performed with the software package
GROMACS (version 2018.2) [25]. Newtons equation of motion for
the freely moving species, i.e. the platelets, the counterions, and
the salt ions, were integrated using a leap-frog algorithm. To
account for the long-ranged electrostatic contribution, fast
particle-mesh Ewald summation was utilised with a 6 nm real-
space Coulomb cutoff and a Fourier spacing equal to 0.6 nm. For
an in depth description of the input parameters, the reader is
referred to the user manual [25].
The free energy of interaction between two platelets was
extracted as PMF utilising the enhanced sampling method of
umbrella sampling [26,27]. For these MD simulations, two parallel
platelets were immersed in a rectangular box with the dimensions
of 20 , 20 , 40 nm and three-dimensional periodic boundary con-
ditions were implemented. The center-of-mass (COM) of the plate-
lets was restrained to only move along the z-axis, located at the
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center of the box, with a COM separation between the platelets of
1.2 nm. The restriction allows the platelets to rotate freely around
the z-axis, hence the centre of gravity is on the z-axis. A schematic
representation of the model is shown in Fig. 1.
Monovalent counterions as well as mono- or multivalent salt
were added to the system, and equilibration was performed for
100 ns to ensure convergence, which was evaluated from the total
energy of the system. To generate the starting configurations for
the umbrella sampling, the parallel platelets were pulled apart
along the z-axis using the pull code [25], with a spring constant
of 1000 kJ/(mol * nm2) and a pull rate of 1 nm/ns. The starting con-
figurations were typically 0.1–0.2 nm apart for the total sampling
interval of 1.2–11 nm. Each configuration was equilibrated for
1 ns, and then sampled for 10 ns. Finally, the PMF was extracted
utilising the Weighted Histogram Analysis Method (WHAM)
[28,29].
Thebulk simulationswerecarriedout to study the structural prop-
erties of theplateletswith addition of trivalent salt. For theseMDsim-
ulations, eight platelets with a surface charge density of r $(1:0 e/
nm2 were placed in a cubic simulation box with three-dimensional
periodic boundaryconditions. Thebox lengthwas33nm, correspond-
ing to a volume fractionwith respect to theplatelets of 1% (/c $ 0:01).
The simulations were sampled for at least 100 ns, and the equilibra-
tionwas approximately50ns to ensure convergence,whichwas eval-
uated from the total energy of the system.
3.3. Structural analysis
The structural information obtained from the bulk simulations
was analysed from the platelet-platelet structure factor, defined
as:
SðqÞ ¼ 1
N
XN
i¼1
XN
j¼1
sinðqrijÞ
qrij
* +
; ð8Þ
where N is the total number of platelet sites in the system. Assum-
ing an isotropic scattering, the equation above can be rewritten as:
SðqÞ ¼ 1 þ 4p N
V
Z 1
0
ðgðrÞ (1Þr2 sinðqrÞ
qr
dr; ð9Þ
where g(r) is the radial distribution function between all the plate-
let sites in the system and V is the total volume of the simulation
box. At large separations, if g(r) is not approaching one due to the
finite box length, a window function can be used to reduce the
artefacts:
SwðqÞ ¼ 1 þ 4p NV
Z 1
0
ðgðrÞ (1Þr2 sinðqrÞ
qr
sinðpr=RcÞ
pr=Rc
dr; ð10Þ
where Rc is the maximum distance in g(r). [30]
4. Results and discussion
4.1. Experimental characterisation of the systems
The measured f-potentials of the Laponite! dispersions with
addition of mono- and multivalent salt are presented in Fig. 2a.
For the dispersion without addition of salt, i.e. b¼ 0, the f-
potential was ! (34 mV, confirming that the surface charge den-
sity of the clay platelet is negative. This value is, however, less neg-
ative than other f-potentials reported in the literature, e.g. ! (40
to (45 mM [31], ! (45 mV [14], ! (52 mV [32,33], and !
(58 mV [13]. The discrepancy is reasonable since the f-potential
is correlated with the CEC of Laponite!, which is dependent on
the Laponite! grade. In previous studies, the CEC was reported to
be ! 0:75 mEq/g for the general purpose grade Laponite!-RD,
while in this study the personal care grade Laponite!-XLG with a
CEC of ! 0:5 mEq/g was used. With addition of salt, it is observed
that the f-potential both depends on b as well as on the valency of
the salt ion. By increasing b or the valency, the f-potential
increases for the trivalent salt of LaCl3 and a transition from a neg-
ative to a positive f-potential is found at b¼ 4, whereas for the
mono- and divalent salt, i.e. NaCl and CaCl2, the f-potential
remained negative regardless the value of b. Hence, this indicates
that the system with trivalent salt becomes overcharged.
In order to further investigate the overcharging effect observed
for the Laponite! dispersions with addition of the trivalent salt
LaCl3, the size distribution was measured with DLS (Fig. 2b). For
these measurements it was necessary to reduce the concentration
of the dispersion with a factor of 100 due to the sensitivity of the
instrument, since the scattered intensity is related to the number
of particles. However, b remained constant, and thus, qualitative
information can still be derived. For the Laponite! dispersion with-
out addition of salt, the obtained mean radius was !24 nm, which
is almost twice the expected radius. Further, it was found that the
mean radius increases with b until a maximum is found at b¼ 4,
indicating that tactoids are formed. This is in correlation with the
f-potential, which is approximately zero at b¼ 4, thus the overall
charge of the complex is zero and the maximum size of the tactoids
is found when the trivalent salt fully neutralises the net negative
charge of the clay platelets. Then, at b> 4, the mean radius
decreases until a plateau is reached at b$ 6 to approximately
300–400 nm, suggesting that the process of tactoidal dissolution
occurs in the system.
The tactoid formation observed in the Laponite! dispersions
was also studied with TEM. Since the Laponite! dispersion of
1 wt% are rather dense, the concentrations was reduced with a
Fig. 1. Schematic representation of the coarse-grained model for the system with two parallel platelets (grey), each with a total charge of Zp ¼ (90 e, corresponding to a one-
sided surface charge density of r $ (1:0 e/nm2. The platelets are neutralised with monovalent counterions (red spheres), and the center-of-mass of the platelets is restrained
to only move along the z-axis (dashed line). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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factor of 100. In this technique, the contrast of the platelets
depends strongly on their orientation with respect to the electron
beam. The diffraction contrast is strong when the basal plane of the
platelets is oriented parallel to the beam, where the platelets
appear as sharp dark lines (or ‘‘filaments”) in the TEM image. In
addition, Fresnel fringes may appear on both sides of the diffract-
ing platelets, which are more or less pronounced depending on
the defocus of the objective lens, and can artificially increase the
value of the platelet thickness [34]. For the platelets where the
basal plane is not parallel to the electron beam, the diffraction con-
trast is much weaker due to the small thickness of! 1 nm, hence, it
was difficult to clearly determine the size. From the TEM measure-
ments it was observed that the formation of tactoids was promoted
by the addition of trivalent salt. To gain further insight about the
structural properties, cryo-TEM was used, where the samples are
vitrified to preserve the original microstructures. The TEM images
are shown in Fig. S1 in the Supplementary Materials and the cryo-
TEM images are shown in Fig. 3. For the sample without addition of
trivalent salt (b¼ 0), the platelets are well separated and no aggre-
gates are observed. This confirms that the system is dominated by
repulsive interactions and consists mainly of single platelets. With
addition of trivalent salt, the distance between the platelets
decreases, and more platelets are found in close vicinity to each
other. The number of platelets oriented parallel to the beam
increases to b¼ 4, indicating that the tactoids grow in size. There-
after, at b¼ 8, there are less platelets oriented parallel to the beam,
which imply that tactoidal dissolution occurs in the system. In
addition, for the slightly darker areas observed in the image, our
hypothesis is that this might depend on that the sample contains
aggregates of less ordered clay platelets.
In addition, quantitative analyses were performed for the Lapo-
nite! dispersion at b¼ 2. Only the platelets whose normal are per-
pendicular to the electron beam were taking into account. The
thickness of the platelets was estimated to 1:2)0:1 nm, in agree-
ment with the reported thickness of Laponite!. The mean cross-
sectional length was 15)6 nm, obtained from the size distribution
analysis (Fig. S2). This result indicates that the typical size of the
platelets in our samples was slightly smaller than the expected
diameter. Moreover, two preferential average inter-layer distances,
or d-spacings, between the platelets were found (Fig. S3): the more
prominent d-spacing is at 2:2)0:2 nm and the other weaker d-
spacing is at 1:3)0:1 nm. The former corresponds to the average
inter-layer distance composed of four water layers and is in agree-
ment with the average separation between Laponite! platelets in
the presence of the trivalent salt lanthanum chloride measured
with small angle X-ray scattering [35], whereas the latter may sug-
gest that there is a monolayer of water between the platelets,
which has been observed for dry Laponite! films exposed to the
relative humidity in the atmosphere [36]. Hence, this implies that
the Laponite! platelets can adopt two different states with respect
to the number of water layers between the platelets. Furthermore,
the d-spacing distribution was calculated for the Laponite! disper-
sion at b¼ 4 and 8 (Fig. S3). The same inter-layer distances were
found as for b¼ 2, however, the occurrence of the d-spacing at
1:3)0:1 nm decreased slightly with an increase in b.
4.2. Characterisation by computer simulations
4.2.1. Free energy between parallel platelets
The free energy of interaction, thus the PMF, between two par-
allel platelets including counterions and addition of mono- and
multivalent salt has been calculated utilising the coarse-grained
model and MD simulations with enhanced umbrella sampling
(Figs. S4 and S5). In the simulations, the addition of salt gives rise
to a Debye screening length j, where b correlates to a specific
value of j. These values differs slightly between the valency of
the salt, however, they are in the same regime of j $
0:6(3:1 nm for b¼ 0:5(8 (Table S1).
In order to evaluate how the interaction free energy depends on
the valency of the salt ion, b, and the surface charge density, the
PMF has been extracted at a certain separation between the plate-
lets in Fig. 4. The separation was chosen at the location of the min-
ima found for the trivalent salt, except for the system with r $
(1.0 e/nm2 and monovalent salt, where the separation was chosen
from the nearest possible separation between the platelets at
1.7 nm. However, the trends between the different salts can still
be captured from a electrostatic point of view. It is observed that
the PMF decreases with an increase in the valency of the salt ion
due to the enhanced attractive electrostatic interactions within
the system. For the salt-free case, i.e. with only monovalent coun-
terions, as well as for the addition of mono- and divalent salt, the
PMF is positive, confirming that the systems are dominated by
repulsive interactions. It is observed that the PMF decreases with
b for the monovalent salt, while for the divalent salt, the PMF
decreases up to b¼ 1, after which a plateau value is reached. Fur-
thermore, the PMF between the parallel platelets with a surface
charge density of r $ (1:0 e/nm2 and addition of trivalent salt is
negative for bP 1, indicating that the long-ranged repulsion is
screened. Global minima are found at the short distance of
! 1:4 nm, suggesting that formation of small aggregates or tactoids
Fig. 2. (a) The f-potential for Laponite! dispersions (1 wt%) with addition of salt as a function of the stoichiometric charge-ratio (b). (b) The mean size of the particles for the
Laponite! dispersions (0.01 wt%) with addition of trivalent salt, represented as the mean radius (<r>), as a function of b. Error bars are included, and for some data points they
are smaller than the symbol size. The dash-dotted lines are a guide for the eye.
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occur in the system due to enhanced ion-ion correlation forces. The
deepest minimum is at b¼ 1 with the magnitude of(20.9 kT, and
thereafter, the free energy minima decreases in magnitude
(Table S2). By decreasing the surface charge density of the platelets
to r $ (0.5 e/nm2, a non-monotonic transition in the PMF is
obtained for the addition of trivalent salt. It is positive for b< 1,
negative for 1 6 b % 2, and then positive again for b> 2. This trend
indicates that overcharging is present in the system, where the
interactions within the system are repulsive, attractive, and then
repulsive again. Hence, for 1 6 b % 2, the long-ranged repulsion
is screened and the global free energy minima are located at
! 1:5 nm, where the deepest minimum is found at b¼ 1 with
the magnitude of (4.6 kT. The magnitudes of the global minima
are lower than for the platelets with r $ (1.0 e/nm2 (Table S2).
4.2.2. Structural properties from bulk simulations
The structural properties of the platelets with trivalent salt
were studied from the bulk MD simulations via the calculated
Fig. 3. Representative cryo-TEM images for the Laponite! dispersions (0.01 wt%) with addition of trivalent salt at the stoichiometric charge-ratio of (a) 0, (b) 2, (c) 4, and (d) 8.
The scale bar applies to all images.
Fig. 4. The potential of mean force (PMF) at the separation of 1:5)0:2 nm between two parallel platelets with (a) r $ (1:0 e/nm2 and (b) r $ (0:5 e/nm2 as a function of the
stoichiometric charge-ratio (b). The dash-dotted lines are a guide for the eye.
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platelet-platelet structure factors SwðqÞ, presented as Kratky plots
in Fig. 5a. Bragg peaks are observed in the high-q region for b¼ 4
and 8, where the former has the highest intensity. The periodicity
between the platelets is correlated to the intensity, and thus,
implies that the most well ordered structure is obtained at
b¼ 4. This is confirmed from the low-q region, where the high
intensity peak of b¼ 4 indicates that the formed complex possess
the most compact shape. From the Bragg peak, the average dis-
tance, i.e. the d-spacing, between the mid-plane of two adjacent
platelets was dBragg ¼ 1:4 nm for b¼ 4 and 8, determined from
the relation: dBragg ¼ 2p=qmax, where qmax is the position of the
maximum intensity of the Bragg peak. In addition, the gðrÞ with
respect to the platelets COM are presented in Fig. 5b. Here, the
peak is consistent with a structure of two platelets in a face-to-
face configuration at ! 1:5 nm, where the probability of finding
that configuration is related to the height of the peak. It is
observed that the height increases to b¼ 4, after which it
decreases, implying that the most pronounced attractive interac-
tions are found in the system with b¼ 4. To further validate this,
representative configurations from the simulations were extracted
(Fig. 5c–f). It is observed that for b¼ 0, only single platelets are
present, hence, the system is dominated by repulsive interactions.
Then, at b¼ 4, the platelets have aggregated into small tactoids,
and at b¼ 8, the tactoids are dissolved into smaller complexes.
It should be mentioned that the size of the complexes changes
throughout the simulations, however on average, the largest com-
plexes are obtained at b¼ 4, confirming that this system possess
the strongest attractive electrostatic interactions. Finally, at
b¼ 12, there is almost only single platelets, which confirms that
the overcharging effect is present in the system.
5. Conclusion
The stability of Laponite! dispersions with addition of mono-
and multivalent salt was studied as a function of b. It was found
that the formation of tactoids was promoted by the addition of
trivalent salt, while for mono- and divalent salt, the systems were
dominated by repulsive interactions. The tactoid formation results
from the enhanced attractive ion-ion correlation forces with the
increase in valency of the positive salt ions. Further, tactoidal dis-
solution was observed for a large excess of salt, i.e. b> 4, due to the
overcharging effect, confirmed from the f-potential measurements,
which changed sign from negative to positive at b¼ 4. Moreover,
the tactoid formation was studied with TEM and cryo-TEM, where
quantitative analyses were obtained from the cryo-TEM imaging.
The thickness and the mean cross-sectional length of the platelets
were estimated to 1:2)0:1 and 15)6 nm, respectively. Two pref-
erential average inter-layer distances, or d-spacings, between the
platelets were found: the more prominent at 2:2)0:2 nm and
another weaker at 1:3)0:1 nm. Furthermore, the overcharging
effect was captured from MD simulations with enhanced umbrella
sampling, where a transition from a positive to a negative PMF was
obtained. Global minima were found, where the deepest minimum
was obtained for b¼ 1, suggesting the formation of small aggre-
gates or tactoids. This was confirmed from the structural analyses
from the bulk simulations, where tactoid formation followed by
tactoidal dissolution was observed.
The information gained from our study provides evidence of the
existence of attractive ion-ion correlation forces between like-
charged nanoplatelets in the presence of multivalent ions in aque-
ous solutions. This is in correlation with a previous study of the
Fig. 5. (a) The platelet-platelet structure factors presented as Kratky plots (SwðqÞ * q2) and (b) the radial distribution functions (gðrÞ) for the addition of trivalent salt. (c)–(f)
Representative configurations at the stoichiometric charge-ratio (b) of (c) 0, (d) 4, (e) 8, and (f) 12. The counterions and the salt ions are omitted for clarity, and the platelets
are shown in grey.
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mean force between two like-charged spherical particles with
addition of trivalent salt by D. G. Angelescu & P. Linse (2003)
[37]. They showed that the stability of the colloidal dispersions
went through three stages with an increase in trivalent salt: (i) a
stable dispersion; (ii) a two-phase region; and (iii) a redissolution.
The trend was also observed when changing the counterion
valency from monovalent to divalent and finally to trivalent
[37,38]. In addition, these phenomena were studied for latex parti-
cles with addition of the branched spherical polyelectrolyte den-
drimer, considered as a highly charged multivalent species,
where the same effects were observed [39–41]. Hence, with our
model and the experimental techniques used, we can extend the
knowledge over the attractive forces found in colloidal dispersions
for spherical particles in the presence of multivalent ions to aniso-
tropic particles with respect to shape and charge such as nanopla-
telets as well.
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1. Transmission electron microscopy (TEM)
Representative TEM images for the Laponite® dispersions with addition of trivalent salt are shown in Figure S1.
Figure S1: Representative TEM images for the Laponite® dispersions (0.01 wt%) with addition of trivalent salt at the
stoichiometric charge-ratio of (a) 0, (b) 2, (c) 4, and (d) 8. The scale bar applies to all images.
.
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2. Quantitative analyses from cryo-TEM
Based on the acquired cryo-TEM images, the mean cross-sectional length was estimated from the size distribution
analysis for the Laponite® dispersion at the stoichiometric charge-ratio of two shown in Figure S2. Furthermore, the
inter-layer distance, or d-spacing, between parallel platelets was obtained from the spacing distributions (Figure S3)
with a histogram bin size of 0.5 nm, where a bimodal distribution was found for the histogram bin size of 0.2 nm.
Figure S2: The size distribution, obtained from analysis of cryo-TEM images, of the platelets cross-sectional length
for the Laponite® dispersion at the stoichiometric charge-ratio of two.
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(a) (b)
(c) (d)
(e) (f)
Figure S3: The spacing distributions, obtained from analysis of cryo-TEM images, with a histogram bin size of (a, c,
e) 0.5 nm and (b, d, f) 0.2 nm for the Laponite® dispersion at the stoichiometric charge-ratio of (a, b) 2, (c, d) 4, and
(e, f) 8.
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3. Characterisation by Computer Simulations
3.1. Free energy between parallel platelets
The free energy of interaction between two parallel platelets with a surface charge density of   ˘ -1.0 and -0.5
e/nm2 for the addition of mono-, di-, and trivalent salt is shown as the potential of mean force (PMF) in Figures S4 and
S5, respectively. The stoichiometric charge-ratio  , its corresponding Debye screening length , and the PMF at the
separation of 1.5 ± 0.2 nm are shown in Table S1 for the platelets with   ˘ -1.0 e/nm2. Moreover, the PMF between
the parallel platelets with   ˘ -1.0 and -0.5 e/nm2 at the separation of 1.5 ± 0.2 nm for the addition of trivalent salt is
displayed in Table S2.
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Figure S4: The potential of mean force (PMF) between two parallel platelets with   ˘ -1.0 e/nm2 as a function of the
separation for the addition of (a) mono-, (b) di-, and (c) trivalent salt. The salt-free case, i.e. with only monovalent
counterions (  = 0), has been included in (a) for comparison.
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Figure S5: The potential of mean force (PMF) between two parallel platelets with   ˘ -0.5 e/nm2 as a function of the
separation for the addition of (a) mono-, (b) di-, and (c) trivalent salt. The salt-free case, i.e. with only monovalent
counterions (  = 0), has been included in (a) for comparison.
Table S1
The stoichiometric charge-ratio  , the Debye screening length , and the potential of mean force (PMF)
between two parallel platelets with   ˘ -1.0 e/nm2 at the separation of 1.5 ± 0.2 nm.
Z+ion = 1 Z
+
ion = 2 Z
+
ion = 3
   (nm) PMF (kT)  (nm) PMF (kT)  (nm) PMF (kT)
0 ÿ 142.4 ÿ 142.4 ÿ 142.4
0.5 3.12 122.7 2.54 62.48 2.20 31.00
1 2.20 104.6 1.80 17.18 1.56 -20.90
1.5 1.80 95.78 1.47 12.47 1.27 -18.28
2 1.56 83.67 1.27 12.16 1.10 -16.78
4 1.10 64.98 0.90 12.37 0.78 -11.76
8 0.78 48.42 0.64 12.14 0.55 -8.83
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Table S2
The stoichiometric charge-ratio  , the Debye screening length , and the potential of mean force (PMF)
between two parallel platelets for the addition of trivalent salt at the separation of 1.5 ± 0.2 nm.
  ˘ -1.0 e/nm2   ˘ -0.5 e/nm2
   (nm) PMF (kT)  (nm) PMF (kT)
0 ÿ 142.4 ÿ 118.7
0.5 2.20 31.00 3.12 14.59
1 1.56 -20.90 2.20 -4.55
1.5 1.27 -18.28 1.80 -3.18
2 1.10 -16.78 1.56 -1.31
4 0.78 -11.76 1.10 2.19
8 0.55 -8.83 0.78 5.20
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a b s t r a c t
Clays can be synthesised to have specific functional properties, which have been exploited in a range of
industrial processes. A key characteristic of clay is the presence of a negatively charged surface, sur-
rounded by an oppositely charged rim. Because of that, clays are able to sequester cationic compounds
resulting in the formation of ordered layered structures, known as tactoids. Recent research has high-
lighted the possibility of utilising clay as a drug delivery compound for cationic peptides. Here, we inves-
tigate the process of intercalation by using the highly cationic peptide deca-arginine, and the synthetic
clay Laponite, in aqueous suspensions with 2.5 wt% Laponite, and varying peptide concentrations.
Small-angle X-ray scattering experiments show that tactoids are formed as a function of deca-arginine
concentration in the dispersion, and for an excess of peptide, i.e. above a matched charge-ratio between
the peptide and clay, the growth of the tactoids is limited, resulting in tactoidal dissolution. Zeta-
potential measurements confirm that the observed dissolution is caused by overcharging of the platelets.
By employing coarse-grained molecular dynamics simulations based on the continuum model, we are
able to predict the tactoid formation, the growth, and the dissolution, in agreement with experimental
results. We propose that the present simulation method can be a useful tool to tune peptide and clay
characteristics to optimise and determine the extent of intercalation by cationic peptides of therapeutic
interest.
! 2019 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
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https://doi.org/10.1016/j.jcis.2019.09.055
0021-9797/! 2019 The Author(s). Published by Elsevier Inc.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
⇑ Corresponding authors at: Theoretical Chemistry, Lund University, P.O. Box 124, SE-221 00 Lund, Sweden (M. Jansson and M. Skepö).
E-mail addresses: maria.jansson@teokem.lu.se (M. Jansson), marie.skepo@teokem.lu.se (M. Skepö).
Journal of Colloid and Interface Science 557 (2019) 767–776
Contents lists available at ScienceDirect
Journal of Colloid and Interface Science
journal homepage: www.elsevier .com/locate / jc is
ðñö
1. Introduction
There has been an enhanced interest in exploiting the physical
properties of clays for various industrial and technological pro-
cesses [1,2]. Clays are a broad class of inorganic materials, consist-
ing of layered mineral silicates, which can be sourced either
naturally or synthetically [3]. Both synthetic and natural clays
are based on the same layered silicate structure, where the former
can be selectively altered in order to tune the physical properties of
the clay. Clays are used in a wide range of applications due to their
large variety of functions, most commonly as rheological modifiers
in an assortment of products including make-up and paint [4].
More recently, the interest in using synthetic clays as drug delivery
vehicles has increased, due to their chemical stability and their rel-
atively biologically inert properties [1,5–7]. One such example is
the synthetically produced Laponite, which exhibits properties that
are of specific interest in this area [8–10].
Laponite is a trioctahedral layered clay mineral, and consists of
a negatively charged silica-sheet based surface, surrounded by a
rim of exposed magnesium hydroxyl (MgOH) groups. The ideal
chemical formula is written as Na0:7ðSi8Mg5:5Li0:3ÞO20ðOHÞ4 [11],
and the platelet has both an anisotropic charge and size, where
the diameter is # 25 nm, and the thickness is # 1 nm, respectively.
The surface charge of the platelet is negative, and defined from its
cation exchange capacity (CEC), which is pH-dependent, and can be
readily altered. Regarding CEC and Laponite, several values have
been reported in the literature, e.g. # 0.75 mEq/g [12,13],
# 0.65 mEq/g [14], and # 0.5 mEq/g [11]. The charge of the platelet
edges is also pH-dependent, where the point of zero charge is at
pH$ 11, and thus, the edges are positively charged at lower pH,
and negatively charged at higher pH [15]. The phase diagram of
Laponite has been extensively studied in the literature, e.g. see
the comprehensive review article by Ruzicka and Zaccarelli
(2011) [16], and the references therein. The state diagram of Lapo-
nite is diverse, containing flocculants, isotropic liquids, isotropic
gels, and nematic gels [17]. The size distribution of the ordered lay-
ered structure of Laponite, also known as tactoids, and the exfolia-
tion process, can depend on the Laponite concentration [18]. At a
concentration of approximately 2–3 wt%, Laponite exists in the
repulsive glass, or Wigner glass state, where the process of struc-
tural ageing, i.e. gel or glass formation, has been observed [19].
Moreover, Laponite has been shown to possess antibacterial
properties, as well as the ability to sequester cationic peptides
[20]. The intercalation of the peptide between the silica sheets of
the clay results in the formation of tactoids [14,20]. The tactoidal
structure is stabilized by charge–charge interactions between the
surface of the clay and the peptide. The process is entropically dri-
ven, due to the release of counterions associated with the clay
when the peptide adsorbs on the clay surface [21,22]. Intercalation
of cationic therapeutic peptides within the Laponite tactoidal
structure can lead to higher efficiency, controlled release, and
increased targeting efficacy [20].
In recent years, there has been a great interest in developing
novel therapeutical compounds, including antibiotics and anti-
cancer drugs, that are cationic in nature. The most well-known
class are known as cationic antimicrobial peptides (CAMPs)
[23,24]. It has been suggested that intercalation of cationic thera-
peutic peptides, within clays, may protect them from proteolysis,
and provide a mechanism through which their release can be both
controlled and target oriented [25]. Incorporation within a tac-
toidal clay structure may therefore increase both the bio-
availability and the efficacy of CAMPs, as well as other cationic
therapeutic peptides, or drug compounds [26,27]. Hence, Laponite
may prove a useful candidate for sequestering and delivering catio-
nic antibiotics.
One important limiting factor in employing synthetic clays as
drug delivery vehicles is the lack of understanding of their colloidal
behaviour in the presence of cationic peptides. Here, we study the
tactoidal behaviour of Laponite in the presence of the cationic
deca-arginine (Arg10) peptide, which was chosen as a model pep-
tide due to its highly cationic nature as well as relatively short
sequence of ten amino acids. The former originates from the guani-
dinium cation (Gdm+) group in the arginine side chain, which has a
pKa value in water of 13.6 [28]. By using molecular dynamics sim-
ulations, we show the importance of the stoichiometric charge-
ratio between the peptide and Laponite in regulating tactoid for-
mation, and hence, peptide sequestration. The results obtained
are confirmed by using the experimental techniques small angle
X-ray scattering (SAXS), as well as zeta-potential (f-potential)
measurements.
2. Experimental section
2.1. Materials
The type of clay used throughout this study was the synthetic
sodium Laponite-XLG XR from BYK Additives, with a CEC of
# 0.5 mEq/g according to the technical information [11]. Analytical
grade sodium chloride (purity, 99.5%) was purchased from MERCK,
and Milli-Q water was used for the preparation of the solutions.
Arg10 with a molecular weight of 1.58 kDa was purchased from
American Peptide (California, U.S.) as a lyophilised powder. Stock
solutions of Laponite were prepared by dispersing 1 g of clay in
20 g aqueous suspension at two different ionic strengths, i.e. 10
and 150 mM NaCl. Thereafter, the sample were left to equilibrate
for approximately 24 h.
Lyophilised Arg10 peptide was dissolved in Milli-Q water, to a
concentration of 20 mg/mL, and placed in 500–1000 Da MWCO
Biotech CE dialysis tubing (Repligen, Massachusetts, U.S.). In order
to remove impurities and buffer components remnant from the
synthesis, the peptide was dialysed against Milli-Q water (500
times its volume), whilst stirring at room temperature. The dialysis
step was then repeated three times against fresh Milli-Q water.
Thereafter the samples were freeze-dried and collected as a lyophi-
lised powder. The stock solution of Arg10 was prepared by dissolv-
ing the lyophilised powder in Milli-Q water, where the
concentration was determined from the absorbance at 214 nm,
using a NanoDrop 2000 Spectrophotometer, with the extinction
coefficient of 10800 % 100 M& 1 cm& 1 [29].
Finally, the stock solutions of Laponite and Arg10 were mixed, in
order to obtain a Laponite mass fraction of 2.5wt%, which corre-
sponds to a volume fraction of # 1%, assuming the particle density
of Laponite as 2530 kg/m3 [11]. The pH of the samples were set in
the range of 8.8 % 0.9 by addition of HCl, and measured prior to
each experiment.
2.2. Small angle X-ray scattering
Small angle X-ray scattering (SAXS) measurements were per-
formed at the SWING beamline of Soleil synchrotron (Saint-
Aubin, France). The sample to detector distance was set to 1.5 m
at 12 keV, corresponding to the q-range of 5'10& 2 < q < 7 nm& 1.
Here q is the scattering vector defined as q ¼ 4p sinðhÞ=k, where
2h is the scattering angle, and k = 0.1 nm is the monochromatic
beamwavelength. Furthermore, a hybrid pixel X-ray detector Eiger
4 M (Dectris) with 75 ) 75 lm2 pixel size resolution was used. The
samples were measured in 1.5 mm sealed glass capillaries,
mounted on a multiple capillary holder, and thermalised at 25 "
C. In order to minimise radiation damage, and increase data qual-
ity, ten exposures of 100 ms each were collected, at three different
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positions of the sample. For data reduction, normalisation, and buf-
fer subtraction, the beamline software Foxtrot, and the ATSAS
package [30], were used.
In order to determine the average number of platelets per tac-
toid, a model scattering peak was fitted to the experimental data.
In a narrow q-range, the scattering intensity can be approximated
with a Lorentzian line shape:
q2IðqÞ / wðq & qmaxÞ2 þ w2
þ b; ð1Þ
where I(q) is the scattering intensity, w is a measure of the width of
the Bragg peak, qmax is the position of the maximum intensity of the
Bragg peak, and b is a fitting parameter of the background contribu-
tion around the peak. The full width at half maximum (FWHM) of
the Bragg peak is equal to 2w, and the average tactoid size can be
expressed as hNi $ qmax=w [31–33]. The average distance, i.e. d-
spacing, between the mid-plane of two adjacent clay platelets,
was obtained from qmax via the relation: dBragg ¼ 2p=qmax, and the
data was fitted between qmax % 0:5nm& 1.
2.3. f-potential measurements
f-potential measurements were performed with a Malvern
Zetasizer Nano ZS (Malvern Instruments), using disposable folded
capillary cells at 25 " C. The f-potential is obtained from a combi-
nation of electrophoresis, and laser doppler velocimetry tech-
niques, which determines the velocity of a particle in a medium
when an electric field is applied. The f-potential can then be calcu-
lated from the electrophoretic mobility of the particle by applying
the Henry equation [34]:
UE ¼ 2!ff ðjaÞ3g ; ð2Þ
where UE is the electrophoretic mobility, ! is the dielectric constant,
f is the f-potential, g is the viscosity of the medium, and f ðjaÞ is
Henrys function, where 1/j is the thickness of the electrostatic dou-
ble layer, and a is the particle radius. For the measurements, the
classical Smoluchowski limit for compact double layers, corre-
sponding to ja + 1, was used.
3. Theoretical section
Molecular dynamics (MD) simulations were utilised to study
the tactoid formation of the clay platelets upon addition of posi-
tively charged peptides.
3.1. The coarse-grained model
A schematic representation of the clay platelet, and the peptide,
is shown in Fig. 1. One platelet is modelled as a finite hexagonal
monolayer of connected coarse-grained spheres, denoted as sites,
and the platelet has a thickness and a diameter of 1 and 11 nm,
respectively. The model size is smaller than the experimental in
order to reduce the computational cost. The platelet has a homoge-
neous charge distribution, where the unit charges are located in
the centre of each site, and both face and rim charges have been
added to represent the charge anisotropy of Laponite. The peptide
is modelled as a positively charged chain consisting of connected
coarse-grained beads (monomers). In the simulations, all the coun-
terions were added explicitly, and modelled as freely moving
charges with an excluded volume, where the total platelet and
chain charges were neutralised by monovalent counterions. The
stoichiometric charge-ratio (b) in the system is defined as the abso-
lute value of the number of positive chain charges, divided by the
total net negative charge of the platelets, i.e.
b¼ jðNchains ' ZchainÞ=ðNplatelets ' ZplateletÞj.
The reference system consisted of eight platelets, with a face
charge of Zface ¼ & 61, and a rim charge of Zrim ¼ þ 6. Hence, the
total net charge of each platelet is Zplatelet ¼ & 55. Moreover, the
peptide was modelled as a chain with ten charged beads to mimic
Arg10, each with a charge of Zbead ¼ þ 1. The number of chains were
varied between Nchains ¼ 0—180, in order to obtain a stoichiometric
charge-ratio ranging from b¼ 0 to b¼ 4. Moreover, the general
applicability of the model was investigated by modifying the pep-
tide chain with respect to the chain length, the total charge of the
chain, the charge of each bead, as well as the chains flexibility and
bond length. The specifications of the systems are compiled in
Table 1.
In the simulations, the solvent is treated implicitly as a dielec-
tric continuum, with the dielectric constant !r ¼ 78:3. All the inter-
actions in the system are assumed to be pairwise additive, and the
electrostatic pair potential is defined as:
uELij ðrijÞ ¼
e2zizj
4p!0!rrij
; ð3Þ
where e is the elementary charge, zi is the valency of particle i, !0 is
the permittivity of vacuum, and rij is the centre-to-centre distance
between particles i and j. In addition, the particles also interact
via a strictly repulsive, truncated, and shifted Lennard-Jones (TLJ)
potential, defined as:
uTLJij ðrijÞ ¼
!TLJ
r ij
rij
! "12 & 2 rijrij! "6 þ 1
# $
; ifrij < r ij
0; otherwise:
8<: ð4Þ
The strength of the short-ranged potential (b!TLJ) was set to one,
where b¼ 1=kBT; kB is the Boltzmann constant, and T = 298 K.
r ij ¼ ðr i þ r jÞ=2, and r i is the diameter of species i, where
rsite ¼ 1 nm, and rion ¼ rbead ¼ 0:4 nm. Thus, the total potential
between all pairs is defined as:
uijðrijÞ ¼ uTLJij ðrijÞ þ uELij ðrijÞ: ð5Þ
Furthermore, all the adjacent sites within the platelet, and the
adjacent beads within the chain, are connected by a harmonic
bond-stretching potential:
Fig. 1. Schematic representation of the simulation model for one platelet and one
peptide. The face of the platelet (light grey) has a total charge of Zface ¼ & 61, the rim
of the platelet (dark grey) has a total charge of Zrim ¼ þ 6, and the peptide (red)
consists of ten beads, each with a charge of Zbead ¼ þ 1. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)
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ubðrijÞ ¼ 12 kbðrij & bÞ
2; ð6Þ
where kb is the force constant, and b is the equilibrium bond length.
The flexibility of the platelet, and the chain, were constrained by an
harmonic bending potential between triplets of sites:
uðhijkÞ ¼ 12 k
hðhijk & h0Þ2; ð7Þ
where kh is the force constant, hijk is the bond angle between the
sites i, j, and k, and h0 ¼ p.
3.2. Molecular dynamics simulations
The MD simulations were performed with the software package
GROMACS (version 5.0.4) [35]. A cubic simulation box with three-
dimensional periodic boundary conditions were used, with a box
length of 33 nm, corresponding to a volume fraction with respect
to the platelets of 1% (/c $ 0:01) for eight platelets. The time step
was set to 10 fs, with a total of 3 ' 107 steps. Newtons’ equations of
motion of freely moving species, i.e. the platelets, the counterions,
and the chains, were integrated using the leap-frog algorithm. To
account for the long-ranged electrostatic contribution, fast
particle-mesh Ewald summation (PME) was utilised with a 6 nm
real-space Coulomb cutoff, and a Fourier spacing equal to 0.6 nm.
For an in depth description of the input parameters, the reader is
referred to the user manual [35].
3.3. Structural analysis from simulations
The structural information obtained from the simulations was
analysed by the total structure factor between the platelets,
defined as:
SðqÞ ¼ 1
N
XN
i¼1
XN
j¼1
sinðqrijÞ
qrij
* +
; ð8Þ
where N is the total number of platelet sites in the system, and V is
the total volume of the simulation box. Assuming an isotropic scat-
tering, the equation of the total structure factor can be rewritten as:
SðqÞ ¼ 1 þ 4p N
V
Z 1
0
ðgðrÞ & 1Þr2 sinðqrÞ
qr
dr; ð9Þ
where g(r) is the radial distribution function (also denoted rdf)
between all the platelet sites in the system. If gðrÞ does not
approach one at large separations due to the finite box length, a
window function can be used to reduce artefacts, according to:
SwðqÞ ¼ 1 þ 4p NV
Z 1
0
ðgðrÞ & 1Þr2 sinðqrÞ
qr
sinðpr=RcÞ
pr=Rc
dr; ð10Þ
where Rc is the maximum distance in g(r) [36].
4. Results and discussion
4.1. Experimental characterisation of Laponite-Arg10 mixtures
SAXS experiments were performed at a fixed Laponite concen-
tration of 2.5wt%, while varying the concentration of Arg10 so that
the samples had a stoichiometric charge-ratio of b= 0, 0.5, 2.5, and
10. The measurements were performed at two different ionic
strengths at a fixed temperature of T = 25 " C. The samples were
measured directly after preparation, and thus, no ageing effect
was observed. Fig. 2 shows the scattering intensities, as Kratky
plots (q2IðqÞ vs. q), for the Laponite sample without addition of
Arg10, i.e. b = 0. Here, no Bragg peaks are observed in the SAXS
spectra, independent of the ionic strength. This indicates that nei-
ther tactoids nor fractions of platelet aggregates are found in the
dispersion, and therefore the system is dominated by repulsive
interactions. Upon addition of Arg10, Bragg peaks are observed
for all concentrations of Arg10, implying tactoid formation within
the systems (Fig. 2). A comparison between the intensities of the
Bragg peaks shows a monotonic increase up to b= 2.5, after which
a lower intensity is observed for b¼ 10. The behaviour of the latter
can be explained by a tactoidal dissolution due to overcharging of
the platelets caused by the presence of the peptide, which thereby
induces repulsive interactions. The maxima of the Bragg peaks are
consistent between the measured samples, corresponding to a d-
spacing of # 1.8 nm. This value is larger than what is usually
reported for Laponite, which supports the fact that the peptides
adsorb on the clay surface. The FWHM of the Bragg peaks decrease
with increasing b, indicating that the tactoids grow in size with
increasing Arg10 concentration. This is confirmed from the analysis
of the average number of platelets per tactoid, hNi, which increases
from # 2 to # 3, as b increases from 0.5 to 2.5. The increased attrac-
tion in the systems can be explained from the CEC of Laponite, as
the small monovalent counterions are exchanged with the larger
more highly charged peptides. Hence, the SAXS-data indicate that
small tactoids are formed until b= 2.5, whereas when b> 2.5, there
is an excess of peptides in the system, and the overall tactoid size
decreases, which implies that the platelet is overcharged.
To further validate this, the f-potentials of the samples were
determined and presented, see Fig. 3. Since the dispersions for
the SAXS experiments are very dense, it was essential to reduce
the concentration with a factor of 100, nevertheless, qualitative
information can still be obtained due to the fact that the charge-
ratio of the samples remains the same. For the Laponite dispersions
without addition of Arg10 (b¼ 0), the measured f-potentials were
& 29, and & 21 mV for the ionic strengths of 10 and 150 mM NaCl,
respectively. This confirms that the Laponite platelets have a neg-
ative surface charge density. However, these values are less nega-
tive than other measured f-potentials reported in the literature, i.e.
& 52 mV [37,38], & 40–45 mV [39], & 58 mV [12], and & 45 mV [13].
This is reasonable since the f-potential correlates to the CEC of the
Laponite, which in this study was # 0.5 mEq/g, in comparison with
previous studies where a CEC of # 0.75 mEq/g has been reported. As
shown in Fig. 3, it was found that the f-potential increased with an
Table 1
General applicability of the model - specifications of the systems (including eight platelets).
System Modification of the peptide Nbeads Zbead Zchain Nchains kh (kBT=rad
2) b (nm)
Reference system 10 1 10 0–180 0 0.5
G.I Chain length 5–20 1 5–20 88–22 0 0.5
G.II Total charge 10 0.5–2 5–20 88–22 0 0.5
G.III Chain length and bead charge 4–20 2.5–0.5 10 44 0 0.5
G.IV Flexibility 10 1 10 44 0–400 0.5
G.V Bond length 10 1 10 44 0 0.4–0.6
G.VI Charge position 20 1 10 44 0 0.5
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increase in charge-ratio, and that the f-potential changes sign,
from negative to positive for the highest charge-ratio, indicating
that the system becomes overcharged. Moreover, the f-potential
also shows that the overcharging effect is more pronounced at
low ionic strength, which emphasises the importance of the elec-
trostatic interactions in the system.
4.2. MD simulations of Laponite-Arg10 mixtures
The radial distribution functions determined from the MD sim-
ulations are shown with respect to the center-of-mass between the
platelets in Fig. 4a, for the systems with b = 0–2. The number of
peaks in the rdfs indicates the size of the tactoids, where the first
peak is equivalent to a structure where two platelets have aggre-
gated in a face-to-face configuration at # 2.4 nm, and the second
peak corresponds to the situation when three platelets have aggre-
gated in a face-to-face configuration at # 2.4'2 nm, and so on. The
first peak position shows that the distance between the surface
of two adjacent platelets is # 1.4 nm. Considering that the diameter
of one Arg10 bead is 0.4 nm (in the model), it can be concluded that
the peptide is not tightly bound to the platelet. The height of the
peak describes the probability of finding the specific configuration.
For the system without addition of Arg10, (b¼ 0), no peak is visible,
indicating that the system does not contain any tactoids, and
hence, that the system is dominated by repulsive interactions.
The screening length that the counterions of the platelets induce
is approximately 1.9 nm, which is larger than the distance between
two platelets, and thus confirms that no electrical double layer
interactions are present in the simulations. Upon addition of
Arg10, the number as well as the height of the peaks increase as
b approaches one, whereas for the higher charge-ratio, i.e. b = 2,
the number and the height of the peaks decrease. This indicates
that at a low number of Arg10, there are several smaller tactoids
in the system, and as the number of peptides increases, the size
of the tactoids increases until all platelets are stacked into one tac-
toid shown in the representative snapshot of the configuration in
Fig. 4f. For b > 1, dissolution occurs, which means that the tactoid
dissolves into smaller objects again, in line with results obtained
regarding oppositely charged polyelectrolytes and macroions
[40,41]. This behaviour is further proven by the calculated struc-
ture factors in Fig. 4b. Here, no Bragg peaks are found for b< 1,
whereas for bP 1, Bragg peaks are observed, where the intensity
of the peak decreases with an increase in b. To further analyse
the simulation data, the average number of platelets per tactoid,
hNi, was calculated as a function of the stoichiometric charge-
ratio, see Fig. 4c. Here it is shown that hNi is equal to one for
b¼ 0, indicating that there are only single platelets in the system.
Then hNi increases up to b¼ 1, at which a maximum point is
reached, whereas at higher charge-ratios, a decrease in hNi is
observed. This behaviour is further illustrated in the representative
snapshots of the configurations in Fig. 4d–g. The obtained results
indicate that Arg10 promotes tactoid formation, which is then fol-
lowed by a dissolution of the tactoids in the system due to over-
charging of the platelets with Arg10. By comparing the MD
simulations with the SAXS data (Fig. 2), and the f-potential mea-
surements (Fig. 3), a qualitative agreement in the overall behaviour
is observed.
4.3. Single-platelet simulations
To study the extent of overcharging, i.e. to which degree a pla-
telet can be overcharged by a peptide, simulations consisting of
one platelet fixed in the xyz-positions at the center of the simula-
tion box were performed, with addition of Arg10 corresponding to a
total stoichiometric charge-ratio of the system ranging from 0 to
2.5. From the simulations, the distribution of Arg10 as a function
of the distance from the platelet surface is obtained. Fig. 5a shows
that upon addition of Arg10, the number of beads close to the sur-
face increases, notice though that this is a smooth transition, until
a plateau value is reached. The plateau corresponds to the concen-
tration of Arg10 in the bulk, where the gradient before the plateau
is a measure of the tendency for the Arg10 to interact with the
platelet. Here a steeper gradient means that it is more likely to find
the peptides at the surface of the platelet at that corresponding
Fig. 2. SAXS intensities as Kratky plots over a narrow q-range for Laponite (2.5wt%), and Laponite-Arg10 dispersions with varying stoichiometric charge-ratio, b, for (a) 10, and
(b) 150 mM NaCl. The intensity curves are normalised at q $ 2 nm& 1.
Fig. 3. f-potential for Laponite, and Laponite-Arg10 dispersions, as a function of the
stoichiometric charge-ratio, b, for two ionic strengths. Error bars are smaller than
the symbol size.
M. Jansson et al. / Journal of Colloid and Interface Science 557 (2019) 767–776 771
ðòð
distance. Eventually the gradient reaches the plateau value, see
Fig. 5b, which can be interpreted as the platelet being saturated
by Arg10, and thus, overcharged (if b > 1). As shown, the gradient
increases with the charge-ratio in the system, indicating that more
chains are in close contact with the platelet. The gradient was
extracted through a linear regression at the distance h =
1.1% 0.2 nm, and the fitted data can be found in the Supplementary
data (Fig. 1). Also, it is found that the platelet becomes overcharged
at b> 1, which is in qualitative agreement with the results obtained
from the f-potential measurements.
4.4. General applicability of the model
The generality of the study and the impact of the electrostatic
interactions have been further evaluated by studying the refer-
ence system with b¼ 1. Fig. 6a shows how the structure factor
is affected upon addition of explicit monovalent salt ions, and
as visible, there are no discrepancies for the salt concentrations
of 0–100 mM, whilst for 150 mM, the intensity of the Bragg peak
is lower. This is probably caused by the weaker electrostatic
attractions combined with the decrease in entropy gain, c.f.,
increased ionic strength in comparison to a salt-free system
[42]. From the analysis of the average number of platelets per
tactoid, hNi, shown in Fig. 6b, it is observed that hNi decreases
slightly upon addition of salt, which also indicates that there
are stronger repulsive electrostatic interactions in the system
due to electrostatic screening. However, in the continuum model
used in this study, the electrostatic interactions within the sys-
tem are usually overestimated, and thus, the salt effect can be
neglected.
Fig. 4. (a) Radial distribution functions, and (b) structure factors, Sw (q), from the MD simulations for the systems with a stoichiometric charge-ratio in the range of b= 0–2.
The intensities are normalised at q $ 2 nm& 1. (c) The average number of platelets per tactoid, hNi, as a function of b. Notice that error bars are included in (c), although for
most data points, the error is smaller than the symbol size. (d–g) Representative snapshots of the configurations with (d) b¼ 0, (e) b¼ 0:5, (f) b¼ 1, and (g) b¼ 2. The
counterions are omitted for clarity, the platelets are shown in grey, the peptides are shown in red, and the cubic simulation box is shown in black (periodic images are shown
outside the simulation box).
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Having established that the salt concentration has a minimal
effect on the intercalation of peptides and the consequent forma-
tion of tactoids, we next used simulations to investigate how the
altering of the peptide properties influences the system, see Table 1
for specifications. Fig. 7a shows the effect of the peptide length
(defined as Nbeads), referred as system G.I, on the tactoid formation.
It is found that the tactoids increase in size up to the peptide
sequence used in this study (10), after which the size of the tac-
toids formed decreases slightly. This suggests that a sequence con-
taining a minimum number of charged residues is an important
regulator of tactoid formation. Peptides that exert a biological
function do not typically contain a homogeneous sequence of
charged residues. Therefore, we next investigated the effects of
altering the total charge of the peptide chain, defined as
Zchain ¼ Nbeads ' Zbead, whilst keeping the number of beads constant
(system G.II). The results are shown in Fig. 7b, where we can
observe that, not surprisingly, there is a large influence on the for-
mation of tactoids in the system, where tactoids are formed for
Zchain > 8, followed by an increase in tactoid size. Moreover, two
plateau regions are found for 10 < Zchain < 14 and
16 < Zchain < 20, respectively, indicating that peptides with slightly
dissimilar charge can give rise to the same behaviour with respect
to the intercalation into layered clay minerals. Peptides of different
types may have the same total charge, but differ with respect to the
size of the chain as well as the charge of each residue. This effect
was studied by keeping the total charge of the peptide constant,
whilst varying the number of beads and the charge of each bead,
i.e. system G.III. Fig. 7c shows that a maximum is found at the pep-
tide sequence used in this study, after which the size of the tactoids
decreases rapidly towards one, indicating that there are only single
platelets in the system. This suggests that there is an optimum
with respect to the peptide properties for the intercalation, and
that the number of beads as well as the charge of each bead have
a greater effect than the total charge of the chain. To account for
the varying flexibility observed in different peptide chains, the
strength of the bead–bead potential in Eq. (7) was altered in sys-
tem G.IV, with kh ¼ 0, 4, 40, and 400 kBT/rad2. By decreasing the
flexibility of the peptide, i.e. increasing kh, it was found that the
tactoid formation remained unchanged. However, the distance
between the platelets within the tactoids decreases slightly from
# 1.4 to # 1.1 nm, which originates from a tighter binding of the
peptide to the platelet when its flexibility decreases.
Alternation of the peptide sequence was performed to study the
effect of charge distance matching between the peptide and the
platelet. First, the bond length within the peptide was altered,
where for the reference system, the peptides bond length is
b ¼ 0:5 nm, and the distance between the sites within the platelet
is b ¼ 1:0 nm, thus, three beads of the peptide match two charges
of the platelet. For the simulations of system G.V, the peptides
bond length was set to b ¼ 0:4, 0.5, and 0.6 nm, where the distance
between the platelet and the peptide was found to increase with
Fig. 5. (a) The distribution of peptide beads represented as the stoichiometric charge-ratio, b, from the single-platelet simulations as a function of the distance from the
platelet surface, h, and (b) the gradient, b=h, extracted from (a) at the distance h = 1.1 % 0.2 nm as a function of b.
Fig. 6. (a) Structure factors, Sw(q), from the MD simulations, where the intensities are normalised at q $ 2 nm& 1, and (b) the average number of platelets per tactoid, as a
function of salt concentration for the system with b = 1. In (b), the error bars are included, and smaller than the symbol size.
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bond length, i.e. from # 1.2 to # 1.6 nm for b ¼ 0:4 to 0.6. Further,
the average number of platelets per tactoid was # 2.7, # 3.4, and
# 2.1 for b ¼ 0:4, 0.5, and 0.6 nm, respectively, indicating that
b ¼ 0:5 nm is an optimal bond length of the peptide with respect
to the tactoid formation due to the charge distance matching
between the peptide and the platelet. Secondly, the charge separa-
tion was investigated by altering the positions of the charges
within the peptide by setting a positive charge (Zbead ¼ þ 1) for
every second bead, and a neutral charge for every other bead,
corresponding to system G.VI. It should be noted that it was neces-
sary to increase the peptide length (Nbeads), meanwhile conserving
a constant net charge of the chain. From the simulations, no tactoid
formation was observed when the peptide became longer and
bulkier, thus, it is more favourable for the system to maximise
the chain entropy. This is shown in the radial distribution function
in Fig. 8a, where no peaks are observed for the modified chain. It
was also found that the peptide adsorbs onto the platelet, however,
with a larger distance between the platelet and the peptide than
Fig. 7. The average number of platelets per tactoid obtained from the MD simulations for the alternation of the peptide chain with respect to (a) the chain length, (b) the total
charge, and (c) the chain length as well as the charge of each bead within the chain. Error bars are included, for most data points the error is smaller than the symbol size.
Fig. 8. (a) Radial distribution functions showing the effect of charge distance matching by modifying the position of the charges within the peptide chain. (b–c)
Representative snapshots of the configurations from the single-platelet simulations for (b) the reference system with all beads positively charged, and (c) the system with
every second bead positively charged, note that Nbeads ¼ 20. The counterions are omitted for clarity, the platelet is shown in grey, and the peptide is shown in red and orange,
where the red beads are positively charged and the orange beads are neutral. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)
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for the reference system, which is illustrated in the representative
snapshots of the configurations from the single-platelet simula-
tions in Fig. 8b–c. Additional radial distribution functions, and rep-
resentative snapshots of the configurations for the modification of
the peptide properties, are found in the Supplementary data
(Figs. 2–6).
When considering sequestration of charged peptides by syn-
thetic clays, physical properties of both the peptide of interest,
and the clay, need to be considered. In this study the clay model
remained constant in order to reduce the number of variable
parameters, however, alternation of the platelet charge distribu-
tion, and size, is the basis for future work. For instance, charge
vacancies in the platelet can be added to represent the location
of charges in Laponite (or other types of clay). Moreover, the effect
of platelet size can also be taken into consideration. However, the
interactions in the system is to a first approximation proportional
to the area of the platelets, and thus, the attraction between the
platelets would increase with size.
5. Conclusion
Experimentally, we have observed that Laponite can intercalate
the cationic peptide Arg10, and promote tactoid formation. The
mechanism is dependent on the stoichiometric charge-ratio b,
where an initial increase in b results in the formation of tactoids,
whilst for an excess, i.e. b> 1, the overcharging effect results in a
limited growth of the tactoids, and tactoidal dissolution. By using
MD simulations, we were able to capture the intercalation of the
peptide, and identify the stoichiometric charge-ratio at which tac-
toid formation is initiated, maximised, as well as when tactoidal
dissolution due to overcharging is observed. The results from the
simulations are in qualitative agreement with the experimental
evidences, and the observed behaviour is illustrated in Fig. 9. Fur-
thermore, we make predictions on the behaviour of the peptide
intercalation based on the sequence length, the net charge of the
chain, and the effect of charge distance matching. The information
gained, combined with the ability to simulate such systems, could
provide useful physical insight into the intercalation of other catio-
nic peptides within clays, suggesting specific conditions where
clays may act as a targeted drug release system. We therefore pro-
pose that the method presented here could be useful for testing
and refining the properties of both the synthetic clay, and the pep-
tide targets, to optimise sequestration, and consequently aid in the
design and testing of efficient drug delivery systems. The incorpo-
ration of peptides within clays may act as a promising method for
drug delivery, increasing the bioavailability of the sequestered
peptide, and protecting it from proteolysis.
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1. Supplementary material
1.1. Single-platelet simulations
The linear regression at the distance h = 1.1±0.2 nm extracted from the distribution of peptide beads as a function
of the distance from the platelet surface are shown in Figure 1.
0.5 1.0 1.5 2.0
h (nm)
0.0
0.5
1.0
1.5
Figure 1: The distribution of peptide beads represented as the stoichiometric charge-ratio,  , from the single-platelet
simulations as a function of the distance from the platelet surface, h, where the linear regressions at h = 1.1 ± 0.2nm
are shown as the dashed red lines.
1.2. General applicability of the model
Radial distribution functions and representative snapshots of the configurations from the simulations for the study
of the peptide properties are shown for the alternation of the chain with respect to the chain length, the total charge,
the chain length as well as the charge of each bead, the flexibility, and the bond length in Figure 2–6, respectively.
.
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Figure 2: (a) Radial distribution functions showing the e ect of modifying the peptides chain length. (b–d) Repre-
sentative snapshots of the configurations with (b) Nbeads = 5, (c) Nbeads = 10, and (d) Nbeads = 20. The counterionsare omitted for clarity, the platelets are shown in grey, the peptides are shown in red, and the cubic simulation box is
shown in black (periodic images are shown outside the simulation box).
0 2 4 6 8 10 12
r (nm)
0
50
100
150
200
250
g(r
)
Z
chain = 5
Z
chain = 8
Z
chain = 10
(a)
(b) (c) (d)
Figure 3: (a) Radial distribution functions showing the e ect of modifying the peptides total charge. (b–d) Represen-
tative snapshots of the configurations with (b) Zchain = 5, (c) Zchain = 8, and (d) Zchain = 10. The counterions areomitted for clarity, the platelets are shown in grey, the peptides are shown in red, and the cubic simulation box is shown
in black (periodic images are shown outside the simulation box).
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Figure 4: (a) Radial distribution functions showing the e ect of modifying the peptides chain length as well as the
charge of each bead. (b–d) Representative snapshots of the configurations with (b) Nbeads = 6, (c) Nbeads = 10, and(d)Nbeads = 20. The counterions are omitted for clarity, the platelets are shown in grey, the peptides are shown in red,and the cubic simulation box is shown in black (periodic images are shown outside the simulation box).
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Figure 5: (a) Radial distribution functions showing the e ect of modifying the peptides flexibility. (b–d) Representative
snapshots of the configurations from the single-platelet simulations with (b) k✓ = 0 kBT /rad2, (c) k✓ = 40 kBT /rad2,and (d) k✓ = 400 kBT /rad2. The counterions are omitted for clarity, the platelet is shown in grey, and the peptide isshown in red.
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Figure 6: (a) Radial distribution functions showing the e ect of charge distance matching with respect to the peptides
bond length. (b-d) Representative snapshots of the configurations from the single-platelet simulations with (b) b =
0.4nm, (c) b = 0.5nm, and (d) b = 0.6nm. The counterions are omitted for clarity, the platelet is shown in grey, and
the peptide is shown in red.
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Abstract: The addition of polyelectrolytes (PEs) to suspensions of charged colloids, such as nanoplatelets
(NPs), is of great interest due to their specific feature of being either a stabilizing or a destabilizing agent.
Here, the complexation between a PE and oppositely charged NPs is studied utilizing coarse-grained
molecular dynamics simulations based on the continuum model. The complex formation is evaluated
with respect to the stoichiometric charge-ratio within the system, as well as by the alternation of the chain
properties. It is found that the formed complexes can possess either an extended or a compact shape.
Moreover, it is observed that the chain can become overcharged by the oppositely charged NPs. With an
increase in chain length, or a decrease in chain flexibility, the complex obtains a more extended shape,
where the NPs are less tightly bound to the PE. The latter is also true when reducing the total charge
of the chain by varying the linear charge density, whereas in this case, the chain contracts. With our
coarse-grained model and molecular dynamics simulations, we are able to predict the composition and
the shape of the formed complex and how it is affected by the characteristics of the chain. The take-home
message is that the complexation between PEs and NPs results in a versatile and rich state diagram,
which indeed is difficult to predict, and dependent on the properties of the chain and the model used.
Thus, we propose that the present model can be a useful tool to achieve an understanding of the PE-NPs
complexation, a system commonly used in industrial and in technological processes.
Keywords: polyelectrolyte; nanoplatelet; complexation; molecular dynamics simulations; charge
stoichiometry; chain length; linear charge density; chain flexibility
1. Introduction
The complexation between polyelectrolytes (PEs) and oppositely charged colloidal particles is of great
interest for various industrial and technological processes [1,2]. PEs are highly soluble in water due to their
charged nature and adsorb strongly to oppositely charged particles [3–8]. There exists a large variety of
natural and synthetic PEs with different properties, which are used for a wide range of applications [9,10].
One specific feature is that a suspension of charged colloids can be either stabilized or destabilized with
the addition of an oppositely charged PE [11–13]. Nanoplatelets (NPs), such as clays, have both an
anisotropic shape and charge, where the lateral dimensions can be several orders of magnitude larger than
the thickness [14]. The surface, i.e., the face of the NP, usually holds a high negative charge, while the
rim can either be negative, neutral, or positive, depending on the pH of the solution [15,16]. The complex
formation of PEs and NPs depends strongly on the properties of the macromolecules and a variation
of those results in a state diagram that contains a rich and versatile variety of structures. The effect of
Int. J. Mol. Sci. 2019, 20, 6217; doi:10.3390/ijms20246217 www.mdpi.com/journal/ijms
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the PEs’ properties has been studied previously for PE-macroion complexation by utilizing canonical
Monte Carlo simulations [17,18]. The authors investigated the complex formation between one PE and an
addition of oppositely charged spherical macroions with respect to the linear charge density, length, and
flexibility. It was found that the capacity to complex macroions decreased with a reduction in the linear
charge density or in the chain length, where the former gave rise to a looser complex and the latter to the
opposite. Further, it was observed that with a decrease in the flexibility of the PE, the ability to overcharge
the complex increased, where the macroions in the complex became more linearly arranged.
Recently, the intercalation of a highly charged unstructured peptide within the layered structure of
the synthetic clay LAPONITE R [19] was studied [20]. It was found that complexes consisting of stacked
NPs, also denoted tactoids, were formed as a function of the peptide concentration. Above a matched
charge-ratio between the peptide and the clay, the growth of the tactoids was inhibited, and a tactoidal
dissolution was observed, caused by the excess of chains and, thus, overcharging of the NPs by the
former. In the present work, the complexation between a positively charged PE and anisotropically
charged NPs, where the latter consists of a negatively charged surface and a positively charged rim,
is studied with coarse-grained molecular dynamics (MD) simulations based on the continuum model.
The importance of the stoichiometric charge-ratio on the formed complex, as well as on the inherent
PE properties is investigated. Furthermore, alternation of the PEs properties is performed in order to
determine the preferred shape and the composition of the formed complex, as well as the conformation
of the PE. By using MD simulations, we show that the complex formation depends strongly on the PE
properties and that the complex adopts a variety of different structures.
2. Theoretical Section
2.1. The Coarse-Grained Model
In the simulation model, the NP is modeled as a finite hexagonal monolayer of connected
coarse-grained spheres, defined as sites. The thickness and the diameter of the NP were 1 and
11 nm, respectively, where the diameter was smaller than the experimental one in order to reduce the
computational cost. The model of the NP was mimicking the properties of clay [21]. The unit charges
were located at the center of each site to obtain a homogeneous charge distribution over the NP. Charge
anisotropy was implemented by adding both face and rim elementary charges with Zface =  61, and
Zrim = +6; hence, the total net elementary charge of the NP was Zp =  55. The PE was modeled as a
positively charged chain of connected coarse-grained beads, each with a elementary charge of Zb = +1.
A schematic representation of the NP, i.e., the clay platelet, and the PE is shown in Figure 1.
The total NP and PE charges were neutralized by monovalent counterions, which were added
explicitly, and modeled as freely moving charges. The dimensionless stoichiometric charge-ratio in the
system, and the complexed charge-ratio, will be used throughout to describe the system and the complex
with respect to under- and overcharging. The former is defined as the absolute value of the NPs’ total net
negative charge divided by the number of positive PE charges, i.e.,
b =
    Np · ZpNb · Zb
     . (1)
Np is the number of NPs, which was varied from one to 16, in order to obtain a stoichiometric charge-ratio
of b = 0.13–2.0, and Nb is the number of beads within the PE chain. The complexed charge-ratio is defined
as the ratio between the complexed NPs’ total net negative charge and the total positive charges of the
PE, i.e.,
ðóó
Int. J. Mol. Sci. 2019, 20, 6217 3 of 16
bc =
    Ncp · ZpNb · Zb
     , (2)
where Ncp is the number of NPs complexed to the PE. Hence, the case b < 1.0 represents a system with
more PE charges than NP charges, b = 1.0 an equal amount of PE and NP charges, and b > 1.0 and excess
of NP charges. Moreover, bc < 1.0 refers to an undercharged complex, bc = 1.0 to a neutral complex, and
bc < 1.0 to an overcharged complex.
Figure 1. Schematic representation of the coarse-grained model for a system consisting of one nanoplatelet
(NP) and one polyelectrolyte (PE) with Nb = 440. The face (light grey) and the rim (dark grey) of the NP
have a total charge of Zface =  61 and Zrim = +6, respectively, and the PE beads (red) each have a charge
of Zb = +1. The NP is modeled to mimic a clay platelet.
To investigate how the complexation between the PE and the NPs depends on the properties of the
former, the effect of the chain length, the total charge through the linear charge density, and the flexibility
were studied. For the chain length, the number of beads was varied between 440 and 800, with an addition
of eight NPs. Regarding the total charge and the flexibility, the PE with Nb = 440 was used with varied
linear charge density or angular potential. Furthermore, the effect of the NPs’ rim was studied by setting
the rim charge in the model to zero for the PE with Nb = 488. The reader should notice that a PE with a
length of 440 and 488 either matches the total net negative charge or the negative face charges of a system
where eight NPs have been added. The specifications of the systems evaluated in this study are compiled
in Table 1.
Table 1. Specifications of the systems.
System Np Zface Zrim Nchains Nb Zb kq (kBT/rad2)
S.I 1–16  61 6 1 440 1 0
S.II 8  61 6 1 440–800 1 0
S.III 1–16  61 6 1 440 0.25–1 0
S.IV 1–16  61 6 1 440 1 0–400
S.V 1–16  61 6 1 488 1 0
S.VI 1–16  61 0 1 488 1 0
In the simulations, the solvent was treated implicitly as a dielectric continuum with the dielectric
constant of er = 78.3. All the interactions in the system were assumed to be pairwise additive, and the
electrostatic pair potential is defined as:
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uELij (rij) =
e2zizj
4pe0errij
, (3)
where e is the elementary charge, zi is the valency of beads/sites within the PE/NP i, e0 is the permittivity
of the vacuum, and rij is the center-to-center distance between beads/sites i and j. In addition, the
beads/sites also interact via a strictly repulsive, truncated, and shifted Lennard–Jones (TLJ) potential,
defined as:
uTLJij (rij) =
8><>:eTLJ
⇣
sij
rij
⌘12   2 ⇣ sijrij ⌘6 + 1
 
, if rij < sij
0, otherwise
. (4)
The strength of the short range potential was set to beTLJ = 1, where b = 1/ kBT, kB is the Boltzmann
constant, and T = 298 K. sij = (si + sj)/2, and si is the diameter of species i, where sion = sb = 0.4 nm
and ssite = 1.0 nm. Thus, the total potential between all pairs is defined as:
uij(rij) = u
TLJ
ij (rij) + u
EL
ij (rij) . (5)
Furthermore, all the adjacent beads/sites within the PE/NP are connected by a harmonic
bond potential:
ub(rij) =
1
2
kb(rij   b)2 . (6)
kb is the force constant, and b is the equilibrium bond length, where b = 0.5 and 1.0 nm for the PE
and the NP, respectively. The flexibilities of the PE/NP were constrained by a harmonic angular potential
between triplets of beads/sites:
u(qijk) =
1
2
kq(qijk   q0)2 , (7)
where kq is the force constant, qijk is the bond angle between beads/sites i, j, and k, and q0 = p.
2.2. Molecular Dynamics Simulations
The MD simulations were performed with the software package GROMACS (Version 5.0.4) [22].
A cubic simulation box with three-dimensional periodic boundary conditions was used, with a box length
of 100 nm, corresponding to a volume fraction of ⇠0.005–0.08%, and ⇠0.002–0.003% for 1–16 NPs and for
the chain length of Nb = 440–800, respectively. Due to the very low volume fraction of the added particles,
the dielectric constant of the solution was not expected to be affected. The time step was set to 10 fs, with a
total of 107 steps. Newton’s equation of motion of freely moving species, i.e., the NPs, the PE, and the
counterions, was integrated using the leap-frog algorithm. To account for the long range electrostatic
contribution, fast particle-mesh Ewald summation was utilized with a 6 nm real-space Coulomb cutoff
and a Fourier spacing equal to 0.6 nm. The thermostat was v-rescale, a temperature coupling using
velocity rescaling with a stochastic term, and the solvent was treated implicitly with the dielectric constant
of er = 78.3. For an in-depth description of the input parameters, the reader is referred to the user
manual [22]. The convergence of the system was evaluated from the complexation probability (Pc(ib))
function. This provides information about the probability that the bead, ib, in the PE is complexed with
either one or several NPs and, thus, is a measure of the convergence of the sampling, i.e., both ends of the
PE should experience the same environment. The threshold at which the bead was set to be complexed
was determined from the bead-NP separation obtained from the radial distribution functions (data not
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shown) to <1.4 nm, i.e., when the separation between the center-of-mass of one PE bead and the NP did
not exceed the distance r = Rsite + Rb + 0.7 nm. The complexation probability function ranged from
zero to one, where the lower boundary corresponded to the case where the bead was never complexed
with the NP and the upper boundary corresponded to the case where the bead was always in a complex.
The Pc(ib) for the reference system S.I is shown in Figure 2, and it is observed that all of the beads had
a high complexation probability for b   1.0. For b = 0.5, the beads within the PE displayed both high
and low complexation probabilities, which implies that not all of the beads were involved in the complex.
However, simulations for replicates of the systems with different initial configurations were performed
from which the same results were obtained, and hence, it can be concluded that they converged.
100 200 300 400
ib
0
0.2
0.4
0.6
0.8
1
P c
(i b
)
 = 0.5
 = 1.0
 = 1.5
 = 2.0
Figure 2. Complexation probability, Pc(ib), as a function of the bead number, ib, for Nb = 440.
2.3. Structural Analysis
The structural information obtained from the simulations was analyzed by the NP-NP structure factor,
defined as:
S(q) =
*
1
N
N
Â
i=1
N
Â
j=1
sin(qrij)
qrij
+
, (8)
where N is the total number of NP sites in the system. Assuming an isotropic scattering, the equation of
the total structure factor can be rewritten as:
S(q) = 1+ 4p
N
V
Z •
0
(g(r)  1)r2 sin(qr)
qr
dr , (9)
where g(r) is the radial distribution function between all the NP sites in the system. If g(r) is not
approaching one at large separations due to the finite box length, a window function can be used to reduce
the artifacts, according to:
Sw(q) = 1+ 4p
N
V
Z •
0
(g(r)  1)r2 sin(qr)
qr
sin(pr/Rc)
pr/Rc
dr , (10)
where Rc is the maximum distance in g(r) [23].
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3. Results and Discussion
3.1. Composition of the PE-NP Complex
As a first step, the formation and composition of the formed complexes in the reference system, S.I,
were considered. Figure 3 shows the average number of NPs complexed to the PE, hNi, as a function of
the number of NPs added into the system. It was observed that there was a linear increase in complexation
to Np = 10 and that a plateau was reached. Moreover, from the complexed charge-ratio, bc, it was found
that the PE became overcharged by approximately 25%; see Figure S1 in the Supplementary Materials.
This number was of the same order as was reported by Jonsson and Linse, when studying the complexation
between a PE and oppositely charged spherical macroions [17,18].
0 5 10 15
Np
0
2
4
6
8
10
12
<
N
>
Figure 3. The average number of NPs complexed to the PE, hNi, as a function of the number of NPs, Np,
added into the system. The dashed-dotted line is an implemented smooth function.
The shape of the formed complexes was determined from the NP-NP structure factors, Sw(q),
presented as Kratky plots in Figure 4. Focusing on the low q-region, it was shown that when the
PE was either under- or overcharged by the opposite charges of the NP, as for b = 0.5 and 2.0, the
complex possessed a more extended shape, whereas when it was net neutral, or only slightly overcharged
(b = 1.0–1.5), the complex obtained a compact shape. Furthermore, the peak intensity decreased with an
increase in b, indicating that the most well ordered structure of the NPs was found at b = 1.0. This was
confirmed by the high q-region where both b = 1.0 and 1.5 exhibited Bragg peaks. At b > 1.5, the
periodicity between the NPs decreased, suggesting a dissolution of the complex. The average distance,
i.e., the d-spacing, between the mid-plane of two adjacent NPs was dBragg = 2.2 and 2.3 nm for b = 1.0
and 1.5, respectively, determined from the relation: dBragg = 2p/qmax, where qmax is the position of the
maximum intensity of the Bragg peak. These numbers were in correlation with the distances reported in
the study regarding the intercalation of a highly charged peptide within LAPONITE R [19] layered clay
minerals [20]. Moreover, the complexation of NPs induced by multivalent ions, such as calcium, was
studied by a combination of MD simulations with experimental techniques [24]. The reported distance
between the NPs was approximately ⇠1.3 nm, which was almost half the size of the distance found in this
study. Hence, this denotes that the distance between NPs was not affected by the PE length; instead, it
depended on the type of added agent, i.e., a PE or an ion.
The conformation of the PE was analyzed by the normalized radius of gyration, Rg/R0g, i.e., Rg of the
PE in the system with NPs divided by Rg of the undisturbed chain. From Figure 5, it is shown that the PE
in the complex was more contracted than the undisturbed PE and that Rg/R0g exhibited two pronounced
minima for b = 1.0 and 1.5, where the Kratky plots indicated a compact shape of the obtained complexes.
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Figure 4. The NP-NP structure factors, Sw(q), presented as Kratky plots for the PE with Nb = 440.
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Figure 5. The normalized radius of gyration, Rg/R0g, of PE as a function of the stoichiometric charge-ratio,
b. Error bars are included, and for some data points, the error is smaller than the symbol size. The
dashed-dotted line is a guide for the eye.
From the simulations, representative snapshots of the systems were extracted (see Figure 6), where
two different structures of the complex depending on b were found, i.e., a band-like formation, as well
as a stack of NPs, the latter for b = 1.0 and 1.5. These snapshots validated the above mentioned results
regarding the shape and conformation of the PE within the complex and concluded that the state diagram
of the obtained complexes was clearly depending on b.
Figure 6. Representative snapshots of the different structures with b = 0.5, 1.0, 1.5, and 2.0 (from left to
right). The counterions are omitted for clarity; the NPs are shown in grey; and the PE is shown in red.
3.2. Effect of PE Length
The effect of the PE properties on the complexation between the PE and the NPs was studied; see the
system S.II in Table 1 for specifications. Here, the number of the latter was constant, Np = 8, whereas the
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length of the former was varied between Nb = 440–800. As expected, all NPs were complexed to the PE,
and the reader should notice that when the PE length was increasing, the degree of undercharging was
also increasing, i.e., there was an excess of PE charges in the system. The Kratky plot between the NPs
in Figure 7 shows that the formed complexes attained a compact shape independently of the number of
beads within the PE, although there was a linear decrease in the intensity as is visible by the peak positions
at low q, indicating that the periodicity between the NPs decreased. This was further confirmed by the
Bragg peaks at high q, where its position shifted towards lower q-values with an increase in PE length, i.e.,
the distance between the NPs was increasing; see Table 2.
1 2 3 4 5
q (nm-1)
0
10
20
30
40
S w
(q)
q2
Nb = 440
Nb = 488
Nb = 600
Nb = 700
Nb = 800
Figure 7. The NP-NP structure factor, Sw(q), presented as Kratky plots for the effect of PE length.
Furthermore, the normalized radius of gyration Rg/R0g increased with Nb, and the representative
snapshots in Figure 8 show that the NPs were forming smaller distinct clusters along the PE in a face-to-face
configuration when Nb was increasing, i.e., bc < 1. Hence, the free energy of the system was decreasing
due to the balance between the increase in conformational entropy of the PE and the enhanced electrostatic
attractive energy between the NPs and the PE.
Table 2. Number of PE beads, Nb, stoichiometric charge-ratio in the system, b, complexed charge-ratio, bc,
average number of NPs complexed to the PE, hNi, normalized radii of gyration, Rg/R0g, and the NP-NP
d-spacing, dBragg, for the effect of the PE length.
Nb b bc hNi Rg /R0g dBragg (nm)
440 1.00 1.00 8 0.13 2.21
488 0.90 0.90 8 0.14 2.22
600 0.73 0.73 8 0.19 2.27
700 0.63 0.63 8 0.37 2.41
800 0.55 0.55 8 0.60 2.34
The effect of the number of NPs was also investigated. An excess of NPs displayed a linear increase
in the average number of NPs complexed to the PE, although bc and Rg/R0g converged to 1.1 and 0.1,
respectively (data not shown).
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Figure 8. Representative snapshots of the complex formed for the PE with Nb = 440, 488, 600, 700, and 800
(from left to right). The counterions are omitted for clarity; the NPs are shown in grey; and the PE is shown
in red.
3.3. Effect of the PE Total Charge
The effect of the linear charge density, and thereby the total charge of the PE, defined as
Zchain = Nb · Zb, was altered in the system S.III, whilst keeping the length of the PE constant. Figure 9
show that hNi was decreasing with respect to the decrease of the total charge of the PE, although the
possibility of overcharging was increasing, as displayed in Table 3 and in Figure S2 in the Supplementary
Materials. For example, comparison of b = 2.0 resulted in bc of 1.25, 1.5, and 2.0 for Zb of 1.0, 0.5, and 0.25.
Notice that this was independent of the linear charge density of the PE, where the maximum number of
complexed NPs was reached; cf. plateau-values.
5 10 15
Np
0
2
4
6
8
10
12
<
N
>
Zb = 1.0
Zb = 0.5
Zb = 0.25
Figure 9. The average number of NPs complexed to the PE, hNi, as a function of the number of NPs, Np,
added to the system. The dashed-dotted lines are an implemented smooth function.
Table 3. Number of NPs, Np, charge of each PE bead, Zb, stoichiometric charge-ratio in the system, b,
complexed charge-ratio, bc, and normalized radii of gyration, Rg/R0g, for the effect of the PE total charge.
Np Zb b bc Rg /R0g Zb b bc Rg /R0g Zb b bc Rg /R0g
1 1.0 0.13 0.13 0.89 0.5 0.25 0.25 0.76 0.25 0.50 0.50 0.47
2 0.25 0.25 0.77 0.50 0.50 0.47 1.00 1.00 0.18
4 0.50 0.50 0.66 1.00 1.00 0.15 2.00 2.00 0.39
6 0.75 0.75 0.66 1.50 1.50 0.73 3.00 2.00 0.37
8 1.00 1.00 0.13 2.00 1.50 0.76 4.00 2.00 0.37
10 1.25 1.25 0.65 2.50 1.00 0.76 5.00 2.00 0.36
12 1.50 1.13 0.13 3.00 1.25 0.19 6.00 2.00 0.34
14 1.75 1.25 0.65 3.50 1.50 0.27 7.00 2.00 0.34
16 2.00 1.25 0.65 4.00 1.50 0.26 8.00 2.00 0.36
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From the NP-NP structure factors, Sw(q), presented as Kratky plots in Figure 10a, it was observed that
the shape of the complexes were dependent on the total charge of the PE and that there was a transition
from a compact to more elongated shape when Zb was decreasing. Furthermore, the Bragg peak was
only visible for Zb = 1.0, implying that the face-to-face configuration of the NPs was replaced by a looser
structure. These results correlated with the fact that the PE became more contracted with a decrease in
the total charge of the PE for bc = 1.0 (see the normalized radius of gyration Rg/R0g in Table 3), which
probably was an effect of an increase in its conformational entropy. The above given results correlated
well with the snapshots presented in Figure 10b, and in Figure S3 in the Supplementary Materials.
1 2 3 4 5
q (nm-1)
0
10
20
30
40
S w
(q)
q2
Zb = 1.0
Zb = 0.5
Zb = 0.25
(a)
(b)
Figure 10. (a) The NP-NP structure factors, Sw(q), presented as Kratky plots, and (b) representative
snapshots of the structures with Zb = 1.0, 0.5, and 0.25 (from left to right) for bc = 1.0. The counterions are
omitted for clarity; the NPs are shown in grey; and the PE is shown in red.
3.4. Effect of PE Flexibility
The effect of the flexibility of the PE on the formed complexes was investigated by varying the
strength of the bead-bead angular potential in Equation (7) of the PE, refereed to as the system S.IV, while
keeping the PE length constant. The angular force constant kq was set to 0, 40, and 400 kBT/rad2, in
order to mimic a flexible, a semiflexible, and a stiff chain. Here, both the average number of complexed
NPs, as well as the degree of overcharging were within statistical uncertainties, equal independent of PE
flexibility; see Figure S4 and Table S1 in the Supplementary Materials. The Kratky plots in Figure 11a for
Np = 8, i.e., bc = 1.0, show that the complex became less compact when the PE flexibility was decreasing,
which was also confirmed by the diminishing Bragg peak. The normalized radius of gyration showed that
the conformation of the PE was remarkably different among the complexes, where it became 0.13, 0.60,
and 1.03 with increasing stiffness. Notice though that within the complex where the stiff PE resided, it
became even more elongated than for the undisturbed PE in the bulk. These trends are confirmed by the
representative snapshots in Figure 11b, and in Figure S5 in the Supplementary Materials.
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Figure 11. (a) The NP-NP structure factors, Sw(q), presented as Kratky plots, and (b) representative
snapshots of the complexes with kq = 0, and 400 kBT/rad2 (from left to right) for Np = 8. The counterions
are omitted for clarity; the NPs and the PE are shown in grey and red, respectively.
The PE flexibility can give rise to a rich state diagram with respect to bc, for example for Np = 12, i.e.,
when the PE was slightly overcharged by NP charges, a Bragg peak for the semiflexible PE began to be
discerned, and generally, the repulsive interactions among the NPs in the complex gave rise to a looser
structure. These features are shown in the Kratky plots and the representative snapshots in Figure 12.
The position of the Bragg peak for the semiflexible PE corresponded to a d-spacing of ⇠2.1 nm, which was
smaller than for the flexible one with dBragg = 2.3 nm, originated from a stronger adsorption of the PE to
the NPs. Moreover, the periodicity between the latter was reduced when increasing the stiffness since the
PE possessed a lower chain conformational entropy.
3.5. Effect of NP Charge and Rim
Generally, the interaction between the PE and the NP was governed by electrostatic interactions,
where the driving force of complexation was due to the gain in entropy upon counterion release, and
the structure of the formed complex depended on the electrostatic attractive interaction between the PE
and the NPs in combination with the PE conformational entropy. The NP had a negatively charged face
and a positively charged rim, where the latter corresponded to approximately 10% of the former. Here,
we studied the impact of the rim charge by comparing three different systems: (a) the PE with Nb = 440
where the NP had a net negative charge of Zp =  55, i.e., both face and rim charges were taken into
consideration; (b) the length of the PE was increased to Nb = 488, and thus, it neutralized only the face
charges of a total of eight NPs, although the rim charge was still present; whereas in (c), the same system
as in (b) was evaluated with the exception that the rim charge of the NP was set to zero.
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Figure 12. (a) The NP-NP structure factors, Sw(q), presented as Kratky plots, and (b) representative
snapshots of the complexes with kq = 0, 40, and 400 kBT/rad2 (from left to right) for Np = 12.
The counterions are omitted for clarity; the NPs and the PE are shown in grey and red, respectively.
There were no larger discrepancies regarding the average number of complexed NPs between the
different systems (see Figure S6 and Table S2 in the Supplementary Materials); nor in the shape of the
complexes, which were compact; see the Kratky plots obtained from the NP-NP structure factor in
Figure 13a. The main effect is shown at higher q-values where the most pronounced Bragg peak was
observed when there was a charge-matching between the PE charge and the net charge of the NPs.
The Bragg peak became less affected if there was charge-matching between the PE and the face of the
NP where the rim charge was intact. By eliminating the rim, the intensity of the Bragg peak decreased
noticeably, where also the width of the peak became broader. The positions of the Bragg peaks were
consistent throughout (dBragg = 2.2 nm), indicating that the type of charge-matching within the system,
or that the type of rim charge of the NPs, did not affect the adsorption of the PE to the NPs; instead,
the main effect of the rim charge was visible in the shape, the structure, as well as in the configuration
of the formed complex, which is clearly shown in the state diagram in Figure 13b, and in Figure S7 in
the Supplementary Materials. Here, the periodicity of the NPs within the complex was reduced when
eliminating the rim charges, resulting in a less ordered structure of stacked NPs with both face-to-face and
face-to-edge configurations.
Furthermore, by considering the type of charge-matching between the PE and the NPs in the system,
different state diagrams were obtained, illustrated in Figure 14, as an effect of the systems’ charge-ratio.
For the system with charge-matching between the PE charge and the net charge of the NPs, the state
diagram contained two different shapes of the complexes, an extended band-like formation, as well as a
compact stack of NPs; while for the system where the PE was charge-matched with the face charges of the
NPs, only the compact structure was obtained, with a variety of different configurations.
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Figure 13. (a) The NP-NP structure factors, Sw(q), presented as Kratky plots, and (b) representative
snapshots of the different structures with the PE length of Nb = 440, 488, and 488 with Zrim = 0 (from left
to right) for bc = 1.0. The counterions are omitted for clarity; the NPs and the PE are shown in grey and in
red, respectively.
(a)
(b)
Figure 14. Representative snapshots of the different structures with b = 0.5, 1.0, 1.5, and 2.0 (from left to
right) for (a) Nb = 440, and (b) Nb = 488. The counterions are omitted for clarity; the NPs and the PE are
shown in grey and in red, respectively.
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4. Conclusions
The complexation between one PE and anisotropically charged NPs was studied as a function of
the number of NPs, as well as the PE properties. It was found that the structure, the shape, and the
configuration of the formed complex depended on both the NP-PE charge-ratio in the system, as well as
on the PE properties. For the PE that was charge-matched with the total charge of the NP, i.e., Nb = 440,
the PE conformation depended strongly on the charge-ratio, b, in the system, where the most contracted
PE was found at b = 1.0 and 1.5. Further, depending on b, the complex can display both extended
and compact shapes. For the PE that was charge-matched with the face of the NPs, i.e., Nb = 488, the
contraction of the PE decreased until the net charge of the complex was zero, i.e., b = 1.0. For b > 1.0, the
PE conformation was unaffected by the number of complexed NPs, where it possessed a compact shape,
consisting of stacked NPs. Considering the PE properties, an increase in the length resulted in an extension
of the PE, and a less tightly bound complex was formed, whereas the shape of the complex was unaffected,
resulting in stacked NPs. By reducing the total charge of the PE through the linear charge density, it
became more contracted, while the complex obtained a less tightly bound structure. Upon decreasing
the flexibility of the PE, a reduction in contraction was observed, where the complex was mainly in the
extended band-like configuration.
Furthermore, the complex formation was also assumed to depend on the NPs’ properties; however,
in this study, the model remained constant in order to reduce the number of variable parameters.
By increasing the NPs’ size, the attractive interactions between the PE and the NPs are enhanced, since the
interactions in the system are to a first approximation proportional to the area of the latter.
The information gained in this study concludes that the complexation between PEs and NPs
could result in a versatile and rich state diagram, which indeed is difficult to predict, and dependent
on the properties of the PE and the details of the model used. Due to the fact that the NPs have
an anisotropic charge, and that both the PE and the NPs are highly charged, the systems might get
stuck in semi-equilibrium, which makes possible structures and configurations even more difficult to
foresee. This was also observed by simulating replicates of the systems to ensure convergence and avoid
non-equilibrium structures. Nevertheless, with our simulation model, it was possible to tune both the
characteristics of the PE and the NPs, and thus, we propose that the present model can be an useful tool to
achieve a hint and an understanding of the PE-NP complexation.
Supplementary Materials: The following are available online at http://www.mdpi.com/1422-0067/20/24/6217/s1.
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1. Composition of the PE-NP Complex1
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Figure S1. The complexed charge-ratio, bc, as a function of the stoichiometric charge-ratio in the
system, b. The dash-dotted line is an implemented smooth function.
2. Effect of PE Total Charge2
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Figure S2. The complexed charge-ratio, bc, as a function of the stoichiometric the charge-ratio, b, in the
system. The dash-dotted lines are an implemented smooth function.
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(a)
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Figure S3. Representative snapshots of the structures with b = 0.5, 1.0, 1.5, and 2.0 (from left to right)
for (a) Zb = 0.5, and (b) Zb = 0.25. The counterions are omitted for clarity, the NPs are shown in grey,
and the PE is shown in red.
3. Effect of PE Flexibility3
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Figure S4. (a) The average number of NPs complexed to the PE, hNi, as a function of the number of
NPs, Np. (b) The complexed charge-ratio, bc, as a function of the stoichiometric charge-ratio, b, in the
system. The dash-dotted lines are an implemented smooth function.
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Table S1. Number of NPs, Np, stoichiometric charge-ratio in the system, b, angular force constant, kq ,
complexed charge-ratio, bc, average number of NPs complexed to the PE, hNi, and normalised radii of
gyration, Rg/R0g, for the effect of the PE flexibility. (The unit of kq is kBT/rad
2).
Np b kq bc hNi Rg/R0g kq bc hNi Rg/R0g kq bc hNi Rg/R0g
1 0.13 0 0.13 1 0.89 40 0.13 1 0.94 400 0.13 1 0.92
2 0.25 0.25 2 0.77 0.25 2 0.83 0.25 2 0.81
4 0.50 0.50 4 0.66 0.50 4 0.62 0.50 4 0.76
6 0.75 0.75 6 0.66 0.75 6 0.61 0.75 6 0.60
8 1.00 1.00 8 0.13 1.00 8 0.60 1.00 8 1.03
10 1.25 1.25 10 0.65 1.13 9 0.15 1.25 10 1.02
12 1.50 1.13 9 0.13 1.13 9 0.17 1.25 10 1.03
14 1.75 1.25 10 0.65 1.25 10 0.61 1.25 10 1.03
16 2.00 1.25 10 0.65 1.25 10 0.66 1.38 11 1.01
(a)
(b)
Figure S5. Representative snapshots of the structures with b = 0.5, 1.0, 1.5, and 2.0 (from left to right)
for (a) kq = 40 kBT/rad2, and (b) kq = 400 kBT/rad2. The counterions are omitted for clarity, the NPs
are shown in grey, and the PE is shown in red.
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4. Effect of NP Charge and Rim4
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Figure S6. (a) The average number of NPs complexed to the PE, hNi, as a function of the number of
NPs, Np. (b) The complexed charge-ratio, bc, as a function of the stoichiometric the charge-ratio, b, in
the system. The dash-dotted lines are an implemented smooth function.
Table S2. Number of NPs, Np, stoichiometric charge-ratio in the system, b, complexed charge-ratio, bc,
number of PE beads, Nb, average number of NPs complexed to the PE, hNi, and normalised radii of
gyration, Rg/R0g, for the effect of the NP charge and rim.
Np b bc Nb hNi Rg/R0g Nb hNi Rg/R0g Nb hNi Rg/R0g
1 0.13 0.13 440 1 1.01 488 1 1.01 488 1 0.94
2 0.25 0.25 2 0.92 2 0.92 with Zrim = 0 2 0.78
4 0.50 0.5 4 0.53 4 0.53 4 0.38
6 0.75 0.75 6 0.34 6 0.34 6 0.16
8 1.00 1.00 8 0.14 8 0.14 8 0.12
10 1.25 1.25 10 0.13 10 0.13 9 0.12
12 1.50 1.25 9 0.13 10 0.13 9 0.12
14 1.75 1.25 10 0.13 10 0.13 9 0.12
16 2.00 1.25 10 0.13 10 0.13 9 0.13
Figure S7. Representative snapshots of the structures with b = 0.5, 1.0, 1.5, and 2.0 (from left to right)
for Nb = 488 with Zrim = 0. The counterions are omitted for clarity, the NPs are shown in grey, and the
PE is shown in red.
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